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Preface

This work treats solvable polynomial rings, which can be characterized as commutative
polynomial rings with a new non-commutative multiplication %, such that the x-product
of two polynomials is the sum of a commutative polynomial, smaller with respect to a
fixed quasi order on the polynomials and a head monomial which is is equal to a scalar
multiple of the head term of the commutative product.

We show under which conditions, the ‘classical’ topics of computational commutative
polynomial ring theory — such as Noetherianity, Grobner bases, Buchberger algorithm,
standard representations, elimination ideals, residue class rings, syzygies, module and
subalgebra bases — can be carried over to the theory of suitable solvable polynomial rings.
Furthermore we identify methods not applicable in the theory of solvable polynomial
rings. We present programs for the solution of several problems and discuss computing
examples.

We develop the method of comprehensive Grobner bases for solvable polynomial rings
and use it in the model theory of (suitable) algebraically complete structures to show
that these structures are axiomizable and allow elimination of existential quantifiers.

A detailed introduction and overview is given in the first chapter.
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Chapter 1

Introduction

If we compare commutative rings with non-commutative rings and in particular commuta-
tive polynomial rings over fields with non-commutative polynomial rings over skew fields,
we observe, that several properties no longer hold in the latter cases. Most remarkably
non-commutative rings are in general no more Noetherian. Even if we restrict our interest
to non-commutative Noetherian rings many properties of commutative Noetherian rings
do no longer hold. Notably the residue class rings modulo a prime ideal need not be
integral domains. In commutative field theory the algebraic closure of a field is a ‘well’
behaving object, in non-commutative field theory the analogue, the existentially closed
fields, are in general not even an axiomatic class, i.e. they cannot be characterized by a
set of (first order) axioms (not even an infinite set of axioms).

On the other hand there do exist non-commutative Noetherian rings, which have ‘good’
properties. Namely the enveloping algebras of Lie algebras, skew polynomial rings (it-
erated Ore extensions) and skew Laurent series rings. There are several attempts to
characterize non-commutative rings as rings with relations. In our characterization of
such rings we emphasize algorithmical computability. That means, that for most defini-
tions and propositions, we insist that there exist algorithms (potentially implementable
on a computer under some restrictions) which can carry out the abstract constructions
involved.

Guided by the development of notions compatible with computational methods — Grébner
bases, Buchberger algorithm, comprehensive Grobner bases — we are nevertheless able to
obtain some far reaching results and characterizations. Most notable, the algebraically
closed skew fields arising from a subclass of the class of polynomial rings under consider-
ation are indeed an axiomatic class.

In the next section we give a closer overview of the work, then we attempt to trace some
of the sources and related work in the literature. Finally we mention some open problems
and possible future directions of research.

10



1.1. OVERVIEW 11

1.1 Overview

Starting point of the current work was the theory of solvable polynomial rings that
has first been introduced by [El From 1983] and Grobner bases in these rings by
[Kandri-Rody, Weispfenning 1988]. They can be characterized as commutative polyno-
mial rings with a new non-commutative multiplication *, such that the x-product of two
polynomials is a sum of a commutative polynomial, smaller with respect to a fixed quasi
order on the polynomials and a head monomial which is is equal to a scalar multiple of
the head term of the commutative product. There are several types of rings that can
be treated within this framework: commutative polynomial rings, enveloping algebras of
finite dimensional Lie algebras and iterated Ore extensions of a field K introducing only
K-derivations.

The concrete guideline of the current work is the following problem:

how much can the axioms of solvable polynomials be relaxed such that we
can still compute with the elements and there is still a sufficiently interesting
amount of commutative ring and ideal theory which can be carried over to
these generalized solvable polynomial rings.

Thus the main topics with which we are concerned are:

1. solvable polynomial rings where the coefficients may not commute with the vari-
ables, conditions on the parameters of multiplication imposed by the associativity
of solvable polynomial rings, conditions for the validity a Hilbert’s basis theorem,
structure of the center;

2. left, right, two-sided ideals and the existence of confluent reduction relations and
Grobner bases;

3. applications: elimination ideals, syzygies, homogeneous ideals, partial Grobner
bases, modules over solvable polynomial rings, subalgebras of solvable polynomial
rings;

4. implementation issues of the computation in solvable polynomial rings, sample com-
putations;

5. properties of Grobner bases under specialization of the coefficients, existence of
comprehensive Grobner bases;

6. Nullstellensatze, existentially closed structures and model theory.

Solvable polynomial rings in the present sense are axiomatically characterized in chap-
ter 3. In the earlier works of [El From 1983] and [Kandri-Rody, Weispfenning 1988] it is
assumed, that the coefficients commute with the variables of the polynomial ring; we
generalize this theory to solvable polynomial rings where the coefficients may not com-
mute with the variables. We will continue to call the rings satisfying the modified axioms:
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‘solvable polynomial rings’. With this more general concept we can treat the theory of dif-
ference rings, differential rings and arbitrary Ore extension rings over a (non-commutative)
field in our framework. Furthermore we give conditions, when homomorphic images of
free associative algebras are solvable polynomial rings.

Using a combination of Dickson’s lemma and a variant of Konigs tree lemma we give a
proof of a ‘Hilbert basis theorem’ for solvable polynomial rings over Noetherian coefficient
rings. Next the structure of the center of a solvable polynomial ring is determined and by
linear algebra methods, ways to compute elements in the center are investigated. This has
important applications concerning the determination of the so called ‘Casimir invariants’
in the theory of Lie algebras. In chapter 6 we apply our methods and programs to
examples from the literature.

In the chapter Ideals and Grobner bases 4 we discuss appropriate reduction relations
and standard representations. We define Grobner bases as ideal bases such that the
corresponding reduction relation is confluent and we show that solvable polynomial rings
admit the construction of left (right, two-sided) Grobner bases The proofs are based on
standard representaion methods, since the respective reduction relation methods seemed
to be too tedious to apply. Furthermore we give a proof of the second Buchberger criterion
in order to avoid the consideration of unnecessary critical pairs (S-polynomials).

Applications and further topics in the theory of solvable polynomial are treated in chap-
ter 5. We show that the ‘classical’ applications of Grobner bases, such as, elimination
ideals, residue class rings and generators for syzygy modules hold for solvable polynomial
rings as well. Moreover we discuss graded solvable polynomial rings and homogeneous
ideals with partial Grobner bases. Here a difficulty arises, since the x-product of homo-
geneous polynomials is in general no more homogeneous, so only homogeneity respecting
gradings can be used. These results are then applied to free (left) modules over solvable
polynomial rings. Finally we treat bases for subalgebras of solvable polynomial rings. We
remark, that the tag variable method to solve the subalgebra membership problem can
not be used in case of subalgebras of solvable polynomial rings. However we are able
to show that a basis completion method exists, such that there exists a semi-decision
procedure to solve the subalgebra membership problem.

Implementation issues of the computation in solvable polynomial rings are discussed
in chapter 6. We present an implementation of the x-product, left and (improved) two-
sided Grobner bases algorithms in the MAS computer algebra system developed by the
author. Much attention is put on a fast implementation of the x-product using the
method of relation tables, which memorizes and reuses partial products to avoid to many
recomputations. Also some computing time statistics and some notes on the complexity
are given. In the implemented algorithms we assume that the coefficients commute with
the variables. Part of this chapter has been presented in [Kredel 1990a]. Furthermore we
present, algorithms for the computation of elements in the center and the computation
of univariate polynomials of minimal degree in an ideal. The programs are applied to
various examples (centers, minimal generating systems) found in physics journals in order
to demonstrate the workability of the methods.

Comprehensive Grobner bases are treated in chapter 7. In this chapter we restrict the
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solvable polynomial rings to the case where the coefficients commute with the variables.
Comprehensive Grébner bases for commutative polynomial rings have been introduced
by [Weispfenning 1990]. Comprehensive Grébner bases are characterized as ideal bases,
such that for every specialization of the parameters in the coefficients of the polynomials,
the resulting ideal base is a Grobner base in the specialized solvable polynomial ring.

In this context, we consider solvable polynomial rings over rings containing parameters
and show that a product lemma holds. Also reductions and S-polynomials can be defined
in this parametric case. We show that comprehensive Grobner bases exist for ideals in
solvable polynomial rings and that they can be constructed in a finite number of steps.
Consequences are, that there exist (for every fixed degree bound) ideal bases, such that all
Grobner bases can be obtained simply by specialization from them. Part of this chapter is
a joint work with V. Weispfenning and has been presented in [Kredel, Weispfenning 1990].

Nullstellensatze and some model theory of solvable polynomial rings are discussed in
chapter 8. Here we prove first a ‘weak Nullstellensatz’ based on the results that in iterated
Ore extensions over the rational numbers prime ideals are completely prime.

Using the amalgamation property of skew fields and comprehensive Grébner bases we
obtain furthermore axiomatizability and eliminaton of existential quantifiers for alge-
braically closed skew fields ‘compatible’ with solvable polynomial rings. Furthermore
we prove ‘strong Nullstellensétze’ for existentially (and algebraically) closed skew fields
‘compatible’ with solvable polynomial rings. Using the parametric ideal membership test
provided by comprehensive Grobner bases we show, that there exists uniform bounds on
the degrees of polynomials required to represent a polynomial as member of an ideal.

In chapter 2 we recall and fix some definitions from universal algebra. In a second section
we prove some (known) basic properties of two-sided ideals in non-commutative rings
used in later. The whole chapter may be skipped by those readers familiar with universal
algebra and non-commutative ring theory, or read when necessary.

In appendix A we discuss the requirements for more general solvable polynomial
rings, where the condition that the head term of the polynomials under the x-product is
equal to the head term of the commutative product is dropped. Prominent structures in
this class are Grassmann (exterior) algebras (it is known, that Grébner bases exist in this
case). However not much positive results have been achieved with this concept. But in
chapter 3 we show that Grassmann and Clifford algebras can be treated as residue rings
of solvable polynomial rings.

The main results of this work are

e We show that the ‘classical’ topics of (computational) commutative polynomial ring
and ideal theory can be transfered to the theory of suitable solvable polynomial rings.
We specify the conditions under which this is possible and we identify methods not
applicable in the theory of solvable polynomial rings.

e We develop the method of comprehensive Grobner bases for solvable polynomial
rings and use it in the model theory of (Q-) algebraically closed structures in order
to show that they are axiomatizable and allow elimination of existential quantifiers.
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1.2 Sources and Related Work

The main sources of this work are: (commutative) Grébner base theory, non-commutative
Noetherian rings and model theory. In this section we attempt to trace down the back-
ground and the work of other people.

Text books and surveys are:

commutative algebra:

[V. d. Waerden 1971] and [Zariski, Samuel 1958/60]

commutative algebraic geometry:
[Grobner 1968/70], [Kunz 1980]

survey on computer algebra:
[Buchberger et. al. 1982]

non-commutative (Noetherian) fields, rings and modules:
[Cohn 1971], [Anderson, Fuller 1974], [Cohn 1977,
[McConnell, Robson 1987] and [Goodearl, Warfield 1989

categories:
[Blyth 1986]

universal algebra:
[Thringer 1988] and [Cohn 1981]

model theory:
[Robinson 1974], [Hirschfeld, Wheeler 1975], [Potthoff 1981], [Prestel 1986]

and [Cohn 1981]

Lie algebras and enveloping algebras of Lie algebras:
[Jacobson 1962], [Dixmier 1974], [Bohro, Gabriel, Rentschler 1973]

differential algebras and difference algebras:
[Ritt 1950], [Kolchin 1973] and [Cohn 1965]

Grébner base theory of commutative polynomial rings has been invented and developed by
[Buchberger 1965] and subsequent publications; a survey on this topic including further
references is given in [Buchberger 1985]. A text book of computational algebra with
Grébner bases will be available with [Becker, Weispfenning 1992].

Confluent reduction relations in ring theory are discussed by [Bergman 1978] and in a
general setting by [Huet 1980]. The basic termination criterion on which all proofs rely
has been provided by [Dickson 1913]. Detection of superfluous critical pairs is discussed
by various authors, e.g. by [Buchberger 1979] and [Becker 1991].

Ring and ideal theory of non-commutative Noetherian domains has been studied among
others by [Noether, Schmeidler 1920], [Ore 1931] and [Ore 1933]. Conditions under
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which an associative algebra is Noetherian have been given in [Lesieur, Croisot 1963],
[Lesieur 1978] and also [Gateva-Ivanova 1988].

The theory of Grobner bases for free non-commutative polynomial rings has been studied
by [Mora 1985], [Mora 1986], [Mora 1988|. Free non-commutative polynomial rings mod-
ulo some non-commutative Grobner bases have been investigated by [Apel 1988]. Tt is
shown, that enveloping algebras of Lie algebras can be handled within this framework. The
construction of matriz representations for finitely presented (also free) non-commutative
algebras is presented by [Labonté 1990]. As mentioned already, ring, ideal and dimension
theory of solvable polynomial rings has been studied by [El From 1983] and Grébner bases
in these rings by [Kandri-Rody, Weispfenning 1988|.

Lie algebras are of general importance in mathematics and physics. For an introduc-
tion and overview see [Jacobson 1962]; universal enveloping algebras of Lie algebras
are treated in [Bohro, Gabriel, Rentschler 1973] and [Dixmier 1974]. Grobner base the-
ory of enveloping algebras has been introduced by [Lassner 1985] and furthermore by
[Apel, Lassner 1988], [Apel 1988].

The structure of the center of finite dimensional Lie algebras, and of enveloping al-
gebras of Lie algebras, is discussed by [Abellanas, Martinez 1975], [Beck et. al. 1976],
[Conatser, Huddleston 1976] and also by [Patera et. al. 1976], [Zassenhaus 1976]. Ele-
ments of the center are important invariants, which can be used to label irreducible
representations of a given Lie algebra. The authors give characterizations of the center
and show how to compute elements in the center by means of solving partial differential
equations. In particular Casimir invariants (elements of the enveloping algebra of Lie al-
gebra under consideration, i.e. polynomials) are determined. Furthermore they determine
also functional invariants (in terms of exponential functions of rational functions). They
present, tables of those invariants for low dimensional Lie algebras. They do not deter-
mine non-functional invariants like distributions with their methods. The computation of
polynomial invariants lies within the scope of our methods and we veryfied the results of
the authors in these cases.

Properties of Weyl algebras, in particular the number of generators of ideals, are discussed
in [Dixmier 1968/70] and [Stafford 1978] (who showed, that any left ideal in a Weyl algebra
is generated by at most two elements). A special class of algebras similar to the enveloping
algebra of sl(2) is treated in depth by [Smith 1990]. Especially the structure of its center
and the structure of two-sided ideals is determined.

Grobner bases of ideals of differential operator rings especially of Weyl algebras are dis-
cussed by [Galligo 1985]. Grobner bases for modules of differential and difference rings
are discussed in [Pankrat’ev 1989]. For overviews on the theory of differential algebras
see [Ritt 1950], [Kolchin 1973] and on the theory of difference algebras see [Cohn 1965].

Exploiting the fact, that exterior algebras (Grassmann algebras) are finite dimensional
vector spaces, [Stokes 1989] developed Grobner bases for this class of algebras.

Applications of Grébner base theory to the computation of generators of the syzygy mod-
ule of a set of polynomials is discussed in [Zacharias 1978]. Computation of univariate
polynomials of minimal degree in zero dimensional ideals is reported in [Boge et. al. 1986].
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Canonical bases for modules over commutative polynomial rings are discussed in
[Armbruster, Kredel 1986], [Moller, Mora 1986] and [Furukawa et. al. 1986]. Subalge-
bra membership and canonical subalgebra bases are treated by tag variable methods in
[Shannon, Sweedler 1988], by standard representations in [Robbiano, Sweedler 1988] and
by term rewrite completion methods in [Kapur, Madlener 1989)].

Implementation issues for computing in non-commutative polynomial rings are addressed
by [Apel, Klaus 1990], [Apel, Klaus 1991] and [Petermann, Apel 1988]. Implementation
issues for the Buchberger algorithm for the computation of Grobner bases are discussed
by [Winkler et. al. 1985] (and various others). Our implementation is based on the
‘ALDES/SAC-2’" computer algebra system by [Collins, Loos 1980], the distributive poly-
nomial system by [Gebauer, Kredel 1983] and an implementation of Buchberger’s algo-
rithm [Gebauer, Kredel 1984], [Kredel 1988a]. The recent implementation is in the ‘MAS
Modula-2 algebra system’ by [Kredel 1988], [Kredel 1990] and [Kredel 1991]. An imple-
mentation of the algorithms for syzygy computations is given in [Philipp 1991].

Some special cases of parametric problems in commutative theory, such as parametric lin-
ear equations are discussed by [Sit 1991] and parametric equations by [Gao, Chou 1991].
Properties of Grobner bases under specialization are discussed by [Gianni 1987]. The al-
gorithms for comprehensive Grobner bases in the commutative case are implemented in

[Schénfeld 1991].

The theory of Ore extensions and in particular the question under which conditions
prime ideals are completely prime are discussed in [Lorenz 1981], [Sigurdsson 1984]
and [Dixmier 1974] (for the case of solvable Lie algebras). For an overview see
[Goodearl, Warfield 1989).

The question under which conditions a ring can be embedded in a field are discussed by
[Malcev 1937], [Cohn 1971], [Hirschfeld, Wheeler 1975] and [Cohn 1977] with a survey in
[Cohn 1981].

Model theory of algebraically closed non-commutative groups and fields is discussed in
[Robinson 1971], [Bacsich 1972], [Simmons 1972] and [Bacsich 1973]. A model theoretic
framework for Nullstellensdtze, using syntactic characterizations of radicals and radical
membership, is presented in [Weispfenning 1977]. Non-commutative existentially closed
structures and a non-commutative Nullstellensatz is given in [Hirschfeld, Wheeler 1975].
Aspects of quantifier elimination relative to sets of formulas and relative to formu-
lar preserving morphisms are discussed in [Weispfenning 1983]. This article also gives
an overview over (relative) quantifier elimination in various algebraic theories. Non-
commutative geometry is discussed e.g. in [Manin 1991] and also in several articles in
Physics journals and lecture notes.

1.3 Future Perspectives and Open Problems

There are several topics in commutative Grobner base theory, which have not been dis-
cussed in the present work. The most notable are:
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1. Development of a theory of solvable polynomial rings over FEuclidean coefficient
domains, or Dedekind domains. (We deliberately omit references.)

2. Grobner bases with respect to every term order, so called universal Grobner bases,
stability of Grobner bases under change of the term ordering [Robbiano 1985],
[Weispfenning 1987], [Weispfenning 1987] and [Schwartz 1988].

3. Dimension theory for solvable polynomial rings as in the commutative case
[Kredel, Weispfenning 1988], Hilbert function, Gelfand-Kirillov dimension.

4. Ideal decomposition theory for solvable polynomial rings. (We deliberately omit
references.)

5. Using the framework of [Becker 1990] to derive solvable power series rings and also
comprehensive Grobner bases for power series rings.

6. Implementation of algorithms for solvable polynomial rings where the variables do
not commute with the coefficients. Implementation of algorithms for the construc-
tion of comprehensive Grobner bases for solvable polynomial rings .

7. The class of solvable polynomial rings over computable rings provides a computa-
tional domain with Grobner bases as complete constraint solvers for the theory of
constrained logic programming (CLP) [Jaffar, Lassez 1987].

1.4 Summary

For easy orientation we place this section, which contains a summary and draws some
conclusions, at the end of the introduction. The section is however intended to be read
after the other chapters. We will deliberately use (also technical) notations from the rest
of the work.

In the following two subsections we give a summary of the results about solvable poly-
nomial rings and extension fields ‘compatible’ with solvable polynomial rings obtained in
this work. In the third subsection we draw some conclusions.

1.4.1 Solvable Polynomial Rings

In table 1.1 we summarize various properties and results on solvable polynomial rings.

The table is organized such that the row boxes surround the chapters, which can be easily
identified. The column boxes show first an abbreviation of properties and/or results and
then the main characteristics of solvable polynomial rings as there are the coefficient field
K and then the commutator relations () respectively @'

The entries in the column labelled K indicate what kind of restriction is placed on the
coefficient field
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‘skew’ means, that K may be a skew field.
‘comm.’” means, that K must be a commutative field.

‘ring’ means, that K may be a ring, possibly with some further restriction.

The entries in the columns labelled () and @' indicate whether the results hold for arbitrary
commutator relations or hold only for relations where @)’ specifies commutativity. Le. ‘yes’
means, that the result holds (for arbitrary commutator relations), ‘no’ means, that the
result does not hold (i.e. it holds only for relations where Q' specifies commutativity),
‘not considered’” means, that the result has not been considered and a reference means
that the result holds and was proven in the reference.

The further entries read as follows:

‘(old)” means, that the corresponding result has been known, together with an abbrevi-
ated reference who obtained it.

‘(new)’ means, that the corresponding result was obtained in this work.

‘(7)’ means, it is not known, if the corresponding result holds, together with an indication
about our opinion if it could hold.

The references have the following meaning:

AL = [Apel, Lassner 1988], KW = [Kandri-Rody, Weispfenning 1988] and

W = [Kredel, Weispfenning 1990]. ‘GB’ stands as abbreviation for Grébner base. ‘Q’
denotes the field of rational numbers.

The notes in table 1.1 are explained as follows:

I the coefficient rings must be skew fields or the commutator relations must be such,
that the ¢;; respectively the c,; are contained in a subfield of the center of K,

only if o; : a — c4a is an automorphism,

if Q" # (), then construction only if K is a finitely generated algebra over its center,
only for x-compatible inverse lexicographical term orders,

only for x-homogeneity compatible gradings,

in general infinite objects, a semi-decision procedure for subalgebra membership.
with parametric commutator relations,

only for certain commutator relations.

©

for fixed @), Q' and coefficient rings ‘compatible’ with @'.
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K{X,..., X,;Q;Q'}
properties, results K Q Q'
variety ring yes yes?
x-product skew (new) KW (old) yes (new)
Ore extensions skew (new) KW (old) yes (new)
Hilbert Basissatz restr. ring' (new) | yes' (new) yes (new)
center structure comm. (new) yes (new) no (7)
left Grobner bases skew (new) KW (old) yes (new)
BBEC criterion skew (new) yes (new) yes (new)
BBGC criterion skew (new) no, AL (old) no
right Grébner bases skew (new) KW (old) restriction? (new)
two-sided Grdbner bases | skew (new) KW (old) restriction? (new)
t-s GB, contruction restriction® (new) | KW (old) restriction? (new)
elimination ideals skew (new) KW* (old) yes! (new)
residue class ring bases | skew (new) KW (old) yes (new)
basis for syzygies skew (new) KW (old) yes (new)
partial Grobner bases skew (new) yes® (new) yes® (new)
module Grébner bases skew (new) yes (new) yes (new)
subalgebra GB® comm. (new) yes (new) no (?)
parametric solvable rings | parm. ring with W™ (new) | (7)
comprehensive left GB parm. ring with W (new) | (7)
comp. two-sided GB parm. ring with W (new) | (?)
par. ideal membership parm. ring with W (new) | (?7)
implementation
«-product Q (new) yes (new) not considered
left Grobner bases Q (new) yes (new) not considered
two-sided GB Q (new) yes (new) not considered
BBEC criterion Q (new) yes (new) not considered
elements of the center Q (new) yes (new) not considered
generalized axioms zero divisors zero divisors
«-product skew (new) yes (new) yes (new)
left reduction no not considered
left saturated reduction yes® not considered
left Grobner base yes 7 not considered

Table 1.1: Summary of Solvable Polynomial Rings
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In the sequel we will give some further remarks.

The field K is mostly of arbitrary characteristic. Some times it must be of characteristic
0 so that Q is contained in the center. The term order < is always fixed, admissible and
x-compatible.

We adapted the method of standard representations for solvable polynomial rings. In our
opinion this method makes the proofs of the construction of (left) Grébner bases much
more intelligible and could be also be used for the proof of the BBEC criterion.

1.4.2 Nullstellensatze

A schematic summary of the results of this work in respect to various ‘Nullstellensitze’
is contained in table 1.2.

The references have the following meaning: HW = [Hirschfeld, Wheeler 1975]. The other
entries have the same meaning as in the preceding section.

A listing of properties of existentially closed classes for various algebraic structures can
be found in [Hirschfeld, Wheeler 1975](pp 134-136).

properties, results existential Q-algebraic | Q-existential
existance of roots

in extension field yes, HW (old) | yes (new) | yes (new)
in all closed extensions | yes, HW (old) | yes (new) | yes (new)
one cl.ext — all cl.ext. | no, HW (old) | yes (new) | yes (new)
exist. of degree bounds® | no, HW (old) | yes (new) | no (?)
Rabinowich trick no' not

EC

elementary class no no no
axiomatizable class no, HW (old) | yes (new) | no (?)
quantifier elimination no, HW (old) | yes? (new) | no (?)

Table 1.2: Summary of Nullstellensatze
The notes in table 1.2 are explained as follows:

! only true, if one accepts infinite formulas,
2 only existential quantifiers.

3 uniform bounds on the degrees of the polynomials which are used to represent a poly-
nomial as member of an ideal.

In the sequel we will give some further remarks.

The field K must be of characteristic 0, i.e. an extension of Q. The term order < is always
fixed, admissible, x-compatible and strict lexicographic.
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1.4.3 Concluding Remarks

One of the main problems was to find a suitable notion of ‘most general’ solvable polyno-
mial rings. Our first idea to allow also zero divisors (to be able to incorporate e.g. exterior
algebras) was not fruitful. Although a product lemma holds for arbitrary polynomials a
suitable (saturated) reduction could only be defined for special cases of commutator rela-
tions. The rests of these attempts have been included in the appendix A and may become
useful later.

The most fruitful concept was to consider solvable polynomial rings
S=K{Xi,...,Xp;Q;Q'}

characterized as polynomial rings over skew fields K in variables Xi,...,X,,, n > 0,
together with a new non-commutative product ‘«’, defined by means of commutator re-
lations

Q:{Xj*Xi:Cinin—i—pij : O%Ci]‘ EK, XZX] >pz-j€5, 1§Z<]§7’L}
between the variables and commutator relations
Q ={Xi*xa=cuaX;+psi : 0#c; €K, pi €K, 1<i<n, acK}

between the variables and the coefficients with respect to a x-compatible term order <,
such that the ring (S,0, 1,4, —, *) is associative.

We showed, that many of the properties of commutative polynomial rings and solvable
polynomial rings as defined by [Kandri-Rody, Weispfenning 1988] could be carried over
to these ‘more general’ solvable polynomial rings. Although at a first glance this kind
of generalization may appear to be a ‘routine’ task, many subtle investigations showed
up cases, where a corresponding result for the more general solvable polynomial rings
is false (e.g. construction of two-sided Grobner bases, subalgebra membership test by
tag variables, etc.). Moreover the successful cases often required (tedious) proofs by
Noetherian induction over the remainders generated by the s-product (e.g. for the x-
product for polynomials).

In the chapter on the Nullstellensitze we used methods from different areas of mathemat-
ics to establish axiomatizability and quantifier elimination for the class of Q-algebraically
closed extension fields of Q. Most notably are methods from algebra (differential opera-
tor rings, Ore domains, non-commutative Noetherian rings, free product of skew fields),
computer algebra (Grébner bases, comprehensive Grobner bases) and model theory (ex-
istentially and algebraically closed structures, quantifier elimination). Furthermore the
efficient implementations for computations in solvable polynomial rings and the imple-
mentations (by [Schonfeld 1991]) for computations of comprehensive Grébner bases in
commutative polynomial rings give hope for an efficient and practicable quantifier elimi-
nation procedure in Q-algebraically closed extension fields of Q.



Chapter 2

Non-commutative Rings

In this chapter we first summarize some definitions and notations about universal algebra
and non-commutative rings. Then we prove some basic properties of (two-sided) ideals
of non-commutative rings. Notably a separation lemma of an ideal with respect to a
multiplicatively closed set. Furthermore we include some facts on semiprime ideals. The
results of this section are mainly used in chapter 8.

2.1 Notations and Definitions

We assume the basic notations and properties of sets, relations and functions. N denotes
the set of natural numbers (including zero) and Z denotes the set of integers (integral
numbers). |A| denotes the cardinality of the set A. A x B denotes the cartesian product
of the sets A and B.

A formal language L is characterized by a tuple (R, F,o0,C, V'), where R is a set of relation
symbols, F'is a set of function symbols, o is the arity function, C'is a set of constants and
V' is an enumerable set of variables. Let L be a formal language, let A be an algebraic
structure, then A is called an L-structure, if all operator symbols of the language L have
an interpretation in A. A homomorphism between L-structures is a mapping that respects
the operations. Substructures and extension structures are defined as usual and we write
A C B for A is a substructure of B.

For a given language and set of variables, the set of first order terms is denoted by Tm and
the set of first order formulas is denoted by Fm, respectively by PFm for prime or atomic
formulas. For terms ¢ € Tm and formulas ¢ € PFm we define the set of free variables
FV(t), FV(yp) and the set of bound variables BV(t), BV(p) as usual.

Let true and false be two objects distinct from the universe of A. For a formula
© € Fm(L, V) we write A | ¢ if for all variable assignments o : V- — A, ¢* holds in A,
i.e. p® = true. In this case we say ‘A satisfies ¢’ or also ‘A is a model of ¢’. We write
A E plar,...,a,) if ‘@ holds at (ay,...,a,) in A’. If ® is a set of formulas, we write

22
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AE® < AE pforall p € ®. In this case we say ‘A satisfies @’ or also ‘A is a model
d’.

An wunitary ring is a structure (R,+,—,-,0,1) with universe R, functions +, —,- and
distinguished constants 0, 1. A commutative ring is an (unitary) ring, where - is
commutative. An integral domain or for short a domain is an (unitary) ring that has no
zero divisors. Since all rings which we will consider are unitary rings, we drop the word
‘unitary’ from now on. We will furthermore assume that always 1 # 0 holds.

A field K is a ring, such that for every 0 # a € K there exists a b € K such that ab = 1.
Note, that fields are in general not necessary commutative. Some authors denote this fact
by speaking explicitly of skew fields when they refer to non (necessarily) commutative
fields. Here however we will state explicitly when we require a field to be commutative.

For a ring R a left unitary R-module with universe M will be denoted by rM =
(M,+,—,0,1, R). Again we will drop ‘unitary’ since we consider only unitary R-modules.
Let K be a field. Then the K-module M is called a vector space. For rings R and S a
unitary R-S-bimodule is denoted by rMs = (M,+,—,0,1, R, S).

Let (R,+,—,+,0,1) be a ring. An R-algebra is denoted by Ap = (A,+,—,-,0,1, R). Let
R be a ring, X a set of variables. A polynomial ring over R in the variables X is denoted
by R[X]. If X ={X,,...,X,} is finite, we write also

R[Xy,..., X,]

for a polynomial ring. We assume that the variables commute with the coefficients, but
we do not assume, that the coefficient ring itself is commutative in general.

Definition 2.1.1 (Ideal) A left ideal in a ring (R, +,—,-,0,1) is a subset I of R such
that

10: 0 €1,
Ia: ifa,be I, thena+bel,

I: ifael, re R thenrac€ 1.
A right ideal in a ring (R,+,—,+,0,1) is a subset I of R such that

I10: 0 €1,
Ia: ifa,be I, thena+bel,

Ir: ifac I, r€ R thenar € 1.
A two-sided ideal in a ring (R, +, —,-,0,1) is a subset I of R such that

10: 0 € I,
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Ia: ifa,be I, thena+bel,

It: ifacl,re€ Rthenra€cl andar € I.

Since R is assumed to be unitary, ‘It’ can also be written as

It’: ifac I, r,s € R then ras € I.

Definition 2.1.2 We say a left (right, two-sided) ideal is generated by a set F', F C R
iof it is of the form:

ideal)(F) = { Znai : 1, € Rya; € F, A\ finite },

i€A

ideal.(F) = { Zam : 1, € Rya; € F, A\ finite },
ieA

ideal,(F) = { Zrz-aisi : 1,8 € Rya; € FyA finite }.
ieA

If an ideal I is generated by a set F we also say F is a basis for I. An left (right, two-sided)
ideal T is called trivial, if I = {0} and it is called proper, if I # R.

If F={fi,..., fa} C R is finite, then we write also ideal;,;(f1,..., fn) for ideal;, ,(F').
In particular if I is an ideal, then I = ideal([I).

Definition 2.1.3 Let Fi, F5, C R then we define

ideal(Fy) + ideal(Fy) = ideal(Fy U Fy)
ideal(Fl) : 1deal(F2) = 1deal(F), with F' = {f1f2 : f1 € Fl, f2 € Fg}

2.2 (General Properties of Ideals

In this section we prove some basic properties of two-sided ideals and multiplicatively
closed sets of a (non-commutative) ring R with 1. See also [Goodearl, Warfield 1989]
chapter 2 and the references therein (e.g. to Krull and McCoy for the separation lemma).

The proofs are mainly based on Zorn’s lemma:

Lemma 2.2.1 (Zorn) A non empty partially ordered set in which every chain (a totally
ordered subset) has an upper bound, has a mazimal element.

For completeness we also state a generalized principle of induction, which will be used in
later sections.
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Lemma 2.2.2 (Noetherian Induction) Let A be a quasi ordered set, such that every
non empty subset has a minimal element. Let B be a subset of A which contains any

element of a € A whenever it contains all the elements v € A such that x < a. Then
B=A.

Definition 2.2.3 Let J C R be a proper two-sided ideal.

1. J is called prime ideal if, for a,b € R, aRb C J impliesa € J orb e J,
2. J is called complete prime ideal if, for a,b € R, ab € J implies a € J orb e J,

3. J is called maximal ideal if for any two-sided ideal I, J C I C R implies J =1 or
I =R.

The importance of complete prime ideals stems from the fact, that the residue class
ring modulo a complete prime is a domain. In commutative rings all prime ideals are

completely prime. An equivalent characterization of a prime ideal J is: for all ideals
A, B, AB C J, implies that A C .J or B C J.

Lemma 2.2.4 Any two-sided mazimal ideal is a prime ideal.

Proof: Let M C R be a maximal ideal. Assume for a contradiction that M is not prime.
Then there exist a,b € R with aRb C M but neither a € M nor b € M.

Let J; = ideal;(a, M) and J, = idealy(b, M) then J; # M and J, # M and so by
the maximality of M we have J; = J; = R. Then J;.J, = idealy(a, M) ideal,(b, M) =
ideal;(aRb, M) that is R = ideal;(aRb, M) = ideal;(M) = M which contradicts the
maximality of M. O

Lemma 2.2.5 Let I be a proper two-sided ideal in R. Then I is contained in a two-sided
mazximal ideal. More precisely there exists a maximal element M in the set

A={J | J two-sided ideal in R, J #R,I C J}

and M is a maximal ideal.

Proof: We are going to show that A satisfies all assumptions of Zorn’s lemma, so A
contains a maximal element.

First I € A and so A # (). The set inclusion ‘C’ defines a partial order on the set of ideals
of R and also on A. Let K = {.J;};can C A be a chain of ideals; that is K is totally ordered.
Let J* = U;ea Ji- If we can show, that J* is an upper bound of K in A all assumptions
of Zorn’s lemma are fulfilled and we can conclude that A has a maximal element.

Note that .J; C J* for any i € A and so J* is an upper bound for K. To see that J* is in
A, observe that
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1. IC Jyforie Aand so I C Ujcp Ji = J,

2. J* # R, since otherwise from J* = R it would follow that there is 1 € J*, and so
1 € J; for some i € A which contradicts the choice of J;.

3. J*is a two-sided ideal, since a) 0 € I C J* b) for a,b € J*, there exists i, j € A, such
that a € J; and b € J;; now K is a chain so wlog. a € J; C Jjand so a+b € J; C J*,
c) for a € J*, ;s € R, there exists i € A with a € J;; so ras € J; C J*.

Clearly M is a maximal ideal, since the the existence of an ideal .J with M C J C R,
would imply that J € A, which would contradict the maximality of M in A. O

Lemma 2.2.6 Let I be a proper two-sided ideal in R, M be a subset of R with M NI = ().
Then there exists a mazrimal element in the set

A={J|J two-sided ideal in R, M NJ=0,1 C J}.

Proof: We are going to show that A satisfies all assumptions of Zorn’s lemma, so A
contains a maximal element.

First I € A and so A # (). The set inclusion ‘C’ defines a partial order on the set of ideals
of R and also on A. Let K = {J;};,can C A be a chain of ideals; that is K is totally ordered.
Let J* = Ujea Ji- If we can show, that J* is an upper bound of K in A, all assumptions
of Zorn’s lemma are fulfilled and we can conclude that A has a maximal element.

Note that J; C J* for any ¢ € A and so J* is an upper bound for K. The see that J* is
in A observe that

1. IC Jforie Aand so I C Ujep =J7,

2. J*N'M =, since otherwise from J* N M # () it would follow .J; N M # () for some
1 € A which contradicts the choice of .J;.

3. J*is a two-sided ideal, since a) 0 € I C J* b) for a,b € J*, there exists i, j € A, such
that a € J; and b € J;; now K is a chain so wlog. a € J; C J; and so a+b € J; C J*,
c) for a € J*, r,s € R, there exists i € A with a € J;; so ras € J; C J*.

Observe, that in general I is not a maximal ideal. O

2.2.1 Multiplicatively Closed Sets

In this section we discuss the relation between complete prime ideals, multiplicatively
closed subsets and prime ideals and m-sets.

Definition 2.2.7 A non-empty set M C R is called multiplicatively closed, if for any
a,b € M also ab € M. A non empty set M C R is called an m-set, if for any a,b € M
there exists r € R such that arb € M.



2.2. GENERAL PROPERTIES OF IDEALS 27

Clearly in a ring with 1 a multiplicatively closed set is a m-set.

Lemma 2.2.8 Let J be a two-sided complete prime ideal in R. Then the set M = R\ J
18 multiplicatively closed.

Proof: Assume for a contradiction, that M is not multiplicatively closed. Then there
exist mqy, my € M such that mimsy & M. So myms € J and since .J is a complete prime
ideal we must have m; € J or my € J. But this contradicts m; € M or my € M and
proves the lemma. O

Lemma 2.2.9 Let J be a two-sided prime ideal in R. Then the set M = R\ J is an
m-set.

Proof: Assume for a contradiction, that M is not a m-set. Then there exist mq, my € M
such that myrms € M for all r € R. So miRmy C J and since J is a prime ideal we
must have my; € J or my € J. But this contradicts m; € M or my, € M and proves the
lemma. O

Lemma 2.2.10 (Separation) Let I be a proper two-sided ideal in R, M be a m-set in
R. If M N1 = then there exists an ideal J mazimal with respect to the property I C J
and M 0 J = 0. Furthermore any such J is prime.

Proof: By lemma 2.2.6 let J be a two-sided ideal maximal with respect to M N .J = ()
and I C J. Since M # (), J is proper. We claim that .J is a prime ideal.

Assume for a contradiction that .J is not prime. Then there exist a,b € R such that
aRbC J,buta ¢ Jand b ¢ J. Let J; = {cad+j|c,d € R,j € J}, and Jo = {bd' + j' |

d,d eR,j € J}. Now J ;ﬁ Jy and J ;ﬁ Jy (since a,b ¢ J and Jy, Jo are ideals) and so
by the maximality of J we have J; N M # 0 and Jo, N M # 0. Let m; € ;N M, i=1,2,
with my = cad + j and mo = bd' + j'. Since M is a m-set there exists r € R such that
myirmse € M holds.

So mirmg = (cad + j)r(dbd + j') = cadrdbd + jrc'bd' + cadrj’ + jrj'. Now jrc'bd,
cadrj', jrj’ € J since J is a two-sided ideal. Furthermore aRb C J so a(drc')b € J
and consequently c(adrc'd)d’ € J. This shows mirms € J which contradicts the fact
M N J = () and proves the lemma. O

Specializing J = {0} we obtain:

Corollary 2.2.11 Let M be a m-set of R, and assume 0 & M. Then there exists a
mazximal element I in the set

A={J|J two-sided ideal in R, J C R\ M},

and I is a prime ideal.
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Note, that in the special case M = {1} the ideal I is a maximal ideal (cf. 2.2.5).

As a corollary we also note lemma 2.2.10 for multiplicatively closed sets in the form it is
used later.

Corollary 2.2.12 Let I be a proper two-sided ideal in R, M be a multiplicatively closed
set in R. If M NI = () then there exists a prime ideal J with I C J and M N0 .J = (.
Furthermore J is mazrimal with respect to this property.

2.2.2 Semiprime Ideals

Definition 2.2.13 Let R be a ring. An ideal I which is an intersection of prime ideals is
called semiprime. That is I = ;e Ji with J; prime ideals. The prime radical of an ideal
I is the intersection of all prime ideals which contain I. The prime radical is denoted by

rad(I) = (] J;

I1CJ;

with J; prime ideals.

Definition 2.2.14 Let R be a ring. An ideal I which is an intersection of complete prime
ideals is called completely semiprime. That is I = (;ep Ji with J; complete prime ideals.
The complete prime radical of an ideal I is the intersection of all complete prime ideals
which contain I. The complete prime radical is denoted by

crad(I) = (] J;

ICJ;

with J; complete prime ideals.

Lemma 2.2.15 Let R be a ring and let I be an ideal in R. If a € rad(I) then there
exists 0 < k € N such that a* € I.

Proof: Assume for a contradiction a € rad(/) and a* ¢ I for all 0 < k € N. Then the
set M = {a* : 0 < k € N} is multiplicatively closed and disjoint to I: M NI = (). Now
by the separation lemma 2.2.12 there exists a prime ideal P which contains I: I C P
and still satisfies M N P = (). This shows a ¢ P. Now P must occur in the intersection
Nicp, P; = rad(I) and therefore a & N;cp, Pi. This contradicts the assumption a € rad([)
and thus proves the lemma. O -

Lemma 2.2.16 Let R be a ring such that every prime ideal is completely prime. Let 1
be an ideal in R and let a € R. If a® € I for some 0 < k € N then a € rad([).
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Proof: Let rad(I) = N;cp, P, where each P is a complete prime ideal. Let 0 < k € N
such that a* € I. Then o* € rad(I) and therefore a* € P, for each P;. Now P; is
completely prime and since a* = aa*~" it follows either a € P; or a*~! € P;. This implies
in both cases by induction on k that a € P; for all P;. This shows a € N;cp, P which is
the prime radical of 7. O -

If prime ideals are not completely prime, then the situation is considerably more difficult.
So only if aRa C I (and not merely a* € I) we can conclude that a € rad([), as can be
seen from the following theorem.

Theorem 2.2.17 (Levitzki, Nagata) Let R be a ring. An ideal I is semiprime if and
only if

Whenever a € R with aRa C I then a € I.
Proof: See [Goodearl, Warfield 1989](p 27). O

Corollary 2.2.18 Let I be a semiprime ideal in a ring R and let J be a right, left or
two-sided ideal in R. If there exists a positive integer n such that J* C I then J C I.

Proof: See [Goodearl, Warfield 1989](p 29). O



Chapter 3

Solvable Polynomial Rings

In this chapter we discuss the axioms of solvable polynomial rings and some consequences
of the axioms. We do not assume that the coefficients commute with the variables.
With this more general concept we can treat the theory of difference rings, differential
rings and arbitrary Ore extension rings over a (non-commutative) field in our framework.
Furthermore we give conditions, when homomorphic images of free associative algebras
are solvable polynomial rings.

Using a combination of Dickson’s lemma and a variant of Konigs tree lemma we give a
proof of a ‘Hilbert basis theorem’ for solvable polynomial rings over Noetherian coefficient
rings. Next the structure of the center of a solvable polynomial ring is determined and
by linear algebra methods, ways to compute elements in the center are investigated. This
has important applications in the determination of so called ‘Casimir invariants’ in the
theory of Lie algebras.

3.1 Polynomial Rings

Let K be a skew field, that is a not necessarily commutative field. From now on we will
assume that all fields are not necessarily commutative (and we will drop the ‘skew’ in
front of field) unless otherwise stated. = Q denotes the set of rational numbers.  An
inverse of an element a € K will be denoted by ¢!, that means ¢ 'a = 1 holds.

Let R be a polynomial ring R = K[Xy, ..., X,] over the field K in the commuting
variables (indeterminates) Xi,..., X, for some n € N, n > 0.  All elements of K
are assumed to commute with the indeterminates Xi,..., X, but K need not be itself

commutative. So R is in general not a commutative ring.

Let T denote the set of terms (power-products of indeterminates)
T={X"-...-X"eR : e,eN,1<i<n}.

Then there is a bijection e : T — N" between T  and n-tuples of natural numbers, defined

30



3.1. POLYNOMIAL RINGS 31

by

e(Xpt-. .- X)) = (e1,...,en)

n

e (er,...,en)) = X ... XO

An important property of the divisibility relation of terms respectively the component-
wise order of N" is known as Dickson’s lemma and is fundamental for most termination
proofs of polynomial algorithms.

Lemma 3.1.1 (Dickson’s Lemma) Let (N", <,) be the direct product of n copies of
the natural numbers (N, <) with their natural ordering. Then every subset M of N™ has
a finite subset B such that for every (mq,...,my) € M, there exists (by,...,b,) € B with
b; < m; for1 <i<n.

Proof: See [Dickson 1913]. O

Stated for terms:

Corollary 3.1.2 Let (T,]|) be the set of terms T partially ordered by divisibility |. Then
every subset S of T has a finite subset V' such that for every s € S there exists v € V
with v | s.

Proof: Let (N", <,) be as in Dickson’s lemma, e : T — N" be the bijection between T
and N". Then for s,t € T: s | tiff e(s) <, e(t), since s = X7 -...- X | Xfll X =t
e <cforl <i<n<=els)=(e,....,en) < (€),...,€)) =e(t). So the claim
follows by Dicksons’s lemma 3.1.1. O

Beside this partial divisibility order on the terms, we assume that the set T is linearly
(totally) ordered by a suitable order compatible with divisibility, which is denoted by <r
or simply by <. Note such linear orders are well-founded orders (for every non empty
subset of T there exists a unique minimal element). The compatibility condition is defined
as follows.

Definition 3.1.3 An ordering <r on the set of terms T is called admissible if for all
r,s,tel:

1. 1 <pr,

2. r <r s implies rt <r st.

For elements f € R, the set of terms of f will be denoted by T(f). The quasi-order
induced by <7 on R will also be denoted by <t or simply by <. It is defined as follows:
for f,g € R let f < g if the highest term in T'(g) \ T(f) is greater then the highest term

in T(f) \ T(g) or T(f) \ T(g) is empty.
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For a subset X C {X,..., X, } we denote by T'(X) the set of terms in the variables X.
For a subset V' C T we denote by mult(V) = {sv : s € T,v € V} the set of multiples of
V.

Let < be an admissible order on 7', f € R, then HT(f) denotes the head term of f that
is the highest term in f with respect to <. For ¢ € T we denote the coefficient of ¢
in f by coeff(¢, f). A monomial is a polynomial of the form at with 0 # o € K and
t € T. The head monomial of f, denoted by HM(f), is defined by coeff(HT(f), f)HT(f).
coeff(HT(f), f) is also denoted by HC(f). A polynomial f is called monic, if HC(f) = 1.
A set of polynomials F' is called monic, if every f € F' is monic.

Other concepts form commutative polynomial rings, like the degree of univariate polyno-
mials or the degree in the variable X;, etc. are defined as usual.

3.2 Axioms for Solvable Polynomial Rings

Let K be a skew field. A solvable polynomial ring over K is a polynomial ring R =
K[X, ..., X,] equipped with a new (in general non-commutative) multiplication *. In
this section we first state the axioms of the x-product for elements of 7" and K and
then we determine the x-product for arbitrary elements of R. The axiom set generalizes
[Kandri-Rody, Weispfenning 1988] in that respect, that K can now be non-commutative
and the elements of K need not commute with the variables (axioms 3.2.1(4) are new).
An even more general set of axioms is discussed in the appendix A.1.

Axioms 3.2.1 For a fized term order <r, (R, *) is called a solvable polynomial ring if
the following axioms for x are satisfied:

1. (R,0,1,+, —, x,<) is an associative ring with 1 and with admissible term order <.

2. (a) Foralla,be K, t€ T(Xy,...,X,), axbxt=ax(bt) = (a-b)- -t=abt.
(b) Foralll1<i<n,seT(Xy,...,X;),teT(X,,...,X,), skt =st.

3. For all1 <i < j <n there exist 0 # ¢;; € K and p;; € R, p;; <r X;X; such that
Xj * Xz = Ci]’Xin +pi]'.
4. Forall1 <i<mn andall 0 # a € K there exist 0 # c,; € K and py; € K, such that

X;xa = cguaX; + Pai-

x will denote the new multiplication, the (non-commutative) multiplication in K and
the commutative multiplication in K[X, ..., X,,] will be denoted by - or juxtaposition of
elements. If it is clear from the context we will even drop the x for the non-commutative
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multiplication in the later chapters. Solvable polynomial rings will be denoted by R =
K{Xi,...,X,}, or by
K{Xh s 7Xn7 Qa Q,}
if
Q:{Xj*Xi:Cinin—i—pij : O%Ci]‘ € K, XZX] > pij € S, 1 §Z<j Sn},
denotes the set of commutator relations of axiom 3.2.1(3) and

Q ={Xi*xa=cuaX;+pui : 0#c; €K, pi €K, 1<i<n, acK}

denotes the set of commutator relations of axiom 3.2.1(4). Note furthermore, that @ is
finite; Q' is infinite if K is infinite and @' is enumerable if if K is enumerable. If we assume
that the variables commute with the coefficients, then we indicate this by dropping the
@' from the notation of the solvable polynomial ring: K{X7, ..., X,;; Q}.

3.2.1 Alternative Axioms

Let S = K{X;,...,X,;Q;Q'} be a solvable polynomial ring over K. The requirement
that K has to be a skew field seems to be rather restrictive. Examining the proofs in this
chapter one finds that at least the condition

e K is any domain, but all ¢;; = 1for1 <i < j<nandallc, =1forl <i<mn,
a €K

is sufficient for the claims in this chapter to hold.

Let cen(R) denote the center of the ring R (cen(R) = {a € R : ar = ra, for all r € R},
see 3.6.1). Other conditions such that

1. K is a commutative domain or
2. all ¢;;, ¢4 € cen(K) or even

3. all ¢, cqi € cen(S)

are sufficient to prove the x-product lemma 3.2.5. However they are not sufficient to prove
e.g. the Hilbert basis theorem 3.5.12. The condition required in this theorem is

e all ¢;j,cqi € L, where L C cen(K) is a subfield of cen(K).

In other words, the ¢;; and ¢,; must be invertible and must commute with all elements of

K.

On the other hand the condition that K is a skew field does not require the ¢;; and ¢,; to
commute with all elements of K. So the condition that K is a skew field seems the least
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restrictive requirement and we leave the axioms 3.2.1 of solvable polynomials as stated.
Furthermore we will make use of K being a skew field in all proofs. But keeping these
hints in mind when examining the proofs in this chapter will show that the respective
claims are true also when K is a domain and the commutator relations satisfy the above
conditions.

Definition 3.2.2 Let S = K{X},..., X,;; Q;Q'} be a solvable polynomial ring over K.
We say that S satisfies the extended axioms if

1. K is a skew field, or

2. K is any domain and there exists L C cen(K) such that L is a subfield of cen(K),
and all0 #c; €L for1<i<j<nand all0#c,; €L for1 <i<n,0#acK.

3.2.2 Computability

It is known, that one can compute in a commutative polynomial ring over a ring K if
one can compute in the ring K. If moreover the term order is computable (or decidable)
(i.e. for any ¢, s € T we can decide by an algorithm if t = s or if ¢ <7 s) we can compute
normalforms of reduction relations. Here ‘computability’ means ‘effective computability’:
That is, there exists a Turing maschine which takes the appropriate ‘inputs’, performs a
finite number of ‘steps’ and terminates after producing the respective ‘output’.

To compute in solvable polynomial rings we have the additional requirement, that we can
compute with the commutator relations. To compute with the commutator relations be-
tween the variables can be done already if we can compute in the commutative polynomial
ring.

To compute with the commutator relations between the variables and the coefficients
requires, that the mappings a — c4;a and a — p,; are given algorithmically. This is e.g.
the case when the mappings are given by polynomial functions which could be evaluated
at a to find c,a and p,;. In case when a — c¢4a has to be an automorphism (e.g.
when we consider right ideals) we require moreover, that the inverse mapping is given
algorithmically.

By this considerations we can compute in a solvable polynomial ring provided the * prod-
uct of two polynomials can be computed. The computation of x-products of polynomials
is shown in lemma 3.2.5 later in this section.

So from now on whenever we discuss algorithms and claim some properties about algo-
rithms we make the assumptions about computability stated above. Further remarks on
computability can be found in chapter 6 on algorithm implementation and in the appendix
on algorithmic notation.
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3.2.3 x*-compatible Orders

Any admissible order satisfying condition (3) of axioms 3.2.1 will be called x-compatible.

Let <; be the lexicographical order on T defined by X; < Xy < ... < X,,. Let R =
K{Xi,...,X,}, be a solvable polynomial ring with respect to <p, such that <p is *-
compatible. R is of strictly lexicographical type, if for the commutator relations () in the
axioms 3.2.1(3) we have

Pij <L Xj.

In other words we require p;; € K[Xj,..., X, 1]. R is of strictly monic lexicographical
type, if for the commutator relations @) in the axioms 3.2.1(3) we have

Cij = 1 and Dij <L Xj.

The set of commutator relations () is in this case also called to be of strictly lexicographical
type respectivly of strictly monic lexicographical type.

An admissible *-compatible ordering < on T is called degree compatible if for s,t € T

deg(s) <n deg(t) = s < t.

3.2.4 x-products of Polynomials

In this subsection we extend the computation of the x-product from variables and coeffi-
cients to arbitrary polynomials of R. We proceed in several steps. The following lemma
determines left multiplication by field elements and right multiplication by (special) terms.

Lemma 3.2.3 Let R=K{Xy,...,X,;Q,Q'} be a solvable polynomial ring.

1. Leta € K, f € R. Thenax f =af.

2. Let 0 < i < j<k<nandlet feKX,.. XteTX,,...,6Xy. Then
f*t:ftEK[X“,Xk]

In particular fori=j=k, t =Xf, 0<eec N: fx X¢f = fXf e K[X]]

Proof: By Noetherian induction on f with respect to the quasiorder < on R induced by
<onT.

(1) Let f =b € K, then by axiom 3.2.1(2,a) a *b = ab. For f = bt + f', bt = HM(f) we
get ax f =ax (bt + f') = axbt +ax f'. By induction assumption and axiom 3.2.1(2,a)
this is equal to abt + af' = af.
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(2) Let f = b € K, then by axiom 3.2.1(2,a) f xt = ax*xt = at. Let f = bt' + [,
bt = HM(f), then f«xt = (bt' + f') xt = b’ xt + f' «xt. Then by axiom 3.2.1(2,b) we
have t/ xt =t't € T(X;,...,Xg). So fxt =0bt't + f' xt = bt't + f't = ft using induction
assumption on f’x¢t. O

The next lemma considers products of polynomials having terms with ‘increasing’ sets of
variables. In particular right multiplication with field elements is considered.

Lemma 3.2.4 Let R = K{X;,...,X,;Q,Q'} be a solvable polynomial ring, let <r be a
«-compatible admissible term order, let 0 < i < j < k < n and let f € K[X;,...,X,],
g € K[XJ,,Xk]

1. Then there exists 0 # c;p € K and h € K[X;, ..., X;], h <HT(fg) such that

f*xg=cgrfg+h.
In particular f+ g € K[X;,..., Xy] and HT(f * g) = HT(fg).

2. For g = a € K we note as a special case: there exists 0 # cop € K and h €
KX, ..., X;], h <HT(f) such that

frxa=cqyfa+h.
In particular f +a € K[X;, ..., X;] and HT(f * a) = HT(f).

3. If the coefficients commute with the variables, we note as a special case: if cy =1,
pa =0, for 1 <1 <n and 0 # a € K, then

fxg=1Tfg.

In particular f+ g € K[X;, ..., Xi].

Proof: We prove (1) by Noetherian induction on fg with respect to the quasiorder < on
R induced by < on T. (2) and (3) follow since they are special cases of (1).

CASE 1: Let f =b € K then by lemma 3.2.3 fxg =bx%g=bg = 1bg + 0. So the claim
holds with ¢,y = 1 and h = 0.

CASE 2: Let ¢ = a € K and assume the claim holds for all f'¢’ < fa. For f = bt + f',
bt = HM(f) we get fxa = (bt + f') *xa = bt xa + f' * a. By induction assumption
let f'xa = c;f,f’ + h'. For the first term let 1 < £ < j maximal such that e, > 0 in
t=tX " and let t = ' X = ux X = /X§ + X

By axiom 3.2.1(4) for Xy, xa = copa Xy + par we have bt xa = b(u* Xy) x a = bu x (X * a)
= bu * (CaraXg + Dar) = b(u * Cora) Xy + b(u % pag) = bt' (X[ * cara) Xg + b’ (X§ * pag).-
By twofold application of the induction assumption to X} % (cpa) = ¢ (copa) Xf + p1

and Xf * por = hpaX§ + po we get (setting ¢; = clegpa and co = chpag): bt x a =
b(t, * CIX]? + t,pl)Xk + b(t, * CQX]? + t,pz).
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Using induction assumption we get ¢’ x ¢; = c3t' + p3 and ' * ¢y = ¢4t' + py (again
simplifying the coefficients to ¢ and ¢4). Furthermore since p; € K[X}]| we can conclude
by induction assumption that g; = bt' * p; = dig] + ¢ € K[X,,..., Xg]. And again by
lemma 3.2.3 g1 * X = g1 X} € K[Xj,..., Xi]. By the same arguments, since ps € K[Xj],
g2 = bt' x py € K[X;,..., X¢]. So the second and fourth summand can be combined to
hi = g1 * Xi + g2, and we get bt x a = b(cst’ + p3) X + b(cat’ + pa) XE + hy.

Now # X = # Xt = t and #' % X = #'X{ by axiom 3.2.1(2,b), and again bps €
K[Xi, ..., Xs_1], bps € K[Xy, ..., X}_1] and using lemma 3.2.3 on bps * X7 and bpy * X
the term bt * a becomes bcst + hy, where hy, denotes the sum of the remaining parts.
Finally since K is a (skew) field, we can find ¢,y € K such that c,;b = bes and with
h =hy+h +(c —caf) f', and we arrive at fxa =btxa+c f'+h' = copbt+ho+c' f'+h' =
Corf + h as claimed.

CASE 3: Let g =bt + ¢, bt = HM(g), then fxg= fx* (bt +¢') = (fxb)xt+ f*g'. By
induction assumption: fxb= ¢ f +h', where 0 # ¢’ € K and f > h' € K[X;,..., Xj]. So
we obtain (¢/f + W) xt+ fxg = fxt+h «t+ fx*g.

Now by lemma 3.2.3(2): fxt = ft, W xt = Wt and f*¢g = 'fg" + h" by induction
assumption. with 0 # ¢ € K and f¢' > h" € K[X;,...,Xk]. So fxg = ft+h't+
dfgd+h" =cfg+hwith0# " =c¢;p e Kand fg>heK[X,,...,X;]. O

The following lemma treats products of arbitrary polynomials.

Proposition 3.2.5 Let R = K{X,...,X,;Q,Q'} be a solvable polynomial ring, let <r
be a x-compatible admissible term order, and let f,g € R. Then there exists h € R and
0 # csy € K, such that

frg=cifg+h
and h <p HT(fg). Moreover, ¢ and h are uniquely determined by f and g.

Proof: The proof generalizes [Kandri-Rody, Weispfenning 1988] lemma 1.4. Uniqueness:
Let fxg=cfg+h=dfg+h'. Since h,h' < HT(fg), HT(fg) cannot be cancelled by
some term in h or h', so ¢ = ¢’. Then by subtraction of ¢f¢ on both sides we see that
h="h.
Existence: Follows by Noetherian induction on fg with respect to <. Let f = a € K,
then by lemma 3.2.3: axg =ag+0. Let ¢ = b € K, then by lemma 3.2.4: fxb=cbf +h.
For the general case let f = as+ f', g = bt + ¢’ with as = HM(f), bt = HM(g). Then by
distributivity of x and 3 fold application of the induction assumption we get
frxg=asxbt+as*qg + f xbt+ f' x ¢ =as bt + diasg’ + dof'bt +dsf'¢" + 1,

where dy,dy,d3 € K, b € R, b/ < st =HT(fg). When we have proved that

as* bt = cabst+ h", (3.1)

with ¢ € K and h" < st = HT(fg), we can set d; = d; — ¢, h = h" + djasg’ + dyf'bt +
dsf'g'+ b’ and the claim f % g = cfg + h follows.
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It remains to show, that equation (3.1) holds. Assume, that s € T'(X,,...,X;) and
teT(X;,...,Xy) with h,i maximal and 7, k minimal with 1 < h < j<n, 1 <i<k <n.
We distinguish 4 cases:

Case j <i: We can apply lemma 3.2.4 to obtain as x bt = cabst + h", with st > h" €
K[X,...,X;]. and 0 # 0 € K.

Case h <i: Let s = X;M's" = Xj,  Xis" = Xp, * ' with s” € T(Xp14,...,X;). Now
s’ < s and by induction assumption let s’ * bt = cobs't + ho. We get as * bt =
aXp x (s % bt) = aXp, * (205"t + he) = a(X}, * cob)s't + aXp, * hy. Since hy < §'t,
induction assumption can be applied to the last summand giving a X}, x hy = hy with
hs < X8t = st.

By axiom 3.2.1(4) there exist c3,p3 € K with X}, x cob = ¢3(c2b) X, +p3. Let ¢4 € K
such that cyab = aczeb and let py = apz then as = bt = a(c3(cb) Xy, + p3)s’t + hy =
caab(Xp#8't) +pyxs't+hs = caab Xy (XFT0" ) +pys't+hs = caab(Xpx X7 5"t +
W' = cyabes (X % "1") + W' = cabst + h". Using axiom 3.2.1(2,a) for products
with coefficients, X, * s’ = s, ¢ € K with ca = acy and h" = pys't + hs < st.

Furthermore using that the (commutative) term st can be written as X ™s"t/ =
Xt 5 "' by axiom 3.2.1(2,b), (d > 0 the degree of X}, in t) and using that by
axiom 3.2.1(2,b) X, * X7 = X4 and again by axiom 3.2.1(2,b) X« 5"t =
XpHHdg" — st. Finally by taking ¢ = ¢, the claim follows.

Case ] < k: Let t = th]§+l = t,XIS * Xk = Uu * Xk with ¢ € T(Xia---anfl)- Now
t" < t and by induction assumption let s x bt' = cybst’ + hy. We get as * bt =
a(sxbt") Xg * Xy, = a(cobst’ + hay) X[ * X = a(cobst’ * Xf) % Xy + (he % Xf) * X,

Since hy < st we can apply induction assumption on both products in the second
summand yielding hy = (hg * Xf) * Xy < st/ X/ ™' = st. Furthermore we can apply
induction assumption to st’ x Xj = c3st' X{ + hs, since st'Xp < st. This gives
as bt = acob(czst’' XE + h3) x Xi + hy = acobes(st' X)) * Xy, + acobhg * Xy + hy Again
the second summand can be handled by induction assumption since hy < st' X[ < st,
let hs = acobhs * Xj, + hy < st.

Now use, that the (commutative) term s’ X¢ can be written as st/ X = s't' x
X by axiom 3.2.1(2,b), (d > 0 the degree of X}, in s). Furthermore by axiom
3.2.1(2,b) we have X % X, = X thus as x bt = acybess't’ * X + hy =
csab(s't) X 4 hy, using csab = acybes. By axiom 3.2.1(2,b) st + X+ =
sSYXTT = st With 0 # ¢ = ¢; € K and b = hs we get as bt = cabst + hs =
cabst + h" as claimed.

Case i < h & k < j: We use that s = s”X;Jrl =uxX; = s"X7* X, t = X —
Xi*XZ-et” = Xi*t,, with " € T(Xh, TN ,Xjfl), t' e T(XZ'+1, c. ,Xk) and with e Z 0
and d > 0 by axioms 3.2.1(2,b).

Lemma 3.2.4 applied to sxb gives c3bs+hy, hy < s. We obtain asxbt = a(sxb) X;*t' =
a(czbs+hy)* Xyt = caab(s* Xi) x ' +ahy x X xt' = caab(s" X5) x (X Xj) ' + hy.
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Where we used two times induction assumption on ah;* X;*xt' = hy < stand ¢4, € K
with cysab = acsb.

By axiom 3.2.1(3) let X X; = ¢;;X; X, +p;; so the first summand becomes as*bt =
c4ab(s”X]‘?)*(cz-jXZ-Xj+pij)*t’+h2 = c4abs”(X]‘?*cZ-j)*Xin*t’+C4ab(s”X]‘?)*pij*t’—i-hQ.

For the first summand lemma 3.2.4 can be used to obtain X]‘-2 * Cij = ckr,X]‘-3 + hs,
hs < X7. The second summand can be handled by induction assumption and
combined with hy to form h, = c4ab(s”X;?) * Py %t 4+ hy < st, so: as x bt =
cyabs” (cs X§+h3)* Xy Xjxt'+hy = caab(s"c5) X5 Xy Xj*t'+caabs” xhy* X; Xjxt' +hy.

Using lemma 3.2.4 for s"c5 = cgs” + hs, hs < s" and application of 3 times induction
assumption to the second summand and combination with hy giving hg = csabs” *
hy * X;X; *t' + hy < st, we obtain as x bt = csab(css” + h5)X; * X;Xjxt' + he =
cyabeg (8" X * X;) + (X +t') + caabhs X§ + X; X * ' + hs.

From now on let s”X]‘? = s’ by axiom 3.2.1(2,b). Since s'X; < §'X;X; < st and
X;t' < X;X;t' < st induction assumption can be applied to the first and last product
of the first summand: s’ * X; = s X;s" + hg, hs < s'X; and X; * ' = cot’ X, + hy,
hy < Xj;t'. For the second summand we use again induction assumption h; =
cyabhs X5+ X; Xjxt'+-he < st. So we get as*bt = crab(cg Xis'+hg)*(cot' Xj+hg)+hr =
crab(cg(X;s"xco)t' Xj4cs X; s xhg+hgxcot’ X j+hgxhg)+hr = crabes(X;s' xco)t' X j+hyp.
Using several induction assumptions and simplifications on the second to fourth
summand, such that hig = c;ab(cs X;s' * hg + hg * cot' Xj + hg * hg) + hr, hig < st.

Using lemma 3.2.4 we can write X;s' x ¢g = c9X;8" + hy1, hyy < X;s'. With further
simplifications we get: as * bt = crabcs(coX;s' + h11)t' X; + hig = crabegco(X;s') *
(t'X;) + crabcshyy * t' X + hig = c10abX;(s" * ') X; + hio. Using hyo = crabeghyy *
t'X; 4 hip < st, and ¢;p € K such that cjpab = crabcscy.

Since s't’ < st we can apply induction assumption to the middle product s’ x t' =
c118't" + hig, 50 as x bt = c19abX;(c118't" + hi13) Xj = c10ab(Xic11)s't' X + c19abX; *
his * X 4+ h1o = c10ab(c12X; + hia) (s't') X + c10abX; % hyz ¥ X + hia = cipabeia X, *
(s't") * X + croab s hyg % (') % X; 4+ his = c13abX; * (s't') * X; + hy5, using induction
assumptions on the second summands, X;c;; = ¢12X; + h14, coefficient products and
collecting the rests in hy5 < st.

Now by the hypothesis of this case, s't' € T'(X;,...,X,) and we can write s't' =
XEs""X¢ = X« s"t" « X¢ using axiom 3.2.1(2,b). By axiom 3.2.1(2,b) we can
write X« s"t" = X*'s"t". Finally again by axiom 3.2.1(2,b) X/ *'s"t" « X =
X{”ls”t”X;H = st and with 0 # ¢ = ¢;3 € K and A" = h;5 we obtain as * bt =
cabst + h" as desired.

So in all cases we have proved (3.1) and so the lemma. O

Corollary 3.2.6 Let R = K{X},...,X,,;Q,Q'} be a solvable polynomial ring with re-
spect to a x-compatible admissible term order. Then the x multiplication on R is uniquely
determined by @ and Q'.
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The last lemma of this section shows that solvable polynomial rings have no zero-divisors
and deals with the x-product and the quasi-order <.

Lemma 3.2.7 Let R = K{X1,...,X,;Q,Q"} be a solvable polynomial ring, let <t be a
x-compatible admissible term order, and let f,g € R. Then

1. HT(f  g) = HT(f)HT(g) = HT(fg) = HT(9)HT(f) = HT(g * f),
2. there exists 0 # ¢ € K, such that HM(f * g) = cHM(f)HM(g),

3. Forh € R, HT(f) < HT(g) implies HT(f+h) < HT(gxh) and HT (h*f) < HT (hxg).

In particular R has no zero-divisors.

Proof: (1) The assumptions of proposition 3.2.5 are fulfilled, so f x g = c¢fg + h with
h < fg, and we have HT(f x g) = HT(cfg) = HT(fg) = HT(f)HT(g) and similarly

HT (g« f) = HT(d'gf) = HT(¢f) = HT(f9g).
(2) Asin (1) let fxg = cfg+h with 0 # ¢ € K, then HM(f*g) = HM(cfg) = cHM(fg) =
cHM(f)HM(g).

(3) If HT(f) < HT(g), then by (1) and since < is admissible, we have HT(f x*
h) = HT(f)HT(h) < HT(¢)HT(h) = HT(g  h) and HT(h + f) = HT(W)HT(f) <
HT(h)HT(g) = HT(h % g). O

3.3 Associativity

The axioms 3.2.1(2, 3, 4) alone do not guarantee the associativity of the x-product. So
axiom 3.2.1(1) imposes some restrictions on the values of the ¢4, pai, ¢;; and the coefficients
of the p;;. We are going to show that these restrictions can be stated as a set of polynomial
equations between these elements.

Consider R as a K bi-module generated by the elements of T

Definition 3.3.1 Let R be a ring, a : R — R be an endomorphism. 6 : R — R is
called an a-derivation if for all a,b € R:

1. 0(a+b) =6(a) +4(b),
2. 6(ab) = a(a)d(b) + 6(a)b.

If « is the identity, then ¢ satisfies the usual sum and product rule of derivations.

Necessary conditions for the ¢,; and p,; are noted in the following lemma.
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Lemma 3.3.2 Let R = K{Xy,...,X,;; Q;Q'} be a solvable polynomial ring, then for
1 <1 <n the mappings

o K—K, a— o;(a) =cya
must be injective endomorphisms and the mappings
0 K—K, ar——d;(a) =pa

must be a;-derivations. That is for all a,b € K and 1 < i < n the images of a; and 6;
satisfy the following equations:

1. coqpi(a+b) = cqia+ cp b,

2. Capiab = cq a0 b,

3. Patbi = Paji + Dby

4. Pabi = Cai@Pp,i + Da,ib-
Proof: By distributivity of % over 4+, X; % (a + b) = X; * a + X; x b, so we get:

Catb,i(@+ D) Xi + patv; = (ot + ¢4,0) Xi + Paji + Db
And by the associativity of x, X; x (ab) = (X; * a) * b, so:
Cab,i0bXi + Pabi = (CaiaChi0) Xi + Ca,iGPb; + Paib.

Comparing coefficients the claim follows.

To show injectivity, assume for a contradiction that c,;a = c;a’ for some a # d', a,d’ € K.
Then (a — a’) # 0 and by axiom 3.2.1(4) 0 # c(—ayi(@ — @) = (cia — caiad’) = 0 a
contradiction. O

If R is of strict lexicographical type, we obtain similarly necessary conditions for the c;;
and Pij-

Corollary 3.3.3 Let R = K{X3,...,X,;Q;Q'} be a solvable polynomial ring of strict
lexicographical type. Let R; = K{Xi,...,X; 1;Q;,Q} be the restriction of R to
K[Xi,...,X,;_1]. By the product lemma 3.2.5, let 0 # c;; € K and hy; € R with
hyi < fX; such that
Xj* f=cpifXj+hyj.

If f € R; it follows from the strict lexicographical condition that hy; € R;. Thus R; is
again o solvable polynomial ring of strict lexicographical type and so for 1 < j < n the
mappings

aj: Ry — Ry, fr—o5(f) = ¢ f
must be injective endomorphisms and the mappings

51' : Rj — Rj, f — (Sj(f) = hfj

must be oj-derivations. That is for all f,g € R; for 1 < j < n the images of a;; and 9,
satisfy the following equations:
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1. crygi(f+9) =cpif +cg59,
Craif9 =crifcri9,
hfigi = hyj+ hgj,

e

Proof: As in the previous lemma. O

Further necessary conditions for the ¢;; and ¢,; are given by:

Lemma 3.3.4 Let R = K{X1,...,X,;Q;Q'} be a solvable polynomial ring. Then for
1 <i<j<k<nthe cy, cij, cir and c;, must satisfy the following equation:

CikCe;1,jCikCij = Ce;5,kCijCikCe;y, iCiks
Proof: The claim follows from comparing coefficients of the head terms in
(X * Xj) * X = cjice,,,,jCinCij XiX,; X + smaller order terms
and
X (X * X;) = Ceij kCijCikCe;,iCik XiX ;X + smaller order terms.
O

A sufficient condition can be obtained as follows:

Lemma 3.3.5 Let R = K{X;,...,X,;Q;Q'} be a not necessary associative K-algebra,
satisfying azioms 3.2.1(2, 3, 4), T the set of terms of R.

R is associative <= ar * (Bs x yt) = (ar * Bs) x vt
forall a, 8,7y € K and all r,s,t € T.

Proof: = If R is associative, then clearly ar * (8s x yt) = (ar x 8s) * 7t.

<= Assume that for all o, 5,7 € K and all r, s,t € T: ar x (fs*~t) = (ar * [3s) *yt. Let
[0, h e R, f=3 apr, g=73 Bss and h = 3 yyt. Then by distributivity of * over +

(f*g)*h = Z(arfr*ﬁsgs)*%fht

r,s,t

= Z a1k (Bsgs * Yint)

r,s,t
= [x(g*h).
This shows that x-products of arbitrary elements of R are associative. O

More important is the following proposition, which states that there exists a set of equa-
tions between the cq;, pai, cij, the coefficients of the p;; and elements of K, that holds iff
R is associative.
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Proposition 3.3.6 Let R = K{X;,...,X,,;Q;Q'} be a solvable ring, satisfying axioms
3.2.1(2, 3, 4), T the set of terms of R. Then R is associative <=> the cq;’s, Pai’s, Cij’s
and the coefficients of the p;;’s, satisfy the following set of equations:

Z 66(&,7‘,B,s,v)7’”777tau = Z 5aara6(ﬁ,s,7,t,v)zvzu

veT veT

for all a, B,v € K and all r,s,t,u € T. Here the §’s are derived as polynomials in the
Cai 'S, Pai S, Cij s, the coefficients of the p;;’s and elements of K.

To see that the §’s can also be derived as polynomials over K in the indeterminates cg;’s,
Pai’S, Cij's and the coefficients of the p;;’s see 7.1.2.

Proof: By lemma 3.3.5 R is associative iff for all for all a, 3,7 € K and all r,s,t € T"
ar*(fs*yt) = (arx[s)x~yt. We expand the products by proposition 3.2.5: For a, f € K
and 7,5 € R let ar x 8s = Y ,c1 0arp,s0v. Note that the sums are finite. Now

(ar * Bs) * vyt = (Z Qo spV) * Yt = Z 56(a,r,5,s,v),v,%t,uu

veT veT ueT

and
ar x (/88 * f)/t) =arx (Z 6ﬂ75777tvvv) = Z 6a77'76([3,s,'y,t,v)7’u7uu'

veT veT ueT

Since the u € T are linearly independent, the coefficients of the u’s must vanish exactly
when the associativity condition on the products of the terms are fulfilled. O

3.3.1 Ring Extensions

In this subsection we discuss under what conditions on the commutator relations of solv-
able polynomial rings, new variables can be added such that the extension ring is still a
solvable polynomial ring.

The next lemma shows that we may add commuting variables and still have a solvable
polynomial ring.

Lemma 3.3.7 Let R = K{X;,...,X,;Q,Q'} be a solvable polynomial ring over a field

K with respect to a x-compatible admissible term order <. Let Yy, ..., Y, be new variables
that commute with all X;, among themselves and with the elements of K. Furthermore
extend the term order < to a term order <' on T'(X1,..., X,,Y1,...,Y,) in such a way,

that the restriction of <' to T(Xy,...,X,) coincides with <. That is we let Q; = Q U
i<n, 1<ji<m}lUu{YexY;=Y;Y, : 1<j<k<m}and Q| =Q U{Y;*xa=aY; :
acK, 1<j<m}.

Then Ry = K{X1,..., X, Y1,..., Y Q1,Q1} is a solvable polynomial ring over the field
K with respect to the x-compatible admissible term order <'.
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Proof: By construction the polynomial ring R[Y7, ..., Y] is associative with respect to -.
Define * on R[Y],...,Y,,] by - and by @; and @] then x satisfies axioms (2,3,4) of solvable
polynomial rings 3.2.1. This implies with the associativity of * on the old variables the
associativity of = on the combined set of old and new variables. With lemma 3.3.5 this
shows the associativity of * in the ring Ry, so R; also satisfies axiom (1) of solvable
polynomial rings 3.2.1. O

We turn now to some examples of solvable polynomial rings.

3.4 Examples of Solvable Polynomial Rings

We show in this section, that several algebraic structures satisfy the axioms 3.2.1 for
special values of the c;;, pij, ¢, and pg;.

Clearly commutative polynomial rings are solvable polynomial rings. Let R =
K[Xy,...,X,] be a commutative polynomial ring in the commuting indeterminates
Xi,..., X, K a (commutative) field, commuting with the indeterminates. Then R

satisfies the axioms 3.2.1 if we define

cij=1,p;=0,1<:<j<n,and
Casi =1, pei =01 <1< n,a€K.

3.4.1 Ore Extensions

To define Ore extensions we need some preparations.

Proposition 3.4.1 Let R be a ring, let o be an endomorphism of R, let 6 be an a-
derivation of R and let X be an indeterminate not commuting with R. Then there exists
a unique ring S, containing R as a subring, such that S is a free left R-module with a
basis of the form 1, X, X2, ... and multiplication * such that

Xxr=a(r)X +4(r)

for all r € R.

Proof: See [Goodearl, Warfield 1989](p 8). O

Note, that if for all 0 # r € R the highest terms on both sides are equal and R is a
domain (i.e. R has no zero divisors) this implies that « is injective. (Since otherwise the
1, X, X2 ... would be linearly dependent.) As we consider mostly domains, the assump-
tion of a being injective will be no loss of generality.

Definition 3.4.2 (Ore extension) The ring S of the preceding proposition is denoted

by
R[X;a,d]
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and is called an Ore extension of R. An iterated Ore extension is a ring S defined by
R[Xla a, 51][X2) a9, 52] CRCI [Xna Ay, 677,]

where «y is now an endomorphism of R[Xi;aq,81] and 0y is an «s-derivation of
R[Xl;ozl,él] etc.

Ore extensions have first been studied by [Ore 1933] as an unifying approach to differential
and difference rings.

As a special case of Ore extensions we note the definition of differential operator rings.

Definition 3.4.3 (Differential operator ring) Let S = R[X; «, d] be an Ore extension
of R. If v is the identity map on R, then S is denoted by R[X; 6] and is called a (formal)
differential operator ring.

Let S = R[X1;0q,01][Xo; o, 09] ... [Xy; an, 0] be an iterated Ore extension of R. If the
«; are the identity maps of the respective rings we obtain an iterated differential operator

ring: R[X1;01][Xo;09] ... [Xp;0,], denoted by

R[XI,XQ, ce ,Xn;51,52, .. 5n]

For more information on differential operator rings see the books [Kolchin 1973] or the
older [Ritt 1950].

As a special case of differential operator rings we obtain algebras of partial derivatives:

Definition 3.4.4 (Weyl algebra) Let R = R[X},...,X,] be a polynomial ring over a
ring R. Then the formal partial derivatives 6; = 0/0x, (1 < i < n) are commuting
derivations on R. The n-th Weyl algebra over R is defined as the formal differential
operator ring:

R[Xl,,Xn,Yi,,Yn,a/aXI,a/aXn]

As a further special case of Ore extensions we note the definition of difference rings.

Definition 3.4.5 (Difference ring) Let S = R[X;«,d] be an Ore extension of R. If
a is an injective endomorphism of R and ¢ is the zero derivation, then S is denoted by
R[X;a] and is called a (formal) difference ring.

Let S = R[X1;aq,61]|[Xo; g, 02 ... [ Xy, 0y be an iterated Ore extension of R. If the
«; are injective endomorphisms of the respective rings and all 6; are zero, we obtain an
iterated difference ring: R[X1; o[ Xo; o] ... [X,; o], denoted by

R[Xl,XQ, Ce ,Xn, ap,09,. .. Oén].
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For more information on difference rings see the book [Cohn 1965].

The following theorems adapted from [Kandri-Rody, Weispfenning 1988] show under
which conditions iterated Ore extensions are solvable polynomial rings. Note that with
the (new) axioms 3.2.1 we are no more restricted to K-derivations for Ore extensions.

Theorem 3.4.6 Let R be a field. Let S = R[X1; a1, 01][Xo; a9,0] ... [ Xy an, 6,] be an
iterated Ore extension such that the endomorphisms «o; satisfy o;(X;) = ¢;;X; with 0 #
cij € R for 1 <i<j<mn. Since R is a field, the g are injective.

Define commutator relations Q = {X; * X; = ¢;; X;X; +pi; + 1 <i < j <n} and
Q ={X;xa=rcuaX;+ps : 1<i<n,a€ R} by

Cini = ij(Xi), Dij = (SJ(XZ) fOT’ 1 S 7 <] S n and
Cai@ = @j(a), pai = 0j(a) for 1 <i<mn, a€ R.

Then S" = R{X1,...,Xn;Q,Q'} is a solvable polynomial ring of strictly lexicographical
type.

Proof: The proof is by induction on n. In case n = 0 nothing is to prove.

For n > 0, let S = R'[X,; &y, 0,] be such that by induction assumption R’ is already a
solvable polynomial ring of strict lexicographical type.

Since R is a field, the equation ay,(a) = cg,a is solvable for 0 # a € R and determines
0 # ¢4 € R. Furthermore define p;, = 6,(X;) for 1 < i < n, and p,, = d,(a) for a € R.
The «; are by assumption endomorphisms with the suitable definition of ¢;,. Furthermore
0.(X;) € R[X1,..., X, 1] so the strict lexicographical term order condition is fulfilled.

We define the x-product by
Xox X; = a, (X)X + 0,(X5)
therefore satisfying axioms 3.2.1(3) and by
X, *a=ay(a) X, + 0,(a)

so satisfying axioms 3.2.1(4). The axioms 3.2.1(1,2) hold by definition of an Ore extension.

So the x-product satisfies all axioms 3.2.1 and this makes S’ indeed a solvable polynomial
ring as claimed. O

We remark, that in case R is not a field we have to add the condition ¢,;a = a;(a) such
that 0 # ¢, € Rfor 1 <i <n, 0+# a € R to show the claim of the theorem.

Theorem 3.4.7 Let R be a field. Let ' = R{X1,..., X,;Q,Q'} be a solvable polynomial
ring of strictly lexicographical type with Q = {X; * X; = ¢;; X;X; +pi; : 1 <i<j<n}
and Q' ={X; *a =cuaX;+py : 1<i<n,ac R}

Define (mappings) «; and 0; by
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O[j(Xi) = Cini; (S](XZ) = Dij fOT’ 1<i1<5<n and
aj(a) = c4a, §j(a) =pg for 1 <i<mn, a€ R.

Then S = R[X1; a1, 01][ X2 a2, 02] . .. [ X i, O] is an iterated Ore extension.

Proof: The proof is by induction on n. In case n = 0 nothing is to prove.

For n > 0, by the strict lexicographical condition we have p;, € R[Xy,..., X, 1]. So
by restriction R} = R{X1,..., X,_1; @*, Q™} is also a solvable polynomial ring of strict
lexicographical type.

Now we know by lemmas 3.3.3 and 3.3.2 that the «,(X;) = ¢;X; for 1 <i < n and the

ap(a) = cgpa for a € R define injective endomorphisms of the respective rings. Further-
more the 0, (X;) = pi, for 1 <i < n and the 6,(a) = pa, for a € R define («,)-derivations.

So the given definitions for a,, and §,, satisfy all conditions of proposition 3.4.1 for an Ore
extension R [X,; ay, §,]. By induction assumption we may assume that the corresponding
R, is an iterated Ore extension which completes the proof. O

The conditions of theorems 3.4.6 and 3.4.7 are in particular fulfilled if the «; are the iden-
tity mapping on the respective rings. So we obtain the following corollaries for differential
operator rings.

Corollary 3.4.8 Let R be a field. Let S = R[X ... X,; 01 ...0,] be an iterated differential
operator ring. Define commutator relations Q = {X;* X; = X;X;+p;; + 1 <i<j<n}
and Q' ={X;*a=0aX;+p, : 1<i<n,a€ R} by

pij = 6;(X;) for 1 <i<j<n and
Pai = 0;(a) for L<i<n,a€R.

Then S" = R{X1,...,Xn;Q,Q'} is a solvable polynomial ring of strictly lexicographical
type.

Especially Weyl algebras are iterated differential operator rings, so they are solvable
polynomials rings with p;; =1 for 1 <: < j<nandp, =0for1 <i<n,ac R.

Corollary 3.4.9 Let R be a field. Let 8" = R{X1,..., X,;Q,Q"} be a solvable polynomial
ring of strictly lexicographical type with Q@ = {X; * X; = X;X;+pi; + 1 <i<j<n}
and Q' ={X;*a=0aX;+py, : 1<i<n,ac R}

Define (mappings) 6; by

0;(Xi) =pij for1 <i<j<nand
dj(a) = pai for1 <i<mn, a€R.

Then S = R[X;...X,;01...8,] is an iterated differential operator ring.
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The conditions of theorems 3.4.6 and 3.4.7 are in particular fulfilled if the «; are injective
endomorphisms of the respective rings and the J; are zero. Then also the condition on the
strict lexicographical term order can be dropped and we obtain the following corollaries
for difference rings.

Corollary 3.4.10 Let R be a field. Let S = R[Xy,...,X,; a1 ..., be an iterated dif-
ference ring such that the endomorphisms o; satisfy a;j(X;) = ¢;;X; with 0 # ¢;; € R for
1<i<j<n. Since R is a field, the g are injective.

Define commutator relations @@ = {X; * X; = ¢;; X;X; : 1 <i<j<n}and Q =
{Xj*a=cuaX; : 1<i<n,a€ R} by

ci; X = 0;(X;) for 1 <i<j<nand
cei0 = aj(a) for 1 <i<n, a € R.

Then S" = R{X1,...,X,;Q,Q'} is a solvable polynomial ring.

Again note, that in case R is not a field we have to add the condition «;(a) = c4a such
that 0 #Z ¢, € R for 1 <14 <n, 0# a € R to show the claim of the corollary.

Corollary 3.4.11 Let R be a field. Let ' = R{Xy,...,X,,;Q,Q'} be a solvable polyno-
mial ring with Q = {X; * X; = ¢;; X;X; : 1 <i<j<n}and Q' ={X,*a=cmaX; :
1<i<n,a€ R}

Define (mappings) «; by

aj(X;) = ¢ X; for1 <i<j<nand
aj(a) = cqa for1 <i<n, a € R.

Then S = R[X1,..., X, a1 ...qp] is an iterated difference ring.

Since R is a field (so a domain) the condition that « is injective is automatically fulfilled
by our definition of solvable polynomial rings.

3.4.2 Enveloping Algebras of Lie Algebras

For the case of enveloping algebras of Lie algebras we do not obtain more in our cur-
rent framework for solvable polynomial rings 3.2.1. We therefore state the results from
[Kandri-Rody, Weispfenning 1988]. Enveloping algebras of Lie algebras are examples of
solvable polynomial rings, which are not of strictly lexicographical type.

Definition 3.4.12 (Lie algebra) Let L = (L,+,—,-,0,1,K) be a vector space over a
field K. Let x be a bi-linear composition on L, that is the X operation satisfies the
following formulas:
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Lbl: (21 +22) Xy=m21 X y+ 22 X ¥,

Lb2: y x (x1 +22) =y X 21+ Yy X 29,

Lb3: a(z x y) =a(z) x y =z x aly),

where x1,x9,y € L and for a € K, a : L — L 1s the left scalar multiplication by a.
L s a called a Lie algebra if the x operation satisfies in addition the formulas
Lb4: z xx =0,

Lb5: (xxy)xz+(yxz)xz+(zxx)xy=0,

where x,y,z € L. ‘Lb5’ is called Jacobi identity.

Definition 3.4.13 For any associative algebra A = (A,+, —,-,%,0,1,K) we can define
a Lie algebra Ap = (A, +, —, -, x,0,1,K) by defining x : A> — A by

rxXy=[ryl=cxy—y*zx

for z,y € A. [x,y] is called the Lie product or commutator of x and y.

It is easily verified, that the definition of the x function satisfies all conditions of the x
operation of a Lie algebra.

Definition 3.4.14 (Universal envelope) Let L be a Lie algebra over a (commuta-
tive) field K. An associative algebra U(L) together with an injective homomorphism
¢ : L — U(L)y is called an universal enveloping algebra of L if the following condi-
tions are satisfied:

If A is any associative algebra and v : L — Ay is an injective homomorphism, then
there exists a unique injective homomorphism ¢ : U(L) — A such that ¢ = ¢ o ¢.

For every Lie algebra L there exists a universal enveloping algebra U (L), which is unique
up to isomorphism. The construction of U(L) is described in [Jacobson 1962](p 155).

Theorem 3.4.15 (Poincaré-Birkhoff-Witt) Let L be a Lie algebra over a (commu-
tative) field K, finitely generated with basis Xi,...,X,. Furthermore let U(L) be the
universal enveloping algebra of L. Then the elements of U(L) can be represented uniquely
as commutative polynomials in K[ X1, ..., X,].
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Proof: See [Jacobson 1962](p 159). O
For the product % in U(L) we have

X]' *Xz —AXVZ *X]' = [XZ,X]] :pij

for 1 <i < j < n. And since X;, X; € L we have [X;, X;] € L, so that p;; is a linear
combination of the Xi,...,X,. So deg(p;;) < 1 < 2 = deg(X;X;) and for a degree
compatible order < on T it follows p;; < X;X; for 1 < < j <n.

If L is a solvable Lie algebra then for a suitable choice of the basis X,..., X, of L it holds
that p;; € K[X1,...,X;_1]. See [Jacobson 1962](p 50) and [Dixmier 1974]. So in this case
also for the lexicographical order X; < ... < X,, we have p;; < X, for 1 <i < j <n.

We can now define the commutator relations @), Q' for a solvable polynomial ring as:

X]' * XZ = XZX] +p”
that is Cij = 1, Dij = ZZ:I az-ijk = [XZ,X]], ik € K, 1<i<j3<n,1<L k< n, and
Coi = 1, pei =0for1 <i<n,ackK.

In all cases the algebra U(L) satisfies the axioms 3.2.1 and so we obtain theorem 1.14 of
[Kandri-Rody, Weispfenning 1988]:

Theorem 3.4.16 Let L be a finite dimensional Lie algebra with basis Xy, ..., X, over
a field K. Then the universal enveloping algebra U(L) of L is a solvable polynomial
ring K{X1,...,X,; Q} with respect to any degree compatible admissible order < on T.
Moreover, if L is solvable, then for a suitable choice of the basis X1, ..., X, the order <
may be taken as lexicographical order.

Almost Normalizing Extensions

In [McConnell, Robson 1987](p 28), a generalization of skew polynomial rings and en-
veloping algebras is introduced as follows.

Definition 3.4.17 Let S be a finitely generated extension of a ring R with generators
Xi,...,X,. Assume the generators satisfy the following conditions

1. RX;, = X;R+ R, for1 <i<mn,

k=1,..,n

Then S is called an almost normalizing extension of R.

The motivation for this definition is that the ‘head terms’ of the elements of S behave
like the head terms of commutative polynomials. (The associated graded module gr(S) =
R[X1,...,X,] is commutative.)

It is clear, that such rings can be considered as solvable polynomial rings, if we take a
degree compatible term order on the Xj.
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3.4.3 Quotients of Free Associative Algebras

In this section we discuss under which conditions a homomorphic image of a free asso-
ciative algebra is a solvable polynomial ring. As a special case, we obtain the results
of [Kandri-Rody, Weispfenning 1988] in the case that the variables commute with the
coefficients in the definition of a solvable polynomial ring.

Let P = K< Xj,..., X,;>, be a free associative ring, generated by K and non-commuting
variables Xl, ce ,Xn. Let Q = {qZJ = X]XZ — Ci]'XiX]' —Dij + Cij S K\{O}, Dij S P, 1<
i < j < n}, where the p;; are commutative polynomials and p;; < X;X; for a fixed
admissible term (word) order <. Furthermore let Q' = {qu; = X;a — cq;aX; — Pai : Cai €
K\ {0}, pui € K, a € K, 1 <i<j<n}, where the p,; are elements of K.

Q U Q' is called a commutation system for (P,<). For definitions of admissible word
orders < see e.g. [Mora 1985].

Definition 3.4.18 Let ideal,(Q U Q') denote the two-sided ideal generated by QQ U Q' in
P. Then let (NoCg) denote the following hypothesis about ideal,(Q U Q’):

(NoCg) ideal,(Q U Q') contains no non-zero commutative polynomial.

Theorem 3.4.19 Let P be a free associative ring generated by K and X, ..., X,, for a
field K. Let QU Q" be a commutation system for (P, <) and let R = P/ideal;(Q U Q).
Denote the residue class of X; mod ideal,(Q U Q') by x; and let R = K<xy,...,2,>> be
the free associative ring generated by K and x1,...,x,.

Then Q U Q' satisfies hypothesis (NoCgq) if and only if R is canonically isomorphic to a
solvable polynomial ring S = K{Y1,...,Y,; Q, Q'} with respect to < and the multiplication
x of S under an isomorphism fizing K pointwise and mapping x; onto Y;. Where Q, @'
denote the commutator relations @QQ, Q" written in the variables Y.

Proof: “=" Let S’ = KI[Y3,...,Y;] and let R' = K[zy,...,z,]. Furthermore let
R=K<uzy,...,2;>> = P/ideal,(Q U Q). So R' C R and we have the situation

~—

3
X < U

N\
+— S
(8
Where 7 is the canonical homomorphism and v is defined as follows

K[V, L Y] — K<Ly, 1>
Y, —» =z, i=1,...,n
a — a a€K

We are going to show, that v is bijective and preserves the x-product.
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By assumption ideal;(QQ U Q') does not contain a commutative polynomial, so every non-
zero element (a commutative polynomial) of S maps to a non-zero element of R, i.e. ¢ is
an embedding. So ¢(S) = R’ C R. Denote the multiplication in R’ by - and in R by x,
Le. f(wy, .., zn) x gy, .. xn) = f( X, .., Xn)g(Xy, ..., X)) +ideal,(Q U Q).

We claim, that R’ is closed under *. By definition of R and * we have z; x z; = X;X; +
ideal,(QUQ") = (¢;; X; X, +pi;) +ideal,(QUQ") = ¢;jrixj+pi; and z;%a = X;a+ideal,(QU
Q') = (ceiaX; + poi) + ideal,(Q U Q') = cgiax; + pyi- That is, R’ satisfies all axioms of
3.2.1, except possibly the closedness under x. So the product proposition 3.2.5 holds in
R' and we have fxg=c-f-g+hfor f,g,h € R and 0 # ¢ € K. But this shows that
fxgeR.

Finally every element of R is a sum over x-products of the z1,...,z, and elements of K.
This shows R' = R as sets which implies, that ¢ is surjective and hence is bijective. By
definition of the x-product in S and in R we see that v is also a x-homomorphism, which
completes the proof of this direction.

“=" Assume R and S are canonically isomorphic by an isomorphism ¢ : R — S. Let
f # 0 € P be a commutative polynomial. Since f is a non-zero commutative polynomial
and the Y7,... Y, together with the a € K do not satisfy a commutative relation in S,
we have f(Yy,...,Y,) #0in S. Since ¢ is an isomorphism, also 0 # ¢~ (f(Y1,...,Y,)) =
f(z1,...,2,). This shows, that 0 # f in R and so f ¢ ideal;(Q U Q'). O

Corollary 3.4.20 Let P be a free associative ring generated by K and Xy, ..., X,, for
a field K. Let ¢ : P — S be the canonical homomorphism between P and a solvable
polynomial ring S = K{X1,...,X;;;Q,Q'}. Let QU Q" be a commutation system for
(P, <), then QU Q' satisfies hypothesis (NoCy).

Proof: Since ¢ is a canonical homomorphism we have ker(¢) = ideal,(Q U Q') so by
theorem 3.4.19 QQ U @' must satisfy hypothesis (NoCg). O

The results from [Kandri-Rody, Weispfenning 1988] are a special case of the foregoing for
solvable polynomial rings in which the variables commute with the coefficients.

Let P = K(X1,...,X,) be a free associative algebra over K, generated by non-commuting
variables X7, ..., X, which commute with the elements of K. Let Q = {¢;; = X;X; —
ci;i XiX; —pi; + cij € K\ {0}, pij € P, 1 <i < j<n}. Where the p;; are commutative
polynomials and

pij < X; X for a fixed admissible term (word) order <. @ is called a commutation system
for (P, <).

Definition 3.4.21 Let ideal,(Q) denote the two-sided ideal generated by Q) in P. Then
let (NoC) denote the following hypothesis about ideal;(Q):

(NoC) ideal;(Q) contains no non-zero commutative polynomial.
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Corollary 3.4.22 ([Kandri-Rody, Weispfenning 1988] th 1.7) Let P be a free associative
algebra generated by Xy, ..., X, over a field K. Let () be a commutation system for (P, <)
and let R = P/ideal;(Q). Denote the residue class of X; mod ideal,(Q) by x; and let
R = K(xy,...,x,). Then Q satisfies hypothesis (NoC) if and only if R is canonically
isomorphic to a solvable polynomial ring S = K{Y1,...,Y,; Q} with respect to < and the
multiplication x of S under an isomorphism fixing K pointwise and mapping x; onto Y.
Where Q denotes the commutator relations QQ written in the variables Y;.

Corollary 3.4.23 Let P be a free associative algebra generated by X1, ..., X, over a field
K. Let ¢ : P — S be the canonical homomorphism between P and a solvable polynomial
ring S = K{Xy,..., Xn;Q}. Let Q be a commutation system for (P, <), then Q) satisfies
hypothesis (NoC).

Commutation Systems with (NoC)

Using results from [Mora 1986], [Kandri-Rody, Weispfenning 1988] prove the following
characterization of commutation systems satisfying (NoC). It is an open problem, if the
results from Mora can be generalized to free associative rings and commutation systems
satisfying hypothesis (NoCg).

Theorem 3.4.24 (Mora) Let Q) be a commutation system for (P, <). Then hypothesis
(NoC) holds for Q if and only if Q is a (free) Grébner base for ideal,(Q) with respect to
the order <.

Proof: See [Kandri-Rody, Weispfenning 1988](th 1.11). O

Moreover the condition if hypothesis (NoC) holds for ) can be checked algorithmically
by the (free) Grébner base algorithm of [Mora 1986].

Corollary 3.4.25 Let < be an admissible term order on T that can be extended to a
positive term order on the words W(Xy,...,X,) such that t <" X;X; for j > i and
t € T(Xy,...,X;). Then there is an algorithm that decides for any commutation system
Q for (P, <) whether Q) satisfies hypothesis (NoC).

Using the product lemma 3.2.5 together with a strict lexicographical term order we can
also allow for more general commutation system for P.

Theorem 3.4.26 Let P be a free associative algebra generated by Xy,...,X,. Let )
be a commutation system for (P, <) such that the possibly non-commutative polynomi-
als pi; = pij(Xy1,...,X;_1) € P depend only on Xq,...,X;1 and the ¢;; = 1. Then
R = P/ideal,(Q) is a solvable polynomial ring of strict lexicographical type if and only if
hypothesis (NoC) holds for Q.

Proof: See [Kandri-Rody, Weispfenning 1988|(th 1.13). O
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Definition 3.4.27 Let R = K{Xy,..., X,; Q} be a solvable polynomial ring over K and
let I be a two-sided ideal in R. Then A = R/I is called an algebra of solvable type over
K generated by ay,...,a,, where a; = X; + 1 for1 <i <n.

An important class of K-algebras that satisfy the assumptions of this section are the so
called Clifford and Grassmann algebras which we will discuss next.

Clifford and Grassmann Algebras

Definition 3.4.28 Let R = K[X1,...,X,] be a (commutative) polynomial ring over a
(commutative) field K. Let ¢ € R be a quadratic form defined as

a(X1,.... Xn) = Y aX7P+ ) ;XX
1<i<n 1<i<j<n
where q;,q;; € K for 1 <i < j <n. Then let C be the K-algebra generated by X, ..., X,
and multiplication defined by
UxU = q(U)

UxV -VxU = qU+V)—qU)—-qV),
where U,V € C with U = ¥1cjc, uiXi, V = X1 viXi and q(U) defined as q(u) =
q(u1 X1, ..., un Xy).

The algebra C defined by extension of x s called Clifford algebra. If ¢ = 0 then C' s
called Grassmann algebra.

See e.g. [V. d. Waerden 1971](sec 93.5) for details and properties.

Proposition 3.4.29 [Kandri-Rody, Weispfenning 1988] Let
¢(Xy,...,Xp) = Z QiXiQ + Z qi; X X,
1<i<n 1<i<j<n

be a quadratic form. Let R = K(X,...,X,)/ideal,(Q) where Q is the commutation
system defined by

Then R is a polynomial ring of solvable type and R = K{ X1, ..., X,; Q} with commutator
relations (). Furthermore let

P={X?—¢q : 1<i<n}.
Then C = R/idealy(P) is a Clifford algebra determined by q.

Proof: Since ¢;; € K, @ is already a Grébner base in K(X;,...,X,). So @ satisfies
hypothesis (NoC) and so by theorem 3.4.22 R is a solvable polynomial ring.

Now P is already a Grobner base in R since all S-polynomials reduce to 0 with respect
to P (and the commutator relations @)). Now f € R is in normal form with respect to P,
iff f is at most linear in each X;, 1 < i < n. This shows that R/ideal,(P) is a Clifford
algebra defined by ¢. O
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3.5 A Hilbert Basis Theorem

In this section we are going to establish that solvable polynomial rings are so called
Noetherian rings. To show this we prove a version of Hilbert’s Basis Satz for solvable
polynomial rings. Note that this theorem cannot be proved by iterated Ore extensions
unless R{X1,...,X,;@Q,Q'} is a solvable polynomial ring of strictly lexicographical type.
We use a combination of Dickson’s lemma and a variant of Konigs tree lemma in the proof
of ‘Hilbert basis theorem’.

Definition 3.5.1 (Noetherian ring) A ring R is called a left (right) Noetherian ring
iof it satisfies the following equivalent conditions

ACC There does not exist an infinite sequence of left (right) ideals such that every ideal
1 properly contained in its successor.

MAX Every non empty family of left (right) ideals of R has a mazimal element.

HIB FEvery left (right) ideal of R is finitely generated.

If R is both left and right Noetherian it is called Noetherian.

For a proof of the equivalence of this conditions see e.g. [Goodearl, Warfield 1989]. Con-
dition ‘HIB’ is also known as Hilbert’s Basis Satz, condition ‘ACC’ is called the ascending
chain condition and condition ‘MAX’ is called the maximality condition.

Troughout this section let R be a (non-commutative) domain with 1 and let S =
R{Xi,..., X,;;Q,Q'} be a (non-commutative) polynomial ring of solvable type over R
in the variables X1,..., X, with respect to the extended axioms 3.2.2.

In case we consider right ideals we will make the global assumption in this
section, that the mapping a — c4;a is an automorphism.

Recall that T" denotes the set of terms (power products) of variables and that the elements
of T are totally ordered by an fixed admissible order <. Furthermore for f € S, HT(f) =
HT_(f) denotes the highest term (head term) in f with respect to a given term order <
and that HC(f) = coeff(HT(f), f) is the coefficient of the head term of f.

Definition 3.5.2 Let .J be a subset of S. Fort € T let
Jo={HC(f) : fe JHT(f) =t} U{0}.
Lemma 3.5.3 Let J be a left (right) ideal in S with respect to the extended axioms (and

for right ideals the mapping a v cqa is an automorphism). Then for every t € T, J; is
a left (right) ideal in R.
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Proof: Let t € T. Let 0 # a,b € J; and let f, g € J with HC(f) = a and HC(g) = b. To
show a — b € Jy let c =a— b and let h = f — g. Now either ¢ # 0 and since h € J and
HT(h) =t we have HC(h) = ¢ € J;, or ¢ = 0 then by definition 0 € J;. For a left ideal
we show aa € J, for @« € R. Let ¢ = aa and let h = af € J. Now either ¢ # 0 and since
h € J and HT(h) =t we have HC(h) = ¢ € J;, or ¢ = 0 then by definition 0 € .J,.

For a right ideal we show aa € J;, for a € R. Let ¢ = aa and let h = fo! € J for o
so that HC(f * o/) = aa. Now either ¢ # 0 and since h € J and HT(h) = t we have
HC(h) = ¢ € J;, or ¢ = 0 then by definition 0 € J;. O

Lemma 3.5.4 Let J be a left (right) ideal in S and let S satisfy the extended axioms.
Furthermore let t,t' € T. If t | t' then J; C Jy.

Proof: Let t' = ut for some u € T. Let a € J;, f € J with HC(f) = a. Then ux f € J
with HT (u x f) = ¢'.

Now S is assumed to satisfy the extended axioms, so either R is a skew field and for
¢ = HC(ux f) there exists 0 # b € R, such that HC(bux* f) = bc = a, with bux f € J. This
shows a € Jy. In the other case all ¢;; and all ¢,; are contained in a subfield of the center.
By the product lemma 3.2.5 we have HC(u * f) = ca, where 0 # ¢ is a product of some
¢;; and some cq;. So ¢ is invertible, say by ¢ and we obtain HC(d'u  f) = ¢'ca = 1la = a.
Again du x f € J and so a € Jy. Similarly for right ideals. O

Definition 3.5.5 Let J be a left (right) ideal in S. Let B, denote the set of ideals
Jy. Define a partial order on By by set inclusion C. Let Ji,Jo € By, then we call Jy
an tmmediate successor of Jy iof J; C Jo, J1 # Jo and there is no J3 € By, such that
Jy C I3 CJy and Jy # Jy # J3. We write J; C Jy if J1 C Jy and J, # Js.

Lemma 3.5.6 Let J be a left (right) ideal in S and let S satisfy the extended axioms.
Let (By,C) denote the partially ordered set of ideals J;. Then By has only finitely many
minimal elements and each Jy € B has only finitely many immediate successors.

Proof: First let U ={u e T : J, € By}, then by Dickson’s lemma 3.1.1 there exists a
finite subset U* C U such that every v € U is a multiple of some u' € U*. This shows
that {J,, : « € U*} is a finite set of minimal elements in B,.

Next for t € T, let A = {J, : J C Jy,,Jy # J,} be the set of successors of .J; and
let U ={ueT : J, € A}. By Dickson’s lemma 3.1.1 there exists a finite subset
U* C U such that every v € U is a multiple of some v’ € U*. This shows that the set
A* = {Jy : v € U*} of immediate successors of .J; is finite. So there are only finitely
many immediate successors for each element of B;. O

To proceed we need a partial order version of Konig’s tree lemma:

Lemma 3.5.7 Let the partial order (By, C) be infinite and assume that Bj; has only
finitely many minimal elements and that for any element there are only finitely many
immediate successors. Then there exists an infinite sequence F' = J,, C Jy, C Jy, C ...
in By, such that each Jy; has infinitely many successors.
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Proof: Let J;, be one of the finitely many minimal elements, such that .J;, has infinitely
many successors. Such a choice is possible, since Bj is infinite and so there must be one
element which has infinitely many successors.

Let j > 0 and assume J;, has already been chosen such that J;; has infinitely many succes-
sors. By assumption for any element there are only finitely many immediate successors,
say Jy,...,Js, for Jy;. Since By is infinite and J;; has infinitely many successors, there
must be one 1 < ¢ < k such that J;, has infinitely many successors. Then for j + 1 define
tj+1 = 8;. So by the axiom of choice there exists an infinite sequence J;, C Jy, C J;, C .. ..
(I

Lemma 3.5.8 Let J be a left (right) ideal in S and let S satisfy the extended axioms.
Let (By, C) denote the partially ordered set of ideals J;. If R is left (right) Noetherian
then By is finite.

Proof: Assume for a contradiction, that the set Bj is infinite. Then by lemma 3.5.6
the assumptions of lemma 3.5.7 are fulfilled and so there exists an infinite sequence F' =
Jy, C Jy, C Jy, C ... in By. Since the J; are ideals in R — which is left (right) Noetherian
— any sequence of the J; becomes stationary. So the sequence F is finite. This contradicts
our assumption that Bj is infinite and so proves the lemma. O

Lemma 3.5.9 Let J be an left (right) ideal in S and let S satisfy the extended axioms.
Let (By, Q) denote the partially ordered set of ideals J;. Let R be left (right) Noetherian,
so that By is finite. Then there exists a finite set Ty C T, such that the following condition
holds:

For all J; € By there exists t € Ty with J, = Js and t | s.

Proof: For s € T such that J, € By let A, ={t' € T : Jy = J,t' | s}. By Dickson’s
lemma 3.1.1 there exists a finite basis A} of A. Now let

T,= | A

Js€By

Then T is finite, since each A? is finite and by assumption B is finite. The condition
on Ty holds by construction. O

Definition 3.5.10 Since R is left (right) Noetherian, each Jy is finitely generated. Let
Jy = idealy(a;,, ..., a;) and let Fy ={f,..., fi,}, where each f; € J is chosen such that
HT(f;,) =t and HC(f;,) = a;,. Let

FJ: U Ft'

teTy

Since Ty is finite and each Fy is finite, Fy is finite too.



58 CHAPTER 3. SOLVABLE POLYNOMIAL RINGS

Lemma 3.5.11 Let J be a left (right) ideal in S and let S satisfy the extended azioms.
Let R be left (right) Noetherian and let Fy be defined as before. Then any f € J has a
representation
f= Zaiui xfi (f= Zfi % Qi)
1€EA 1EA
where a; € R, u; € T and f; € Fy fori € A, |A| < oo. Thus J is finitely generated by F;.

Proof: Assume for a contradiction that the claim does not hold. Then there exists a
polynomial f € J, HT(f) minimal, such that f has no such representation. Let HC(f) = a
and HT(f) = t. By lemma 3.5.9 there exists s € T such that s | ¢t and a € J,. Let ¢t = us
for some w € T. So a = Y ,_; . Bja;. Let f; € F; with HC(f;) = a;. Now S satisfies
the extended axioms and so the head coefficients of the ux f; are either equal to a; (in this
case let a; = f3;) or there exist o; € R such that fja; = a;HC(u * f;) for j =iy,..., 4.
Then for the polynomial
f'=f—= > auxl
J=01yyis

we have coeff(¢, f') = 0 and so HT(f’) < HT(f). Now by assumption on f we know that
[ has a representation 3, x aju;* f; with respect to Fy. But then f =3, . ojuxfi+
Yienr QiU *x f; is a representation of f with respect to F);. This contradicts the existence
of such an f and thus proves that f has a representation with respect to F;. Finally
J = ideal;(F) since each f has a representation with respect to F;. A similar reasoning
establishes the claim for right ideals. O

Theorem 3.5.12 (Hilbert Basis Satz) If R is left (right) Noetherian, then any poly-
nomial ring of solvable type S = R{ X1, ..., X,; Q,Q'} which satisfies the extended axioms

(and for right ideals the mapping a — cq;a is an automorphism) is left (right) Noetherian.
If R is Noetherian, then S is Noetherian.

Proof: By lemma 3.5.11 any left (right) ideal in S is finitely generated. So S is left
(right) Noetherian. O

Note, that the theorem holds not only if S is an iterated Ore extension.

3.6 Center of Solvable Polynomial Rings

Let S = R{Xj,...,X,;; @} be a solvable polynomial ring over a commutative field R
in the variables X;,..., X}, such that the coefficients commute with the variables (i.e.
Coi =1 and p,; =0 for 1 <i<mn,0#aé€R;in some cases we will moreover assume that
c;; =1 for 1 <i < j<mn). Furthermore let char(R) denote the characteristic of R.

An immediate fact is that the center of such a solvable polynomial ring consists exactly of
all polynomials which commute with all variables. Furthermore we show how to determine
all elements of the center up to a given degree bound and that non-commuting variables
have only trivial centralizer in case the underlying field has characteristic zero.
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Definition 3.6.1 Let S be a ring. The center of S is the set of all elements of S which
commute with all elements of S':

cen(S)={a €S : ab="ba for allb € S}.

Let I be a subset of S. The centralizer of I in S is the set of all elements of S which
commute with all elements of I:

ceng(I) ={a €S : ab=ba for all b€ I}.

For a,b € S, [a,b] = ab — ba denotes the commutator of a and b.

Proposition 3.6.2 Let S = R{X},..., X,;Q} be a solvable polynomial ring over R in
the variables Xy, ..., X,. Let X ={X;1,...,X,,}. Then

cen(S) = ceng(X).

Proof: “C” holds, since X is a subset of S.

“D” Let f € ceng(X), we show f € cen(S). We must show fxg =g« f forall g € S.
Assume first, that ¢ = u = X7' ... X € T(X). Then we have

f*u = f(XPo . X))
_ fr(Xi X)X, X,)

~~ ~~

€1 €n

~~ ~~
€1 €n

= (X5 X f

= ux f.

In other words f € ceng(7T(X)). Now let g € S be arbitrary, g = >}, aug, where o € R
and uy, € T(X). Then we have

f*g = f*(zakuk)zzakf*uk
k k

f € ceng(T(X))

> opup x f

k

= (Zakuk) * f
k

= g*f.

This shows f € cen(S) and completes the proof. O

An immediate consecuence of the foregoing proposition is that center membership is
decidable.
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Proposition 3.6.3 Let S = R{X;,..., X,;Q} be a solvable polynomial ring over R in
the variables X1, ..., X,. Assume R is computable and the term order is decidable. Then
there exists an algorithm which decides for any f € S if f € cen(S5).

Proof: Let X = {Xj,...,X,}. By proposition 3.6.2 f € cen(S) iff f € ceng(X) iff

This condition can clearly be decided if we can compute in the solvable polynomial ring
S. O

3.6.1 Computation of Elements in the Center

Proposition 3.6.2 provides moreover a means to determine elements in the center up
to any degree bound. One takes a polynomial f with indeterminate coefficients, then
a necessary and sufficient condition for f € cen(S) is that f must commute with all
variables X;, ¢+ = 1,...,n. This gives a system of linear equations for the coefficients of
f. Solving it answers the question if for some values of the coefficients f € cen(S).

Proposition 3.6.4 Let S = R{X},..., X,;Q} be a solvable polynomial ring over R in
the variables X1, ..., X,,. Assume R is computable and the term order is decidable. Let

X ={X,...,X,}.

Given a finite set of terms T' = {t1,...,tx} k € N in T(Xy,...,X,), then there is an
algorithm, which decides if there is a polynomaial

k
f:Za,tz S CeH(S)
=1

for some a; € R, 1 < i < k. Moreover the algorithm computes a K-vector space basis of

cen(S) NKlty, ..., t.

Proof: Consider S as a R-module R[X7, ..., X,]. Let f € S, then by proposition 3.6.2
f € cen(S) <= f € ceng(X). Furthermore f € ceng(X) < [f, X;]| = f+X; - X;xf =0
for 1 < j < n. By proposition 3.2.5 f * X; — X; * f = h; € S. Since the terms form a
R-basis of the R-module S, h; = 0 if and only if all coefficients of the terms in /; vanish.
This gives a system of linear equations for the coefficients of f.

f, X5l = f+X;— X+ f

k k
= (Z aiti) % Xj — Xj * (Z aiti)
i=1 =1
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= Z a; Z bz]ltz]l

i=1
kzg k

= Z azbzyl ijl-

=1

This yields a system of homogeneous linear equations for the a;

If this system is solvable in the a; 1 < i < k then f = Y%  a;t; € ceng(X) = cen(S).
Moreover let M = {(a},,,...,a},) : 1 < m < m'} be a basis of the solution space. Let
fm =Xk dl t; for 1 < m < m', then all linear combinations of the f,, are again in the
center of S. Furthermore any polynomial in the terms 7" in the center satisfies the above
homogeneous system of linear equations and so it is a linear combination of the f,,. O

Proposition 3.6.5 Let S = R{X;,..., X,;Q} be a solvable polynomial ring over R in
the variables X1, ..., X,. Assume R is computable and the term order is decidable.

There exists a (non-terminating) procedure to compute a set of polynomials which generate
the center of S.

Proof: Let X = {Xi,...,X,} and let {T;},_ny be an enumeration of the set of subsets
of the terms T'(X). Then for i = 0,1,2,3,... determine the set of center polynomials
P, ={fi; : 1<j <k;} by the algorithm in proposition 3.6.4. Then P = J;cN P; is a set
of generating polynomials in the center of S. O

If there are known bounds on the degrees of generating polynomials one may compute
only elements in the center up to this bound and the terminate the algorithm. So without
such information this is a non-terminating procedure.

3.6.2 Structure of the Center

We are going to show that non-commuting variables have only a trivial centralizer (i.e.
the centralizer of these non-commuting variables is equal to R in case char(R) = 0).
Therefore we need to prepare some technical lemmas. Note that we additionally assume
cij = 1 in some cases.
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Lemma 3.6.6 Let S = R{Xy,..., X,;; Q} be a solvable polynomial ring over R in the
variables Xy, ..., X,. Let X ={X;,..., X, }.

Let z,y € X such that x <y and yxx =y +p with xy >p € S. Then for0 < m e N
and 1 < ¢ € N the following identities hold:

[l,lfl m~+1 {—1

[xé,xmy]: "yl — Mk pxa

and
[zy™, y'] = [xy™ Ty =y e p e y™

Proof: A short computation yields:

4

m

y) — (a™y) = a*
xm+1y) ™y * ) *x
K 1/ . .m+1

(
= @) — " (ay o+ p)
(

cay] = x’z(x
L1

[x
-1

{—1

E 1 xm+1 ) _ (merly) *xlfl — ™ * P % xffl

l— m+1 l—a

= [ yl—a™xpxx

The second identity is proved similarly. O

Lemma 3.6.7 Let S = R{Xy,..., X,;; Q} be a solvable polynomial ring over R in the
variables Xq,...,X,. Let X ={Xy,..., X, }.

Let x,y € X such that x <y and yxx =zy +p with xy >p € S. Then for0 < m e N
and 1 < £ € N the following identities hold:

-1

[:L_Z,xmy] — Z xm—l—k * P % xé—k—l
k=0
and
[xy y Zyékl*p*y
k=0

Proof: By induction on /. We get for the case ¢ = 1:

m+1

[z, 2™y] = [2°, 2™ y] — 2™ xpxa”

= —a™xp
using the preceding lemma and by the formula

0
[z,2™y] = = a™Fxpxg! Tt
k=0

= —2™xpxa’=—2"xp
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as claimed. In case ¢ > 1 a short computation using the preceding lemma and the
induction hypothesis establishes:

14

+1 _m _ ¢ m+l m
[:U y» L y] — [ZU,iU y]—l’ *P*T
-1
— _me—l—l—l—k*p*xé—k—l_xm*p*xé
k=0

¢
= =Y " FupxatF —gmxprat
k=1

¢
= — Z 2™ s gt
k=0

The second identity is proved similarly. O

Corollary 3.6.8 For the case m = 0 we note

/-1
[z y) = =" aF xpxat=h!
k=0
and
/-1
2,y ==y ap gt
k=0

Lemma 3.6.9 Let S = R{Xy,..., X,;; Q} be a solvable polynomial ring over R in the
variables Xq,..., X,. Let X ={Xy,..., X, }.
Let x,y € X such that v <y and yxx =xy+p withxy >p € S. Then for1 <l €N
the following holds:

HM([e", ) = —(HM(p + 2 1)

and
HM([z, y]) = —(HM(y" " % p).

Proof: A short computation yields:

-1
HM([z%,y]) = HM(= Y aFxpxat*t)
k=0

= HM(— Xj HM (2 % p s zt7F1))
= (S MGt )

= HM(—(HM(pz* 1))

= —(HM(pz*1)

where we used the above corollary and the fact, that the multiplication of head terms
behaves like commutative multiplication of head terms. The second identity is proved
similarly. O
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Lemma 3.6.10 Let S = R{X},..., X,;; Q} be a solvable polynomial ring over R in the
variables Xq,...,X,. Let X ={Xy,..., X, }.

Let ©,y € X such that x < y and yxx = xy +p withxy > p € S. If p # 0 and
char(R) =0, then for 1 < {¢,m € N with { # m the following holds:

HM([2", y]) # HM([2™, y])

and
HM([z,]) # HM([z,y™).

Proof: Since ¢ and m are not equal to zero in R we have
HM([z*,y]) = —(HM (p * 2°1) £ —mHM(p * 2™ 1) = HM([2™, y]).

The second identity is proved similarly. O

Proposition 3.6.11 Let S = R{X\,..., X,,; Q} be a solvable polynomial ring over R in
the variables Xy, ..., X,. Let X ={X,..., X,.}.

Let v,y € X such that x < y and yxx = xy +p withxy > p € S. If p # 0 and
char(R) = 0, then the following holds:

cen(S) NR[z,y] =

Note that this does not necessarily imply that cen(S) = R. E.g. for any variable z € X
z # x,y, which commutes with all other variables we have R[z] C cen(S) by proposition
3.6.2.

Proof: Assume f € cen(S) N R[z,y] with x < y. Let f = Eif:l apry™ with a € R
and e, a;, € N. Since f € cen(S), we must have [f,z] = [f,y] = 0. Expanding [f, y] and
[f,x] we obtain

kg
0= [fa y] = [Z akxekyaka y]
k=1
kg kg
- Z aglry™ y] = Z gz yly®
k 1 =

= Z o (—ep HM (p + 2% 1) + rest)y™

kf

= > (ap(—er) HM(p x 2%7") % y™ + oy rest * y™),
k=1
kg

0=1[f,z] = [D apay*,a]

k=1



3.6. CENTER OF SOLVABLE POLYNOMIAL RINGS 65

kg kg
— Z ak[xekyak,x] — Z akfzk [yak,x]
k=1 k=1

ky
= Y oz (—aHM(y™ ' % p) + rest)
k=1

ky
= Y (an(—ag)z® « HM(y™ " % p) 4+ apa = rest ).
k=1

Consider S as a R-module R[X},..., X,,]. Then the two expansions define a system of
k¢ homogeneous equations for the aj. By assumption only ¢y = ap = 0 and for £ > 0
not both e, = 0 and axy = 0. Since char(R) = 0 we have ¢, # 0 or ay # 0 in R
for 1 < k < ky and e, # 0 respectively a; # 0 in N. In case e;,e; # 0 we have
—epHM(p * %1 % y%) # —e;HM(p x 2% '« y%) for 1 < k # j < ky. And in case
ar,a; # 0 we have —apHM (2% % y% =" x p) # —a;HM (2% « y% =1 xp) for 1 < k # j < ky.
Comparing the coefficients of the highest terms of the products (where e; # 0 or a; # 0),
we see that we must have o, = 0 for k = ks, by — 1,...,1 and «p arbitrary. That is
f = a12°y°, which shows that actually f € R as claimed. O

Proposition 3.6.12 Let S = R{X},..., X,;; Q} be a solvable polynomial ring over R in
the variables Xy, ..., X,. Let X ={X;y,..., X, }.

Let x,y € X such that v <y and y*xx = xy + p with vy >p € S. Let Rlx,ylg = {f €
Rz, y] : deg(f) < d}. If p#0, char(R) = ¢ > 0 and 0 < d < q, then the following holds:

cen(S) NR[z,yls = R.

Proof: In this case we have ¢, < d for 1 <k < k; and so e¢; # 0 in R. As in the proof
of the preceding proposition we can now conclude, that the system of ky equations has
rank £ — 1 and therefore has only one solution such that f € R. O

Remark: In case d > ¢ = char(R) it may happen that
>
cen(S) NR[z,yls # R.

Example 3.6.13 Let S = Ko{X,Y;Q} be a solvable polynomial ring over a field Ko of
characteristic 2 in the variables X,Y. Let X <Y and Y x X = XY 4+ 1 with 1 € K.

Let f = Y? € Ky[X, Y]y, then clearly f € ceng(Y) and f € ceng(X) since Y? x X =
V(XY +1)=(XY+1)Y +Y1=XY?4+Y +Y = XY~

This shows that f € cen(S) NK[X, Y]y and f ¢ K.



Chapter 4

Ideals and Grobner Bases

In this chapter we will discuss the main part of Grobner bases theory for solvable poly-
nomial rings.

First three sections treat abstract reduction relations, left reduction for solvable poly-
nomial rings and some general properties of confluent left reduction relations. Then we
introduce standard representations and apply them to left reduction relations and to the
left ideal membership problem. Using standard representations we prove that the second
Buchberger criterion for the detection of unnecessary S-polynomials holds for solvable
polynomial rings. Then we define left Grébner bases, give several characterizations of
them and show that there exists a Buchberger algorithm to construct them. In the last
sections we discuss right and two-sided ideals and Grobner bases. We give conditions on
the coefficient field under which the algorithmic construction of two-sided Grobner bases
is possible.

Throughout this chapter let R = K{X1,..., X,; Q,Q’'} denote a solvable polynomial ring
over a skew field K with respect to a fixed but arbitrary admissible term order <. ) and
@' denote the commutator relations as defined in the axioms 3.2.1. T" denotes the set of
terms in the variables Xi,..., X, and K* = K\ {0}. In the algorithms we assume that
K is computable and < is decidable.

4.1 Reduction Relations

In this first section we summarize some important notations and definitions of reduction
relations. In this section R may be any set, but we will later only use the definitions in
case IR is a ring.

Definition 4.1.1 Let — be a relation on R, (i.e. —C R X R) then — s called a
reduction relation if it is a strictly anti-symmetric relation. That means, (a,a) ¢— for
all a € R and if for some a,b € R (a,b) €—, then (b,a) §—. Furthermore an element
a € R is called irreducible if for all b € R (a,b) ¢—.

66
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Definition 4.1.2 Let — be a reduction relation on R. Then — is called Noetherian
if there does not exist an infinite reduction sequence:

ap —> ay —» ag —r ...

fora; € R, i=1,2,3,....

Definition 4.1.3 Let — be a reduction relation on R, f,g,h € R.

<— denotes the inverse relation of —.
< denotes the symmetric closure of —.

—* denotes the reflexive, transitive closure of —. If for somen € N f —* g is equal
to f=fi— ... — fo=g we write f —" g.

+—* denotes the reflexive, transitive closure of the symmetric closure of —. If for some
n €N f<+—*gisequal to f +— fo — ... f, =g we write f +—" g.

fl g denotes that f and g reduce to a common element, that is there exists h with f —*
h and g —* h. In this case f +—* g.

Reduction relations are in general not confluent; this means that two different reductions
of the same element may lead to two different irreducible elements.

Definition 4.1.4 Let —> be a reduction relation on R, a,b,c,d € R. Then

1. —> is confluent if a —* ¢ and a —* d implies ¢ | d,
2. — 1is locally confluent if a — ¢ and a — d implies ¢ | d,
3. — has the Church-Rosser property if a <—* b implies a | b.

4. —> has the unique normal forms if a —* b, a —* ¢ and b, ¢ are irreducible
implies b = c.

Lemma 4.1.5 (Newman) Let — be a Noetherian reduction relation on R, then the
properties 1, 2, 3 and 4 of definition 4.1.4 are equivalent.

Proof: See [Bergman 1978], [Huet 1980]. O
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4.2 Left Reduction

In this section we will define left reduction relations on a solvable polynomial ring R. In
a later section we discuss also right reduction relations.

Definition 4.2.1 (Left Reduction) Let p € R, t € T. Then the left reduction —,,
C R x R is defined as follows:

For f,f' € R, t € T(f), f —p [ iff there exists u € T such that t =
u-HT(p) = HT(u % p) and

f'=Ff—auxuxp,

where a,, € K* is the unique element of K* such that coeff(t, f) = a, *
coeff(t, u * p).

By construction t & T(f'). If for certain f, t no such u exists, then t in T(f) is called
irreducible wrt. p.

This definition requires that

1. HT(p) divides ¢ in the commutative sense and

2. the head term of u * p is equal to ¢.

Now (1) is constructive by comparing exponents of powers of X; in ¢ and in HT(p) (which
also determines u) and (2) holds by proposition 3.2.5.

For a completion procedure with respect to this reduction relation, the following lemma
is required.

Lemma 4.2.2 Letpe R,ue T, a € K" and let t = HT(uxp). Then a*uxp —>, 0.

Proof: By proposition 3.2.5 we have a xu*p = cup + h with t = HT (up) = «HT(p). Let
a, = a then coeff(t, a x uxp) = a, * coeff(t, u * p). So cup+ h — (a, xuxp) =0 as claimed.
O

Definition 4.2.3 Reduction with respect to a polynomial p € R and with respect to sets
of polynomials P C R are defined as follows:

f—p [1if f —up [ for some t in T(f),

[ —p f1if for somep e P, f —, f',

[ —p [ if for somepe P, f —, f.
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For sets P,QQ C R we define

P — Q if for some f € P, f' € Q, P\{f}=Q\{f'} and f —p\yp; [

We will also use the notations form 4.1.3 for the left reduction.

If f can not be reduced with respect to P we say f is irreducible with respect to P or f
is in normal form with respect to P. P is irreducible or in normal form or autoreduced,
if all f € P are irreducible with respect to P \ {f}. So if P is autoreduced and we have
P —* @, then P = (). Furthermore we generally assume that 0 ¢ P for a reduction
relation —p and that only 0 is reducible with respect to the empty set.

Lemma 4.2.4 Let f,f' € R, P C R, P finite then

1. f——p [ implies f > ',
2. —>p 18 a Noetherian reduction relation.

3. It exists f" with f —% f" and [ is irreducible with respect to P. f' is called a (not
necessarily unique) normal form of f with respect to P.

Proof: (1) Let f —p f’, then f —,;, f' for some ¢t € T and some p € P. Then by
definition 4.2.1 ¢ ¢ T'(f'). Furthermore for all s € T'(f) with s > ¢ we have s € T(f') and
by the product lemma 3.2.5 all new terms in f’ are < ¢t. By definition of the quasi-order
<on R: f>f.

(2) If f —p f', then by (1) f > f" and since < is a well-founded quasi-order on R, the
claim follows.

(3) Let f —% f’ be a maximal reduction sequence. Then by (2) this sequence is finite,
say of length n: f —p fi —p ... —>p f, then f, is irreducible mod P. O

The following two important lemmas deal with properties of polynomials under reductions.

Lemma 4.2.5 (Translation Lemma) Let f,g,h, f', ¢,/ € R and let P C R. If f =
g+ h and h —% b’ then there exist f' and ¢' such that f —3% f', g —% ¢ and
f/ — g/ _|_ h/'

Proof: Let h —% h' be equal to h —% ' for some k& € N. The proof is by induction
on k. Fork=01let f'=f and ¢' = g.

For k > 0 let h —% A’ be equal to h —%' b —, » h'. For some t € T(h") and p € P.
By induction assumption there exist polynomials f”, ¢" with f —%1 " g —&=1 ¢"
such that f" = ¢" + h".

Let h' = h" —exuxp for some u € T and some ¢ € K* with ¢t = HT(u*p) = HT (up) and
coeff(t, h") = ¢ x coeff(t,u * p). Let ¢1,co € K such that coeff(t, ") = ¢; * coeff(t, u * p)
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and coeff(t, g") = ¢y * coeff(t, u x p) (possibly ¢; = 0 or ¢ = 0). Let f' = f" — ¢y % u x p,
g' = g" — ¢y ¥ uxp. This defines two reductions f" —}p f" and ¢" —p ¢,

Since f” = ¢" + h" we have ¢; = ¢ +c and so f' = ¢’ + h'. By construction and induction
assumption f —k1 —ip fland g L gt — i p ¢', which proves the lemma. O

For the special case h' =0 we have f' = ¢',ie. f lp g:

Lemma 4.2.6 Let f,gc Randlet PCR. If f —g —p 0 then f lpg.

4.3 Confluent Left Reduction

We summarize some useful properties of confluent (Noetherian) reduction relations.

Given a subset G C R such that — is confluent, we show, that there exists minimal
subsets G C G such that — ¢ is confluent. Furthermore there exist autoreduced (or
irreducible) subsets G, such that —»¢ is confluent. Finally we treat reduction relations
which are confluent on certain subsets F'(t) of R.

Lemma 4.3.1 Let G C R such that — ¢ is a confluent Noetherian reduction relation.
Let f,g € R with f <—, g and let g be irreducible wrt. G. Then f —¢, g. In particular
for g = 0 we have that f <—, 0 implies f —¢, 0.

Proof: Since — is confluent, there exists h € R such that f —¢, h and ¢ —, h. But
g is irreducible, so g = h which proves the first claim of the lemma. Since 0 is irreducible
the second claim is also true. O

Next we discuss minimal sets for confluent reduction relations.

Lemma 4.3.2 Let G C R such that — ¢ is a confluent Noetherian reduction relation.
If there exist f € G, h € R, G' = G\ {f}, t = HT(f) with f —¢ h, then also —¢

is a confluent Noetherian reduction relation and G —* G'.

Proof: Clearly — ¢ is a Noetherian reduction relation.

We show that — & has unique normal forms; then by lemma 4.1.5 — ¢ is confluent.
Let g, 01,92 € R such that ¢ —¢ g1, g —¢» g2 and ¢y, go are irreducible with respect
to G'. By the confluence of — there exists ¢ € R such that ¢y —, ¢ and go —¢ ¢.
Now by definition of G, g; and gy are also irreducible with respect to G. So g1 = ¢ = ¢
which shows the confluence of — . Since f — 0 we have f —¢ h —¢ 0. Then by
definition of G' also f — ¢ h —¢ 0 which proves G —¢, G'. O

Lemma 4.3.3 Let G C R be finite, such that — ¢ is a confluent Noetherian reduction
relation. Let G = G"UG" such that G' NG" = 0. If for any f € G", there exists h € R,
t = HT(f) with f — ¢ h, then also — ¢ is a confluent Noetherian reduction relation
and G —* G'.
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Proof: We show by induction on the number of elements of G”, that G’ is also a confluent
Noetherian reduction relation. If G = (), then G' = G and we are done. Let f € G”,
G" = G"\{f}. By assumption there exist, h € R, t = HT(f) such that f —, ¢ h. Now
by lemma 4.3.2 G'UG"" is still a confluent Noetherian reduction relation and by induction
assumption on G' UG", G' is a confluent Noetherian reduction relation. O

An immediate consequence is:

Lemma 4.3.4 Let G C R, G finite, such that —¢ is a confluent Noetherian reduction
relation. There exists G' C G, |G'| minimal, such that — ¢ is a confluent Noetherian
reduction relation and G —* G'.

Proof: Let G’ C G with |G'| minimal such that for all f € G\ G', there exists h € R,
t = HT(f) with f —; ¢ h. Then G’ and G" = G\ G’ satisfy the assumptions of lemma
4.3.3 and so —> is a confluent Noetherian reduction relation. O

The next lemma treats reduced polynomials and autoreduced sets.

Lemma 4.3.5 Let G C R, G finite, such that — ¢ is a confluent Noetherian reduction
relation. Let g,h € G, G" = G\ {g}, h # g and t € T(g) such that

g—ng.

If ¢ = 0 then let G' = G" otherwise let G' = G" U {g'}. Then — ¢ is a confluent
Noetherian reduction relation and G —* G'.

Proof: The fact that — is a Noetherian reduction relation is clear.

We show that — 4 has unique normal forms, then by lemma 4.1.5 — ¢ is confluent.
Let g,g1,92 € R such that ¢ —¢ g1, g —> ¢ g2 and ¢, g2 are irreducible with respect
to G'. By the confluence of —¢ there exists ¢ € R such that ¢y —, ¢ and g» — q.
Now ¢, and go are also irreducible with respect to GG, since otherwise g; and g, would also
be reducible with respect to G'. So ¢ = ¢ = ¢», which proves the lemma. O

Proposition 4.3.6 Let G C R, G finite, such that — ¢ is a confluent Noetherian re-
duction relation. Then there erists a autoreduced set G' such that — ¢ is a confluent
Noetherian reduction relation and G —* G'.

Proof: By lemma 4.3.4 there exists a minimal set G” C G such that G —* G" and
—qn is a confluent Noetherian reduction relation. Then by lemma 4.3.5 there exists a
autoreduced set G' with G —* G’ such that — is a confluent Noetherian reduction
relation. O

The uniqueness of such sets under the condition that G is also monic for left ideals
generated by G is shown in lemma 5.1.2 in chapter 5.

Next we state a lemma on ‘partially’ confluent reduction relations.
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Lemma 4.3.7 Let G C R such that —¢ is a confluent Noetherian reduction relation
on F(t) ={h € R | h <t} for fizedt € T. Let hy € F(t), h,hy € R with h = hy + hs.
If hy — 0 and hy — 7, 0 then h —¢, 0.

Proof: Since hy —¢, 0, by lemma 4.2.6 h |5 hy. L. e. there exists hy € R such that
h — & hy and hy —§, hs. By the confluence of — on F'(¢) and the fact that hy € F(t)
there exists hy € R such that hs — hy and 0 —¢ hg. So hy = 0 and consequently
h —¢ 0. O

4.4 Reductions and Ideal Membership

Let ideal;(P) denote the left ideal generated by P C R. It will be shown that reductions
with respect to P do not lead outside of left ideals. And if the difference of two polynomials
is in the ideal, then there exists back and forth reductions between these two polynomials.

Definition 4.4.1 Let I = ideal;(P) be a left ideal in R, generated by a finite subset P of
R. Then any f € I has a left representation (with respect to P):

k
f= th *p:ZCz‘Sz‘*pi,
i=1

peEP

where h, € R, ¢; € K*, s; € T and p; € P for1 <i<k.

Precisely we should write ¢; * s; * p; but by axiom 3.2.1(2) we have ¢; * s; = ¢;s;. Note,
that the p; are not necessarily distinct. The representation is obtained from the definition
of elements in the left ideal by writing the left factor polynomials as sums of terms.

Lemma 4.4.2 Let f,g € R, P C R, P finite. If f +—7% g then f — g € ideal;(P). In
particular if f —7% 0 then f € ideal,(P).

Proof: Let f «+—% g be equal to f <% ¢ for some & € N. The proof is by induction
on k. For k=0,¢g= f and f — g =0 € ideal;(P).

For k > 0 let f +—% g be equal to f «—%"' f._, +—p f = ¢g. By induction
assumption f — fr_; € ideal;(P). Now fy_y —>p g or ¢ —>, fr—1 for some p € P.
Thus g = fr_1 —a*xux*por fr_1 = g—axuxp for some a € K* and some ¢,u € T. In both
cases fr_1 — g = Ta x ux*p € ideal;(P). In combination with the induction assumption
f—9=(f— feiz1) + (fe—1 — g) € ideal;(P) which proves the lemma. O

Lemma 4.4.3 Let P,QQ C R, P,Q finite, such that P —* @Q, then ideal;(P) = ideal;(Q).
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Proof: Let P —* Q be equal to P —* Q for some k € N. The proof is by induction
on k. For k =0, P = (@ and ideal;(P) = ideal;(Q).

For k > 0 let P —* ) be equal to P —*~1 P — (. By induction assumption
ideal;(P) = ideal;(P’). Now from P' — @ there exists f € P', f' € Q, P'\{f} = Q\{f'}
such that f —pn (s f'. By this we have f' = f —aux*p for some p € P’ and p € Q. This
shows that f' € ideal;(P’) and also f = f' + au * p € ideal;(Q). So ideal;(P’) = ideal;(Q)
which together with the induction assumption proves the lemma. O

Lemma 4.4.4 Let G C R such that —¢ is a confluent Noetherian reduction relation.
If there exist f € G, h € R, G' = G\ {f}, t =HT(f) with f — ¢ h. Then ideal(G) =
ideal;(G").

Proof: Let f,G,G" as in the assumptions of the lemma. Then f — 0 since f € G,
furthermore — ¢ is a confluent Noetherian reduction relation by 4.3.2. So we have also
f — ¢ 0, which shows f € ideal;(G’) by lemma 4.4.2. This shows ideal;(G) C ideal,(G'),
the reverse inclusion follows since G' C G. O

Lemma 4.4.5 Let P be a finite subset of R. For all f,g € R, if f — g € ideal;(P) then
f<—pyg.

Proof: If f — g € ideal(P) then by definition f — g = ¥ | ¢;5; * p;, where ¢; € K,
s; €T and p; € P for 1 <i<k.

We prove f <—7% ¢ by induction on k. For £k = 0, f = ¢g and the claim is trivial. For

k>0 let
k—1

f=9g =f— (94 cisi*pi) = crsp * pr.
i=1
Since HT (s * pr) = s *x HT(p) = sxHT(pg) by lemma 4.2.2 ¢ * s * p, —p 0 and by
lemma 4.2.6 f |p ¢, that is f <—% ¢’. Now ¢’ — g = Y% ¢;s; * p; and by induction
assumption ¢’ «—7} ¢g. Combining both results we get f <—7% g. O

For the left reduction relation there are algorithms, which compute for any element f € R
its left normal form and for any finite set F' C R a autoreduced set.

Lemma 4.4.6 Let R be a solvable polynomial ring over a computable skew field K with
respect to a decidable term order. Then for any finite F C R and any f € R one can
compute g € R such that

1. f—5 g and f — g € ideal)(F).

2. g 1is left irreducible modulo F'.
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Algorithm: LNF(f, F)
Input: f € Rand F={f1,..., fr} C R.
Output: g € R satisfying the conditions (1) and (2) of the lemma.
begin D <~ HT(F). g « f.
while Js € D with s | ¢ for some t € T'(g) do
Let p € F with HT(p) = s. Let u € T with t = su.
c + coeff(t, u * p).
g%g—cil-u*p.
end.
return(g).
end LNF'.

Table 4.1: Algorithm: LNF

Proof: We give an algorithm which computes ¢ in table 4.1.
Partial correctness follows from the definition of reduction.

Termination: Let {g;};—0,1,. be the sequence of reduction polynomials with gy = ¢g. Let
Jiv1 = gi — ci_1 - 5; * p; be an immediate reduct of g;. Then we have ¢;11 < g;. Since < is
a well-founded quasi-order on R the reduction sequence must be finite {g;};i—01.. % O

gLy

Lemma 4.4.7 Let R be a solvable polynomial ring over a computable skew field K with
respect to a decidable term order. Then for any finite ' C R one can compute G C R
such that

1. ideal;(F') = ideal;(G),

2. G 18 autoreduced and monic.

Proof: We give an algorithm which computes G in table 4.2.

Partial correctness follows from the fact that ideal,(F') = ideal;(G) is an invariant of the
while-loop and irreducibility of G follows by the while-condition.

Termination: Assume that the algorithm does not terminate. Consider the elements of
G during each iteration of the loop written as rows in a scheme, where the zeroes are
also kept in the respective row. Then by the while-condition there exist a column in the
scheme with an infinite sequence of polynomials p —¢q, ... —a, Pn —>G,,, -- .- But
this contradicts the Noetherianity of the reduction relation and so proves termination. O

4.5 Standard Representations

In this section we define representations with the property the head terms of the repre-
senting polynomials do not exceed the head term of the represented polynomial. These
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Algorithm: LIRRSET(F)
Input: F ={f1,...,fx} CR.
Output: G C R satisfying the conditions (1) and (2) of the lemma.
begin G < F.
while Jp € G with p is reducible wrt. G\ {p} do
G« G\ {p}
p' + LNF(p, G).
if p' # 0 then
P Hc(p/)—lp/‘
G+ GU{p'}. end.
end.
return(G).
end LIRRSET.

Table 4.2: Algorithm: LIRRSET

representations are called standard representations. The fact that ‘normal’ representa-
tions need not be standard has been one of the major difficulties in constructive ideal
theory. We discuss under which conditions a standard representation can be obtained
from a representation.

Definition 4.5.1 (Standard representation) Let P C R, 0 # f € ideal;(P). A rep-
resentation

k
[ = ZCiSi * Pi,
i=1

with ¢; € K*, s;, € T, p; € P for all 1 < i < k is called a standard representation with
respect to P if for all 1 < i <k the following condition is satisfied:

HT(s; xp;) < HT(f).

Fort € T the above representation is called a t-representation with respect to P if for all
1 <1 <k the following condition is satisfied:

t-representations have been discussed by [Becker 1990] for commutative polynomial rings
and power series rings.

Lemma 4.5.2 Let P be a finite subset of R, let f € R andbe K, u,t € T.

1. If f has a standard representation wrt. P, then also bu x f has a standard represen-
tation wrt. P.
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2. Forp e P, f*p has a standard representation wrt. P.
The same holds with ‘standard representation’ replaced by ‘t-representation’.

1. If f has a t-representation wrt. P, then also bu x f has a ut-representation wrt. P.

2. Forp € P with HT(p) < 't, f xp has a HT(f)t-representation wrt. P.

Proof: Let f = Ele ¢;s; * p; be a standard representation of f, with ¢; € K*, s; € T,
pi € P and HT(s; x p;) < HT(f) for all 1 < i < k. Then

k
bux f = buxcs; xp;.
i=1
Now by the product proposition 3.2.5 there exist d; € K* and h; € R with h; < us; and
bu * ¢;8; = d;be;(us;) + h;. Since h; € R we have h; = Ef;l e;jSi;- And we can multiply
out. This shows that

k k; K’
bux f = (dibe;(us;) + > €i58i5) xpi = D Cis} ;.
i=1 j=1 i=1
Since s;HT (p;) < HT(f) we have us;HT(p;) < uHT(f) and since h; < us; also s;; < us;
and so s;HT(p}) < wHT(f) = HT(uf) = HT (ux f). This shows that bu* f has a standard
representation wrt. P as claimed.

Now let p € P and let f = Ele ¢;s; be a polynomial in R with ¢; € K*, s; € T. Let
s = HT(f) then we have s; < s for 1 < i < k. Then by the product proposition 3.2.5
HT(s; xp) < HT(s*p) = HT(f % p) for 1 <i < k. This shows, that

k
f*p:ZCiSi*p
i=1

is a representation for f * p which is a standard representation wrt. P. In the same way
the claims for t-representations are proved. O

Lemma 4.5.3 Let P be a finite subset of R and let f € R. If f —}5 0, then f has a
standard representation wrt. P.

Proof: Let f —% 0 for some k € N. We proceed by induction on k. For k = 0 we have
f =0 as standard representation.

For Kk > 0let f —p g —>’f§1 0. Assume by induction assumption ¢ has standard
representation g = Ele cisi * p;, with ¢ € K*, s, € T, p; € P forall 1 < i < k.
By definition of the reduction relation there exists t € T'(f), p € P such that we have
f—pg=[f—cuxpwitht=HT(ux*xp)=uxHT(p) <HT(f). So

k

f=cuxp+> cisixp;
i=1

is a standard representation of f wrt. P. O
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Lemma 4.5.4 Let P be a finite subset of R, let ideal;(P) be the left ideal generated by P
and let f € ideal;(P). If all 0 # g € ideal;(P) have a standard representation wrt. P then
f—p0.

Proof: If f = 0, then trivially f —% 0. If f # 0 and f € ideal;(P), then f has a
standard representation wrt. P: f = Ele cis; * p;, with ¢; € K*, s; € T, p; € P for all
1 <i<k Let Jy={j : 1<j <nHT(s; *p;) = t}. We proceed by noetherian
induction on t = HT(f).

Now J; # () since the representation is standard. Pick [ € J;, and define a reduction
f —1p, g by g = f —cs; = p;, where 0 # ¢ € K such that coeff(t, f) = ¢ coeff(t, s; * p;).
Now g < f, by construction g € ideal;(P) and so by induction assumption g —% 0.
Combining both reductions we obtain f —; p g —p 0 as claimed. O

Proposition 4.5.5 Let P be a finite subset of R, let ideal;(P) be the left ideal generated
by P. Then the following two conditions are equivalent:

1. For all f € ideal)(P), f —% 0.

2. All0 # f € ideal)(P) have a standard representation wrt. P.

Proof: = Let 0 # f € ideal;(P), then by assumption f —% 0 and by lemma 4.5.3 f
has a standard representation wrt. P.

<= Let 0 # f € ideal;(P), by assumption all 0 # ¢ € ideal;(P) have a standard repre-
sentation wrt. P. So by lemma 4.5.4 f is reducible to zero: f —} 0. O

We will now show that all polynomials have standard representations wrt. P if a finite
set, of so called S-polynomials have a standard representation wrt. P. First the definition:

Definition 4.5.6 (Left S-Polynomial) Let f,g € R, s,t,u,v,w € T, such that s =
HT(f), t = HT(g), w = lem(s,t), us = w and vt = w. Furthermore let a,b € K* such
that a = coeff(w,u * f) and b = coeff(w,v * g). Let b',a’ € K* such that b =ba~", a' =1
so b'la = a'b, then

LSP(f,g) =buxf—dvxg

15 called the left S-polynomial of f and g.

Note, that by proposition 3.2.5 both a and b are # 0 and so HT(LSP(f,g)) < w.
Note furthermore that LSP(g, f) = —LSP(f, g) and LSP(f, g) € ideal)(f, g) respectively
LSP(f, g) € ideal,(P) for any set P such that f,g € P.

Lemma 4.5.7 Let P be a finite subset of R, let ideal;(P) be the left ideal generated by
P. Furthermore let H = {LSP(f,q) : f,9 € P,f # g}. Then the following assertions
are equivalent:
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1. all 0 # f € ideal)(P) have a standard representation wrt. P,

2. all 0 # h € H have a standard representation wrt. P.

Proof: = Since for 0 # h € H we have h € ideal;(P), so h has a standard representation
wrt. P.

<= Let 0 # f € ideal;(P) we may assume that f has a representation wrt. P:

k
= ZCiSi * Pi,
i=1

with ¢; € K*, s, € T, p; € P forall 1 <i < k. Let s = HT(f) and let ¢t € T with
t = max®_,{HT(s; * p;)} where the maximum is taken with respect to the term order on

We show by noetherian induction on ¢ and on |.J|, that the representation can be trans-
formed to a standard representation. Case t = s, then |J;| = () and we have already a
standard representation.

Case t > s, then since t & T'(f), we have |.J;] > 2. Assume first that |.J;] = 2 and assume
by induction, that the claim holds for all ¢ with ¢ > ¢ > s and J; = 0. Let J, = {m,n},
m # n.

Then consider ¢,,8,, * Pm + CpSn * p, from the representation of f. Note that t does
not occur in f so 0 = coeff(¢, f) = coeff(t, ¢, Sm * pm) + coefl(t, c, s, * pp), which implies
cmcoeft(t, spxpm,) = —cpcoefl(t, s, %py). Furthermore we have HT (s;p;) = s;HT (p;) = ¢,
j = m,n by proposition 3.2.5. Let w = lem(HT(p,,), HT(py,)), then t = w'w.

From the definition of the S-polynomial of p,, and p, let u,v € T with w = uHT(p,,) =
vHT (p,) and b,a" € K*, such that b coeff(w,u * p,,) = a” coeff(w,v * p,). So write
LSP (pm, pn) = bu * p,, — a"v % p, = bu * p,, + av * p,. We have w'u = s, and w'v = s,.
By proposition 3.2.5 let w' x bu = b'w'u + hy with 0 # 0 € K and hy < w'u = s, and
w' x av = a'w'v + hy with 0 # a’ € K and hy < w'v = s,,.

Let by = V' and @y = o' and write s,,, = w'u = byw' * bu — byhy and s, = w'v =
aw' * av — a hy. So we can write

ConSm * Pm + CaSn *Dn = Cp(byw’ x bu — bihy) * pyy + cp(a1w’ * av — arhg) * py
= cpn(byw' * bu) x py, + cp(aw’ * av) * p,

_Cm(blhl) * Pm — Cn(a1h2) * Pn -

Here it is important that ¢,,(bjw’) = ¢,(a;w’) respectively ¢,,b1 = ¢,a; which follows from
b coeff(w, u x p,,) = a coeff(w, v x p,), ¢ coeff(t, s, * pm) = —c, coeff(t, s, * p,) and the
definition of a; and b;.

Furthermore by lemma 4.5.2 —c¢,,(b1hy) * p, and —c,(a1hy) * p, both have standard
representations wrt. P. By assumption of the lemma LSP(p,, p,) has a a standard repre-
sentation wrt. P. Multiplication of this representation with ¢,,b;w’ still yields a standard
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representation by lemma 4.5.2:

k1
LSP(pmapn) = ZCiSi * Pi
i=1

k1

k2
(embiw") « LSP(pm,pn) = D _(cmbiw’) % ¢;8; % p; = D sl * p;
i=1 i=1

Now using the standard representations of —c,,(b1h1) * pr, —¢n(a1hs) * p, and (¢biw') *
LSP (pm, pr) write

k
f = Z CiSi * Pi + CmSm * Pm + CpSp * Pp
i=1,0#m,i#n
k
= Z CiSi * p; + (Cmblwl) * LSP (P, pn) — €m(b1hy) * P — cn(a1ha) * pp
i=1,0#m,i#n
k ks kp,
= > Gsikpi+ Y S kD 4 D ¢S * Py
i=14#mi#n 1=1 j=1
Since HT (s} * p;) <t and HT(s; % p;) < ¢ this is now a representation of f with |Jj| = 0.
The representation is not necessarily a standard representation, but all what is needed
here, is that the number of ‘bad’ terms decreases.

Case t > s, |J;| > 2. Assume by induction, that the claim holds for all ¢ with ¢ > ' > s
and all J; with |J}| < |J}|. Let m,n € J;, m #n, J, = J; \ {m,n}.

Again consider ¢,,S,, * Pm + CpSn * p, from the representation of f.

In this case we cannot directly conclude, that this sum can be represented using the S-
polynomial of p,, and p,. But we can represent one (say the first) summand using the
S-polynomial.

By the same arguments as in the previous case we write ¢, Sy, * Py + €, Sp %Dy, = (Crbiw’) %
LSP(pm, Pn) + b1 * Dy, 4+ ho % p,,. Observe, that probably ¢, # c¢,. But coeff(t, ¢,nsm % pm) =
—coeff(t, ¢ s, * p,) so using the standard representations of (¢,,byw’) * LSP(p,,, p,) and
h1 * pm + ho * p, write
k
fr= D CiSi*Di+ CnSm ¥ P+ CaSn ¥ Pn
i=10#m,i#£n
k
= Z cisi * P + ((cmbiw") * LSP(Dm, pn) + b1 % P + ho % pp)
i=10#m,i#£n
—C;Sn * Pn + CnSn * Pn
k
= Z CiS; * Pi + (Cn - C;)Sn *Pn
i=10#m,i#£n

k' k1 k2
! !
+ D CS DT D CuSjL K P+ Y CjaSja ¥ D
i=1 j=1 j=1
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For this representation (not necessarily standard) we have |.Jj| < |.J;]—1. Now by induction
assumption we can find a standard representation for f which completes the proof. O

Observe, that we actually do not need a standard representation of LSP(p,,, p,) but only
a v-representation for some v < lem(HT (p,,), HT (p,)) < ¢ to improve the representation
of f. This fact will be important in the next lemma, where we show, that a smaller
set H, C H already suffices to proof the foregoing proposition. The criterion which
characterizes the set Hj will be called (BBEC) for ‘Buchberger’s Euclidean Criterion’
after Buchberger, who first invented the criterion ([Buchberger 1979]), and after Euclid,
because the criterion avoids redundant computation as in Euclids algorithm in case of
commutative polynomial rings in one variable.

Lemma 4.5.8 Let P be a finite subset of R, let ideal;(P) be the left ideal generated by
P. Furthermore let H = {LSP(f,q) : f,g € P, f # g} and let H, C H be such that the
following conditions are fulfilled:

if LSP(g1,92) € H with LSP(g1,92) ¢ Hy and g1,92 € P then there ezists
p € P such that
HT(p) | lem(HT (g1), HT(g2)),

and LSP(g1,p) and LSP(p, g2) € H,. (BBEC)
Then the following assertions are equivalent:

1. all 0 # f € ideal)(P) have a standard representation wrt. P,

2. all 0 # h € Hy, have a standard representation wrt. P.

Proof: = Since for 0 # h € H, we have h € ideal;(P), so h has a standard representa-
tion wrt. P.

<= We may repeat the proof of the foregoing lemma 4.5.7. In case when a S-polynomial,
of some 0 # pp,pn € R, is required which is not in Hy, but in H, we can find a #'-
representation with ¢’ < ¢ = lem(HT(p,,,), HT (py,)) for it as described next. Using this
t'-representation of LSP(py,,p,) instead of a standard representation of LSP(py,,p,) is
then sufficient to improve the representation of f in the foregoing lemma 4.5.7.

The condition HT(p) | lem(HT(g;), HT(g2)) implies, that there exist s, sy € T such that
silem(HT(¢1), HT (p)) = ¢ = splem(HT(p), HT(g2)).
Let the 3 S-polynomials be

LSP(91,92) = bI1U1 * g1 — Clll?h * g2
LSP(g1,p) = bhug*g; — abvy *p
LSP(p,g2) = byus*p — ayvs * go.
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Where 0 # a;, a}, b;, b, € K, u;,v;,w; € T (i = 1,2,3) such that

t=w; = lem(HT(¢;),HT(g2)) = u1HT(g1) = v;HT(g2),
wy = lem(HT(g1), HT(p)) = u2HT(g1) = vo.HT(p),
w3z = lem(HT(p), HT(g2)) = usHT (p) = vsHT(g2).

Furthermore with a; = coeff(wy, u; * g1) and by = coeff(wy, vy * g2), as = coeff(ws, us * g1)
and by = coeff(wq, vy * p), az = coeff(ws, uz * p) and by = coeff(ws, vs * g2); And with
bia; = ajb;, i = 1,2,3 by definition of the S-polynomials.

By the implications of the conditions on the head terms and the definitions of the S-
polynomials let vy, ug be such that we have t = s, HT(p) = sousHT(p), which implies
S1V9 = Sousz. Furthermore let us, v3 be such that syus = uqy and sqv3 = v;.

In order to setup the equation correctly we have to determine the following products:

spxbyxuy = (erbysy + q1) x ug = e1bl(ess1us + q5) + q1 * Uz
= eibyes(siug) +erbygs + qu x up

S1 %k Ay * Uy = (€2ah81 + o) * vy = eaas(eg51V2 + Gg) + G2 * Vo
= exayes(5102) + e2a)qs + G2 * V2

spx by xug = (esbysy + qs) * uz = esby(ersyus + qr) + g3 * us
= e3bier(souz) + esbyqr + gz * uz

Soyxayxv3 = (eqa38e + qu) *x v3 = eqay(egSav3 + qg) + Gy * U3

! !
= eqazes(Sov3) + €4a5qs + g * U3

where by the product proposition 3.2.5 0 # ¢; € K, ¢; € R with ¢;,¢ < s1, q3,q4 < So,
G5 < U251, g6 < V251, g7 < U3S2, g3 < U3S2.

Let 0 # ¢y, ¢3, ¢3, ¢4, ¢5 € K such that the following holds:

coeff(t, ¢1 (eaaheq)(s1v2) x p) = coeff(t, ca(esbyer)(saus) * p)

= coeff(t, c3b] (s1u2) * g1),

The existence follows from the Ore condition in K. This implies by the definitions of
LSP(p, 92)

coeff(t, ca(esbyer)(squz) x p) = coeff(t, cza)(sav3) * ga).
which in turn implies by definition of LSP (g1, g2)
coeff(t, caby (s1uz) * g1) = coeff(t, cza) (sqv3) * go),

Furthermore let c3b) = c4(e1bhes) and cza) = cs(esajes).

The first equation establishes

0 = —ci(e2anes)(s102) * p + caegbyer) (squs) * p.
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Then we can rewrite the S-polynomial of g; and gy as

c3LSP(g1,92) = cabus * g1 — czajvy * g

= cy(erbyes)ur * g1 — cs(eaazes)vr * g

= ca(erbyes)(s1u2) * g1 — cs(eaazes)(sav3) * go

= cy(erbhes)(siug) x g1 — c1(eaaheg)(s1v2) * p
+co(esbyer)(saus) * p — cs(egages)(s203) * go

= cq(s1 % by * ug — e1bhqs — q1 * uz) * gy
—c1(81 % ab * vy — 205G — Qo * Ug) % P
+Co( 89 * by * uz — e3byqr — g3 * uz) * p
—c5( 89 % ay * U3 — €405q8 — G4 * V3) * o

= cy(sy % by * ug) x g1 — (erbhygs + qu * ug) * g1
—c1(s1 % ay * vg) * p — (€20506 + g * V2) * P
+co(se x by * uz) * p — (e3byqr + g3 * uz) * p
—c5(52 % ag * v3) * go — (€4a5q8 + G4 * V3) * go

= g8 % by kuy) * g1 — c1(S1 xag * vy) xp
+eo(sg x by * uz) x p — c5(se * ag * v3) * ga
—(e1bhygs + q1 * uz) * g1 — (eaahqs + g2 * va) * p
—(e3bsqr + qs x uz) x p — (4038 + qu * V3) * g2

= ¢181 * LSP(g1,p) + 289 * LSP(p, go)
—(e1bhygs + q1 * uz) * g1 — (eaahqs + g2 * va) * p
—(esblqr + g3 * ug) * p — (e4a3qs + qa * V3) * ga.

Now LSP (g1, p) and LSP(p, g2) € H,, so by assumption they have standard representations
in particular they have wi respectively wj-representations with wi, < wy and wj < w;.

Then by lemma 4.5.2 ¢151 * LSP(g1, p) and 359 %« LSP(p, g2) have standard representations
with products < t.

Furthermore by lemma 4.5.2 all summands (e1blqs + g1 * uz) * g1 = hy x g1, (€2a5qs + o *
Vg) x p = ha %D, (e3byqr + g3 * u3) x p = hy x p and (eqalqs + qq * v3) * go = hy * go have
standard representations with products < ¢. This shows, that the sum of all this standard
representations is a t'-representation of LSP(g;, g2) for some ¢’ < t.

At this point we can continue as in the proof of the preceding lemma 4.5.7. O

Proposition 4.5.9 Let P be a finite subset of R let ideal;(P) be the left ideal generated
by P. Then the following assertions are equivalent:

1. for all f € ideal)(P), f —3 0,
2. forallh € H={LSP(f,q) : f,g€P,f#g}, h—}0.

3. for all h € Hy C H, such that Hy satisfies the condition (BBEC) of lemma 4.5.8,
h —7% 0.
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Proof: (1) = (2) and (3): Since for h € H,, h € H we have h € ideal;(P) and by
assumption h —p 0.

(2) = (1): By assumption all h € H, h —% 0. By lemma 4.5.3 this implies that
all 0 # h € H have a standard representation. By lemma 4.5.7 this implies that all
0 # f € ideal,(P) have a standard representation wrt. P. So by lemma 4.5.4 f is
reducible to zero: f —% 0.

(3) = (1): By assumption all h € Hy, h —% 0. By lemma 4.5.3 this implies that
all 0 # h € H, have a standard representation. By lemma 4.5.8 this implies that all
0 # f € ideal;(P) have a standard representation wrt. P. So by lemma 4.54 f is
reducible to zero: f —73 0. O

Using this proposition it is possible to reduce the test whether all polynomials in the
left ideal are reducible wrt. P to the finite set H and furthermore to an even smaller set
H,. An algorithm which exploits this fact for the construction of ideal bases inducing
confluent reduction relations will be discussed in a later section. But first we summarize
the foregoing studies in the next section.

A final remark on further ‘optimizations’:

Claim 4.5.10 In commutative polynomial rings the first of Buchberger’s criteria states
that if for two polynomials f,g € G

HT(f)HT(g) = lem(HT(f), HT(g)) then
SP(f,g) has a standard representation wrt. G. (BBGC)

This criterion will be called (BBGC) for ‘Buchberger’s Gaussian Criterion’ after Buch-
berger, who first invented the criterion, and after Gauss, because the criterion avoids
redundant computation as in Gauss algorithm in case of commutative linear polynomials.

This criterion is no more valid in the non-commutative case as the following counter-
example shows:

Example 4.5.11 Let R = Q{X,Y;Y*xX = XY —1} be the first Weyl algebra. Consider
the following two polynomials p =X, g =Y. Then HT(p)HT(q) = lem(HT(p), HT(q)) =
XY, but SP(p,q) = X *Y —Y xX = XY — XY +1 =1 and 1 has no standard
representation wrt. {p,q}.

However as the proof in the commutative case shows, the criterion is a local criterion in
the sense, that only the two involved polynomials need to be commutative. Moreover the
criterion remains true if the coefficient ring is non-commutative, as long as it is a field.
So the criterion is still valid for commuting polynomials, in particular for elements in the
center it may be exploited. Although it would be too expensive to check each time if
polynomials commute, it might be possible to determine such cases by an analysis of the
commutator relations. This can be done as outlined in section 3.6.
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4.6 Left Grobner Bases

We are going to give characterizations of confluent reduction relations in a solvable poly-
nomial ring by ideal membership tests, standard representations and S-polynomials.

Definition 4.6.1 Let G C R be a finite subset of R. If the left reduction relation — ¢
satisfies one of the conditions of definition 4.1.4 then G is called a left Grobner base.
(Since —>¢ is Noetherian, by lemma 4.1.5 —¢ satisfies all conditions of definition

4.1.4.)
Theorem 4.6.2 Let G be a finite subset of R, then the following assertions are equivalent.

1. G is a left Grobner base.

For all f,g € R, if f — g € ideal;(G) then f |l g.

For all f € ideal;(GQ), f —& 0.

For all 0 # f € ideal)(G), f —¢a f'.

For all 0 # f € ideal)(G), there exists g € G such that HT(g) | HT(f).
All 0 # f € ideal;(G) have a standard representation wrt. G.
Forallh € H={LSP(f,9) : f,g€ G, f#g}, h—%0.

ST N A e N

For all h € Hy C H, such that Hy satisfies the condition (BBEC) of lemma 4.5.8,
h —% 0.

Proof: (1) = (2): Let f,g € R such that f — g € ideal;(G). Then lemma 4.4.5:
[ <—% g. By (1) —¢ has the Church-Rosser property, so f l¢ g.
(2) = (3): Specialise g = 0 in (2).

(3) = (1): We show that —>¢ is confluent. Let f, fi, fo € R such that f —% fi
and f —7% fo, that is f; «—% fo. By lemma 4.4.2 f; — fy € ideal)(G) and by (3)
fi — fo —¢& 0. From this by lemma 4.2.6 f; lg fo.

(3) = (4): By definition of —,.
(4) = (3): Assume 0 # f € ideal)(G) is minimal such that not f —% 0. Now by (4)

[ —¢ f' with f’ € ideal;(G) by lemma 4.4.2. However by definition of f: f' —7% 0 and
so f — 0 a contradiction.

(5) = (4): By definition of left head term reduction.

(3) = (5): Assume 0 # f € ideal(G) and let f —*% 0 for some k € N. Let 1 <m < k
minimal, and let ¢ € G such that f,, —;, fnt1 where ¢ = HT(f). By definition of
reduction this shows that HT(g) | HT(f).
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(3) <= (6): follows from the equivalence of claims (1) and (2) in proposition 4.5.5.
(3) <= (7): follows from the equivalence of claims (1) and (2) in proposition 4.5.9.
(3) <= (8): follows from the equivalence of claims (1) and (3) in proposition 4.5.9. O

The proof of the following theorem presents the Buchberger algorithm for constructing
Grébner bases.  The usage of the criterion (BBEC) is not shown, it is discussed in the
implementation section.

Theorem 4.6.3 (Construction of left Grébner bases) Let R be a solvable polyno-
mial ring over a computable skew field K with respect to a decidable term order. For any
finite ' C R one can construct a left Grébner base G of ideal;(F).

Proof: We give an algorithm which computes a left GB in table 4.3.

Algorithm: LGB(F)

Input: FF={f,..., fr} CR.

Output: A left Grobner base G of ideal;(F').
begin G < F.

B« A{(f.9) : f.g€F [f#g}
while B # () do Let (f,g) € B.

B« B\ {(f,9)}

h' < LSP(f,g).
h < LNF(I, G).
if h 0
then B <+ BU{(p,h) : p € G}.
G+ GU{h}
end.
end.
return(G).

end LGB.

Table 4.3: Algorithm: LGB

Correctness follows from theorem 4.6.2(7), since upon termination B = (), which guar-
anties that all S-polynomials of polynomial pairs of G reduce to zero. Termination follows
since a non-terminating run would produce an infinite sequence of polynomials where
each new polynomial has an irreducible head term with respect to the earlier ones, which
would contradict Dickson’s lemma 3.1.1. O

4.7 Confluence and S-Polynomials

For completeness we give a direct proof of the properties of Grobner bases using S-
polynomials without using standard representations.
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Proposition 4.7.1 Let G C R be a finite subset of R and let H = {LSP(f,q) : f,g €
G,LSP(f,g) € G}. Then G is a Grébner base iff for all f,g € G, LSP(f,g) —¢ 0.

Proof: = Let f,g,h,h' € G and h = LSP(f, g). If h = 0 then the proposition is true.

I[fh#0leth=bxuxf—axvx*g, abe K" u,v €T asin the definition of LSP(f, g).
Again by definition of LSP(f,g): HT(u * f) = wHT(f) = t = vHT(g9) = HT(v * g). So
we can define two reductions b« u* f —, h =bsxux f —axv=xg = LSP(f,¢) and
bsxuxf—;h =bxuxf—bxuxf=0.Since —¢ is confluent there exists h; such
that 0 = ' —§ hy and LSP(f, g) = h —§ hy. By this 0 = h; and so LSP(f, g) — 0.
<= Let G' = {LSP(ps,p;) : pi,p; € G,LSP(p;,p;) € G} and let G" = GUG".

We show first that — g is locally confluent. Let f, fi, fo € R, p1,ps € G”, s,t,€ T(f),
u,v € T, such that f —, o fi=f —axuxp and f — g0 fo = f —b*xv*py. By
Noetherian induction on the well-founded quasi-ordering <7 assume that the reduction
relation —¢» is locally confluent on ' = {h € R : h < min{t,s}}. By proposition
4.1.5 —¢n is confluent on F and in particular for all f € ideal,(G"”) with HT(f) < ¢t,
f —%» 0 holds. By lemma 4.2.6 it suffices to show (f1 — fo) — & 0, since then fi Lgn fo
as desired. Let fi — fo=f —axu*xp — (f —bxvxpy) =a*xuxp —b*vx*p,.

Case s # t, say s > t: Then s € T(f2)\T(f1) and so s € T(f1— fa). Now (f1— fa) —s.c7
(fi—fo) —axu*xp =b*xv*py. Bylemma 4.2.2 v % py —gn vk py —v*py =0.

Case s =t: Since both p; and p; reduce the same term in f we have HT(u % p;) =
uHT(p) =t = vHT(py) = v«HT(p3). In particular ¢ is a multiple of lem(HT (p;), HT (p2)).
Let t = w lem(HT (p1), HT(p2)), v = wv’ and v = wu'. Then LSP(py,p2) = @' x u’ x p; —
b x v xpo for 0 # a',b' € K. Furthermore w x LSP(py,ps) = w* (@' xu' xpy — b %0 xps) =
(wxa xu')xp; — (w0 *0")xpy = (a"wu' + hy) * p; — (B"wv" + hy) * py = a"wu’ % p; —
V" wv' * pg + hy * p1 — hg * po = au x py — bv x Py + hy * p1 — ho * po. Where h; < u and
hs < v by proposition 3.2.5. By this

fi—fo=axuxp —bxvkpy=w*LSP(p1,pa) — hy % p1 + ho * po.

Now by lemma 4.2.2 w+LSP(py, p) —1,¢» 0. For the second and third sumand hy*p; < t,
ho*pe < t and so by induction assumption h; xp; —>gr 0 and ho *py —> g 0. By twofold
application of lemma 4.3.7 w x LSP(py, p2) — hy * p1 + hg % py —>¢n 0.

Both cases show that ——qr is locally confluent and so G is a Grébner base. By as-
sumption of the proposition LSP(p;,p;) —¢ 0. so there exists h € R such that
LSP(pi,pj) —>¢ h. This shows that G,G’,G" satisfy the assumptions of lemma 4.3.3
which finally proves that G is a Grobner base. O

In commutative polynomial rings, the following lemma can be proven without knowing
that —7% is confluent on ‘smaller polynomials’. In case of solvable polynomial rings the
proof seems not to hold. However f % p € ideal(P), and if P is a Grobner base, then
f *p —5 0 by theorem 4.6.2(3).

Lemma 4.7.2 Let P C R be a Gréobner base. For all f € R, p € P we have fxp —} 0.
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4.8 Right Reduction

In this section we introduce right reductions and discuss their relation to left reductions.
For the right reduction we face the following problem: to reduce e.g. the polynomial b.X;
we must find a € K such that bX; = c,aX; where X; x a = ¢q;aX; + p;; by axiom 3.2.1.
In other words, for any b € K we must find a € K such that b = c,;a. This requires that
the endomorphisms «; : K — K, a — ¢,;a must be surjective. Since we have already
shown that each of this endomorphisms is injective in case K is a domain, we require «;
to be bijective and hence to be an automorphism.

So from now on we will make the global assumption that the o; (1 < i < n)
are surjective (hence automorphisms) whenever we consider right ideals and
right reductions.

Let R =K{Xj,...,X,;Q,Q'} denote a solvable polynomial ring.

Definition 4.8.1 (Right Reduction) Let p € R, t € T. Then the right reduction
—rip © R X R is defined as follows:

For f,f' € R, t € T(f), f —w1p [ iff there exists w € T such that t =
u-HT(p) =HT(p*u) and
ff'=rf-pxau,

where a,, € K* is the unique element of K* such that coeff(t, f) = coeff(t, p x
ayl).

By construction t & T(f'). If for certain f, t no such u exists, then t in T(f) is called
irreducible wrt. p. —,, and —, p for a subset P C R are defined like the respective
definitions for left reductions.

This definition requires that

1. HT(p) divides ¢ in the commutative sense and
2. the head term of p *x u is equal to t,

3. furthermore a, must be determined in a way that the coefficient of ¢ in f is equal
to the coefficient of £ in p x a,u.

Now (1) is constructive by comparing exponents of powers of X; in ¢ and in HT(p) (which
also determines u) and (2) holds by proposition 3.2.5. Furthermore (3) can be satisfied,
since all endomorphisms «; : K — K with a — ¢4;a are by assumption surjective. Note
that (3) may be hard to satisfy algorithmicaly and only under further restrictions on the
automorphisms «;, e.g. the condition that «; = idk.
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Lemma 4.8.2 Letpe R,ue T, a € K" and let t = HT(p*u). Then p* au —,,, 0.

Proof: By proposition 3.2.5 we have p * au = cup + h with ¢ = HT (up) = wHT(p). Let
a, = a then coeff(t, p x au) = coeff(t,p * a,u). So cup + h — (p * a,u) = 0 as claimed. O

Lemma 4.8.3 Let f,p € R, t € T(f). Then f is left reducible by p erasing t iff f is
right reducible by p erasing t.

Proof: Under these conditions, we know that t = HT(s « HT(p)) = sHT(p) for s € T
and that coeff(t, s x p) # 0 <= coeff(t,p* s) # 0. And the coefficients can be determined
such that coeff(t, f) = coeff(t, ass x p) = coeff(t,p x as). O

Lemma 4.8.4 (Right Translation Lemma) Let f,g,h, f', ¢, € R, P C R (finite).
If f=g+h and h —] p I then there exist f' and g' such that f —p f', g —7p ¢’
and f'=¢g +h'.

Proof: As in the left case. O

Lemma 4.8.5 Let f,g€ R, P C R (finite). If f —g —7p 0 then f |, pg.

4.9 Right Representations
Recall that ideal,(P) denotes the right ideal generated by P C R.

Definition 4.9.1 Let I = ideal.(P) be a right ideal in R, generated by a finite subset
P=A{p1,...,pr} of R. Then any f € I has a right representation (with respect to P):

k
f= Zp*h'p:zpi*cisia
i=1

peP

where h, € R, ¢, e K*, s, €T and p; € P for 1 <i <k.
Again note, that the p; need not be distinct.

Lemma 4.9.2 Let P be a finite subset of R, f € R with f € ideal,(P). Then f has a
representation of the form

k
f:Zpi*Si*Ci,
=1

where ¢; € K*, s; € T and p; € P for 1 <i<k.
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Proof: Since f € ideal,(P), f has a representation f = S-F | p;xb;s; with b; € K*, 5, € T
and p; € P for 1 <i <k.

The proof is by Noetherian induction on v = max{HT(p;xs;) : 1 <i < k} where p; *b;s;
are not jet of the desired form, and J = {i : HT(p; xs;) = v,1 <i < k}.

Assume first |J| = 1 and assume without loss of generality £ = 1 with v = HT(py x s1) =
HT(p;), that is s; = 1. Then let ¢; = by and f = py % s1 % ¢ is the desired representation.

Now assume that |J| > 1 and assume without loss of generality £ = 1 with v = HT(py*sy).
By proposition 3.2.5 and surjectivity of the endomorphisms K — K a + ¢,;a there exists
c| € K* with $1 % ¢; = bysy + hy with b 7£ 0 hy <4 S1, hi € R.

Now py * hy <7 HT(py * 1) and p; * hy = f' € ideal,(P), so by induction assumption f’
has a representation f' = YK pf % s}« ¢}, where ¢, € K*, s, € T and p}, € P for 1 <i < &'
Then bys, = s, % ¢; — S5, pl * 8} % ¢} is a representation of bys; in the desired form.
Furthermore for f' = Y%, p; * b;s; we have |J'| < |J| and by induction assumption we

may assume that f’ has a representation f' = Y pl x 57 x ¢”. Combining the two

. . ! " .
representations we obtain f = p; x sy ¥ ¢, — Sb_, ph* shx ch+ X5 pl x5 % ¢ as claimed.
O

The relation between right reductions and membership in right ideals is contained in the
following lemma.

Lemma 4.9.3 Let f,g € R, P C R, P finite. Then f <—p g if and only if f —g €
ideal,(P).

Proof: As for the left cases 4.4.2, 4.4.5. O

As for left reduction there is an algorithm, which computes for any element f € R its
right normal form.

Lemma 4.9.4 For any finite F C R and any f € R one can compute g € R such that

1. f—}p g and f — g € ideal, (F).

2. g 1is irreducible modulo F'.

Proof: We give an algorithm which computes ¢ in table 4.4.

Partial correctness follows from the definition of reduction and lemma 4.8.3. Termination
follows from the well-foundedness of the < quasi-order on R as in the case of left normal
form. O
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Algorithm: RNF(f,F)
Input: f € Rand F={f1,..., fr} C R.
Output: g € R satisfying the conditions (1) and (2) of the lemma.
begin D <~ HT(F). g « f.
while Js € D with s | ¢ for some t € T'(g) do
Let p € F with HT(p) = s. Let u € T with t = su.
Determine ¢ € K*, such that coeff(¢, g) = coeff(t, p * (cu)).
g g—p*(cu).
end.
return(g).
end RNF.

Table 4.4: Algorithm: RNF

4.10 Right Grobner Bases

Incorporating the definitions of the right reduction right standard representations and
right S-polynomials (RSP) we may obtain the right analogons of the left Grobner bases.
For completeness we state the theorem, but we omit the proofs.

Definition 4.10.1 Let G C R be a finite subset of R. If the right reduction relation
— . satisfies one of the conditions of definition 4.1.4 then G is called a right Grobner
base. (Since —, ¢ is Noetherian, by lemma 4.1.5 — ¢ satisfies all conditions of defi-
nition 4.1.4.)

Definition 4.10.2 (Right S-Polynomial) Let f,g € R, s,t,u,v,w € T, such that s =
HT(f), t = HT(g), w = lem(s,t), us = w and vt = w. Furthermore let a,b € K* such
that 1 = coeff(w, f * au) and 1 = coeff(w, g * bv). Then

RSP(f,g) = fxau—g=*bv

s called the right S-polynomial of f and g.

Note, that by proposition 3.2.5 both a and b are # 0 and so HT(RSP(f,g)) < w.
Note furthermore that RSP(g, f) = —RSP(f, ¢g) and RSP(f, g) € ideal,.(f, g) respectively
RSP(f, g) € ideal,(P) for any set P such that f,g € P.

Theorem 4.10.3 Let G be a finite subset of R, then the following assertions are equiva-
lent.

1. G is a right Gréobner base.
2. Forall f,g € R, if f — g € ideal,(GQ) then f |.c g.
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For all f € ideal,(G), f —7 5 0.

For all 0 # f € ideal,(G), f —c [

For all 0 # f € ideal,(G), there exists g € G such that HT(g) | HT(f).
All0 # f € ideal,(G) have a right standard representation wrt. G.
For all h € H with H = {RSP(f,g) | f,g€ G, f#g}, h—s0.

o RS & e

For all h € H, C H, such that Hy satisfies the condition (BBEC) (with respect to
right S-polynomials) of lemma 4.5.8, h — 4 0.

If the right ideal is contained in the left ideal, then we have the following proposition:

Proposition 4.10.4 Let G be a left Grébner base such that ideal,(G) C ideal;(G). Then
G s also a right Grobner base.

Proof: Let f € ideal,(G). Since G is a left Grobner base, every f € ideal,(G) C ideal;(G)
is left reducible modulo GG. Then f is also right reducible modulo G by proposition 4.8.3.
This shows by theorem 4.10.3(4) that G is a right Grébner base. O

4.11 Two-sided Grobner Bases

Recall that ideal;(P) denotes the two-sided ideal generated by P C R. And that R =
K{Xi,...,X,;Q,Q'} denotes a solvable polynomial ring.

Definition 4.11.1 Let I = ideal;,(P) be a right ideal in R, generated by a finite subset
P=A{pi,...,pr} of R. Then any f € I has a representation (with respect to P):

k

I,

f= th*p*gpzzcisi*pi*cisia
peP i=1

where hy, g, € R, ¢;,c; € K*, 55,8, € T and p; € P for1 <i<k.

Proposition 4.11.2 Let P be a subset of R. Then the following are equivalent:

1. ideal,(P) C ideal;(P),
2. ideal;(P) = ideal,(P),
3. Forallce K, seT,pe P, pxcs € ideal(P),

4. Forallce K, 1<i<n,p€P, pxc¢€ideal,(P) and p x X; € ideal)(P).
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Proof: (1) = (4) follows since for all f € P C ideal;(P) f * ¢ € ideal,(P) C ideal;(P)
and f % X; € ideal,(P) C ideal;(P).

(4) = (3) follows by induction on the structure of s. Let ¢s = ¢ then pxcs = p*c and by

assumption p * ¢ € ideal;(P). Let s = X' - ... -X;j with 1 < j < n minimal with e; > 1.
Then pxcs = pxeX{t ... -X;jfl -Xj;and pxes =pxcXit-. .. -X;jfl * X ;. By induction
assumption f =px X' -, .- X;j_l € ideal;(P). So f has a left representation wrt. P:

f= Zle cisi*pi. Now fx1X; = Ele c;s;*p;* X and by assumption p; * X; € ideal;(P).
This shows p x cs = f * X € ideal;(P) as claimed.

(3) = (2): clearly ideal;(P) C ideal,(P). To prove the inverse inclusion let f € ideal,(P),
Then f has a representation in the form f = Y% ¢;s;%p;xcist. So from p;*cis) € ideal;(P)
it follows that ¢;s; * p; * c}s; € ideal;(P) and consequently f € ideal;(P).

(2) = (1) follows, since ideal,(P) C ideal;(P) = ideal,(P). O

Note, that claim (4) is not a finite set of conditions if K is an infinite field, since ¢ runs
through all elements of K in p x c.

However if K is finitely generated over its center and the center of K lies in the centralizer
of the variables of R, then the conditions (4) of proposition 4.11.2 are equivalent a (finite)
set of conditions.

Lemma 4.11.3 Let R = K{Xi,..., X;;;Q,Q'} be a solvable polynomial ring. Assume
furthermore, that

1. K is finitely generated by C = {¢y,...,c} over its center:

K={ > X : Necen(K),c €K,k < oo}

2. and cen(K) C ceng(Xy,...,X,).
Then the following conditions are equivalent:

1. Forallce K,1<i<n,p€ P, pxcé€ideal(P) and p* X; € ideal;(P).

2. Forallce C,1<i<n,p€ P, pxcéeideal)(P) and p* X; € ideal(P).

Conditions (1) are the conditions (4) of proposition 4.11.2.

Proof: (1) = (2) follows, since C' C K.

(2) = (1): We have to show px*c € ideal,(P) for all ¢ € K. Since K is finitely generated
over is center, we have ¢ = > _; . Ni¢; with \; € cen(K), ¢; € C for 1 <i < k.

.....
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Furthermore by cen(K) C ceng(Xj, ..., X,) we have

prec = px( Y, N¢)

Now by assumption of (2) all p x ¢; € ideal;(P) for 1 < i < k, so also the sum is in the
left ideal. This shows that p % ¢ € ideal;(P) as claimed. O

We remark, that if the variables commute with the coefficients and the coefficients com-
mute among themselves the set of conditions (4) of proposition 4.11.2 is also equivalent a
(finite) set of conditions.

Lemma 4.11.4 Let R = K{X;,...,X,;;Q,Q'} be a solvable polynomial ring. Assume
furthermore, that

K is commutative and K C ceng(Xy,..., X,).
Then the following conditions are equivalent:

1. Forallce K,1<i<n,p€ P, pxceideal)(P) and p* X; € ideal;(P).

2. Foralll <i<mn, p€ P, pxX; € ideal(P).

Condition (1) is the condition (4) of proposition 4.11.2.
Proof: By assumption p x ¢ = ¢p, so clearly p x ¢ € ideal,(P) if ¢p € ideal;(P). O

Lemma 4.11.5 Let G be a left Grobner base in R, then ideal)(G) = ideal,(G) implies
ideal,(G) = ideal;(G).

Proof: Clearly ideal,(G) C ideal;(G). Then assume for a contradiction that A =
ideal;(@) \ ideal,(G) is non-empty. Let f € A be minimal with respect to the qua-
siordering < on R. By assumption f € ideal;(G) and by theorem 4.6.2(6) f has a left
standard representation f = Ele cisi xp; with ¢; € K*, s, € T, p; € G for 1 < i < k.
Now observe that by the product lemma 3.2.5 ¢ = HT(¢;s; * p;) = HT(p; * ¢;s;). So
by the automorphism assumption (for ay) for right ideals there exists 0 # d; € K with
HC(¢;s; * pi) = HC(p; * dic;si). Let fl = ¢;s; % p; — p; * dics;, then HT(f]) <t < HT(f).
Since p; € G we have f] € ideal;(G) and by assumption f/ € ideal;(G). Furthermore by
minimality of f we have f] € ideal,(G). This implies ¢;s; *xp; = fl +p; *d;c;s; € ideal,.(G).
So f € ideal,(G), which contradicts the choice of f and so proves the lemma. O

Recall, that — denotes left reduction and that —, right reduction.
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Theorem 4.11.6 Let G be a finite subset of R. Then the following assertions are equiv-
alent:

1. G is a left Grébner base and ideal;(G) = ideal,.(G),
. G is a left Grobner base and ideal;(G) = ideal,(G),
. Forall f,g € R with f — g € ideal,(G): f | g modulo G.

. For all0 # f € R with f € ideal,(G) f is left reducible modulo G,
. G s a left Grobner base and for all0 #ce€ K, 1 <1 <n,pe G: pxcX; — 0,

2
3
4. For dll f € R with f € ideal,(G): f — 0,
5
6
. For all0 # f € R with f € ideal,(GQ) there exists g € G such that HT(g) | HT(f).
8

. G is a right Grébner base and ideal,(G) = ideal;(G),
9. G is a right Grébner base and ideal,(G) = ideal,(G),
10. For all f,g € R with f — g € idealy(G): f |. g modulo G.
11. For all f € R with f € ideal,(G): f —% 0,
12. For all0 # f € R with f € ideal,(G) f is right reducible modulo G,

153. G is a right Grobner base and for all0 #c € K, 1 <1< n,p € G: cX;*xp —, 0,

Proof: The equivalence between (1) and (2) follows from the foregoing proposition 4.11.5.
The equivalence between (2), (3), (4), (5) and (7) follows from theorem 4.6.2.
The equivalence between (2) and (6) follows from the proposition 4.11.2.

(8), (9), (10), (11), (12) and (13) are the right hand analogues of (1) — (6) and are
equivalent by the same reasoning.

Finally (5) and (12) are equivalent by lemma 4.8.3. O

Definition 4.11.7 A finite subset G of R is a two-sided Grobner base, if it satisfies the
equivalent conditions of theorem 4.11.6.

Note again, that the conditions (6) and (13) are not finite if K is not finite. So in order to
obtain an algorithm which computes a two-sided Grobner base we have to restrict ourself
to solvable polynomial rings R = K{X;,..., X,;Q,Q’}, where K is finitely generated
over its center and the center of K is contained in the centralizer of the variables of R.
Or we have to impose the restriction, that the coefficients commute with the variables.

The proof of the following theorem presents the modified Buchberger algorithm for con-
structing two-sided Grobner bases.
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Theorem 4.11.8 (Construction of two-sided Grébner bases)
Let R = K{X\,...,X,,;Q,Q'} be a solvable polynomial ring over a computable field K
and with respect to a decidable term order. Such that

K is finitely generated over its center and cen(K) C ceng(Xq,..., X,),

Then for any finite F C R one can construct a two-sided Gribner base G of ideal,(F).

Proof: We give an algorithm which computes a two-sided GB in table 4.5. Let K be
generated by C' = {cy,..., ¢} over its center.

Correctness follows e.g. from theorem 4.11.6(6) together with lemma 4.11.3 in case of
condition (1) or with lemma 4.11.4 in case of condition (2). Termination follows from
Dickson’s lemma 3.1.1. O
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Algorithm: TSGB(F)
Input: F = {fi,..., fr} C R, where R satisfies conditions (1,2) above.
Output: A two-sided Grobner base G of ideal;(F').
begin G < F.
B+ {(f,9) : f,g€F, f#g}
while M # () do Let h € M.
M + M\ {h}.
p < LNF(h, G).
ifp#£0
then B« BU{(f",p) : f' € G}.
G <+ GU{p} end.
end.
while B # () do Let (f,g) € B.
B« B\{(f,0)}.
h < LSP(f,g).
p < LNF(h, G).
if p#£0
then B+ BU{(f,p) : fe€G}.
G+ GU{p}. i« 0.
while : <n do ¢ < i+ 1.
J 0.
while j < k do j « j + 1.
q < LNF(p * ¢; X;, G).
ifqg#0
then B« BU{(f,q) : fe€G}.
G < G U{q} end.
end.
end.
end.
end.
return(G).
end T'SGB.

Table 4.5: Algorithm: TSGB



Chapter 5

Applications

In this chapter we discuss the ‘classical” applications of Grobner base theory, as there are
elimination ideals, residue class rings, generators for syzygy modules, ideal intersection,
homogeneous ideals and partial Grobner bases. Most applications are straight forward
to develop, only homogeneous ideals need some more attention, since the x-product does
not respect homogeneity of the polynomials. Fortunately in one of the most interesting
applications, namely modules over solvable polynomial rings, the homogenous methods
can be used.

Finally we treat bases for subalgebras of solvable polynomial rings. We show that the
tag variable method is not applicable for subalgebra base construction, since the tag
variables must satisfy certain commutator relations, which in general do not define a
solvable polynomial ring. As in the commutative case the bases constructed by completion
procedures may no more be finite. Even worse, we could only show, that there exists a
semi-decision procedure for the solution of the subalgebra membership problem.

5.1 Reduced Grobner Bases

In this section let R = K{Xj, ..., X,;Q,Q'} be a solvable polynomial ring with respect
to an admissible, x-compatible term order < over a field K.

Definition 5.1.1 Let P C R. Recall, that P is called monic if for eachp € P, HC(p) = 1.
P is called reduced left (right, two-sided) Grébuner base if P is an autoreduced monic left
(right, two-sided) Grébner base.

The existence of autoreduced Grobner bases, generating a prescribed ideal, follows from
4.3.6. Dividing each polynomial by its head coefficient shows, that there exists also
reduced Grobner bases. The following lemma states that reduced Grobner bases for a
given ideal are unique relative to a given term order.

97
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Lemma 5.1.2 Let P, ) be a finite subsets of R such that both P and @ are reduced
left Grébner bases. If ideal)(P) = ideal;(Q)) then P = Q. The same holds for right and
two-sided Grébner bases.

Proof: Let PAQ = (P\Q)U(Q\P). Assume for a contradiction, that PAQ # (), and let
0 # f € PAQ with minimal head term, e.g. f € P\ (). Since both P and @) are reduced
left Grobner bases and f € ideal;(P) = ideal;(Q) we have f —¢ 0. So there exists
g€ Q, (sog# f), with HT(g) | HT(f). Since g # f we see ¢ € @ \ P. By minimality of
f we must have HT(f) = HT(g) since otherwise g € PAQ with HT(g) < HT(f).

If HT(g) = HT(f), then also HC(g) = 1 = HC(f) and since f — g € ideal;(P) we have
f —g —7% 0. This either shows f = g which implies f € ) again a contradiction, or
f # g; then there exists s = HT(f — g) € T(f) UT(g) with s < HT(f) = HT(g). But
then there exists ¢ € P with HT(q) | s, which shows that f or g are reducible with respect
to g € P\ {f,g}. Again a contradiction to the irreducibility of P.

For right Grobner bases the claim follows similarly and for two-sided Grobner bases G
recall that the two-sided ideal generated by G is equal to the left ideal generated by G.
O

5.2 Ring and Field Extensions

A useful property to note is the stability of Grobner bases under coefficient field extensions.
By lemma 3.3.7 we can also consider extensions of solvable polynomial rings by new
variables and ask how Grobner bases behave in such extensions.

Lemma 5.2.1 Let R = K{Xj,...,X,;; Q} be a solvable polynomial ring over a field K.
Let L be an extension field of K and let R' = L{X;,..., X,; Q} be a solvable polynomial
ring with commutator relations ) over the field L.

If G is a left (right) Grébner base in R with respect to a x-compatible admissible term
order < then G is also a left (right) Grébner base in R' with respect to <. If L is moreover
commutative, then if G is a two-sided Grébner base in R with respect to a x-compatible
admissible term order < then G is also a two-sided Gréibner base in R' with respect to <.

Proof: G is a left Grobner base in R’ if all S-polynomials of elements of G are left
reducible to 0 wrt. G. Let h = LSP(f,g) for some f # g € G then h € R C R' and
h —% 0 in R and so also in R'. A similar arguments holds for right S-polynomials and
right reduction. Furthermore for c € K C L and 1 <1 < n we have g*cX; — 0, either
by construction in R or since L is commutative and by assumption the elements of L \ K
commute with the variables. So g * ¢X; —¢, 0 also in R'. O

Lemma 5.2.2 Let R = K{X;,...,X,;Q,Q'} be a solvable polynomial ring over a field
K with respect to a x-compatible admissible term order <. Let Yy, ...,Y,, be new variables.
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Let Ry = K{Xy,..., X, Y1,...,Y; Q1, Q' } be an extension solvable polynomial ring over
the field K with respect to a x-compatible admissible term order <' extending <.

Let G be a left Grobner base in R with respect to <. Then G is also a left Grobner base
in Ry with respect to <'. If the Y1,...,Y,, commute with the elements of K then also for
a right (two-sided) Grébner base G in R with respect to < G is also a right (two-sided)
Grobner base in Ry with respect to <'.

Proof: G is a left Grobner base in Ry if all S-polynomials of elements of G are left
reducible to 0 wrt. G. Let h = LSP(f,g) for some f # g € G then h € R C R; and
h —% 0 in R and so also in R;. A similar arguments holds for right S-polynomials
and right reduction. Furthermore under the stated restriction on the variables for Y7,
1<j<mand 0#ce€ K we have g Y, xc= (g xc) *Y; —¢ 0, in Ry by applying the
reduction in R. O

5.3 Elimination Ideals
In this section let R = K{Xj,...,X,;; Q,Q'} be a solvable polynomial ring.

Definition 5.3.1 Let R = K{X;,...,X,;Q,Q’'} be a solvable polynomial ring with re-
spect to a x-compatible admissible pure lexicographic ordering <. Let 0 < m < n and
define

R, =K{Xi,...,.X;Qm, Q" }

with Ry, = RNK[Xq, ..., Xn], Qn =QNK[Xq,..., Xp] and Q), = Q' NK[Xy,..., Xp].
Then R, is a solvable subring of R, since by definition of Qu, Q, and pi;, pu € Rm
fora € K, 1 < i < 7 < m and by the product lemma 3.2.5, R,, is closed under x
multiplication, where the pij, pq are from the commutator relations @, respectively Q'
R,, is called the m-th elimination ring.

In particular Ry = K and R, = R.

Lemma 5.3.2 Let R = K{X},..., X,;Q,Q'} be a solvable polynomial ring with respect
to a x-compatible admissible pure lexicographic term ordering <. Let 0 < m < n and let
R =K{Xi,..., Xn;Qum,Q,} be an elimination ring.

Let G be a (reduced) left Grébner base in R, G, = G N Ry,. Then G, is a (reduced) left
Grobner base in R, and

ideal;(G) N R,, = ideal;(G,,),

where the ideal on the right hand side is taken in R,,. The claim also holds for right or
two-sided ideals and (reduced right or reduced two-sided) Grébner bases.
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Proof: First we show that G,, is a (reduced) left Grébner base in R,,. Let f € R, N
ideal;(G) then f —;, f' for some ¢t € T'(f) and some g € G. Then HT(g) | t and by
the pure lexicographical order this implies ¢ < HT(g9) < t € R,, and so g € R,,. So
f —4 f' for some g € G, which shows the claim by the characterization theorem for
Grobner bases.

Next for f € ideal;,(G) N R, we have f —7% 0 and since Gy, is a left Grobner base also
f —¢. 0. This shows ideal;(G) N R, C ideal;(G},). The inverse inclusion follows since
Gm € GN R, and consequently in R,,: ideal,(G,,) C ideal,(G N R,,) C ideal,(G) N R,,.
A similar argumentation establishes the claim for the right and two-sided case. O

5.4 Residue Class Rings

Let R be a ring and let I be a left (right, two-sided) ideal, then R/I denotes the left (right)
R-module of the set of cosets of I together with the left (right) scalar multiplication and
addition of cosets defined as usual, respectively in the two-sided case the residue class
ring of R modulo the ideal I. In this section let R = K{X},..., X,;Q,Q'} be a solvable
polynomial ring.

Lemma 5.4.1 Let G be a (reduced) left (right, two-sided) Grébner base in R. Let
B={seT : HT(g) /s for all g € G}.

Let [s] denote the coset (residue class) of s € T modulo ideal, ,(G) respectively. Then

1. [B] = {[s] : s € B} is a K-basis of the (left, right) vector space R/ideal;, (G)
respectively.

2. The (left, right) vector space R/ideal;,(G) is finite dimensional iff for every 1 <
i < n there exists g; € G such that HT(g;) € T(X,).

Proof: We show the proof for left ideals, for right and two-sided ideals a similar proof
can be found.

(1) We show first that [B] is left linearly independent. Assume for a contradiction, that
for some pairwise different elements [s;] there exist non-zero a; € K such that

k
=1

)

1 < k < |B|. Then we have f = Zle a;s; € ideal;(G). Thus f is reducible wrt. G and
so some §s; is divisible by a head term of some polynomial of G. But this contradicts the
choice of s; as irreducible wrt. G.

Next we show that [B] spans the left vector space R/ideal;(G). Therefore let f € R
be arbitrary. Let f’ € R be an irreducible left reduct of f: f —¢ f'. Let f' =
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Sk | a;si, then each s; is irreducible wrt. G. This shows each s; € B and so [f] = [f'] =
S ¥ a[si]. Since R — R/ideal;(G) is surjective, we have shown, that every element [f]
of R/ideal;(G) has a representation as linear combination wrt. [B].

(2) If the condition on the head terms of the polynomials in G is fulfilled, then the total
degree of each s; € B is bounded. Since there are only finitely many terms s; € T with
bounded total degree, the number of elements of B is bounded, whence B is finite.

Conversely if for some 1 < ¢ < nno g € G exists with HT(g) € T'(X;), then T'(X;) C B.
Since T'(X;) is infinite, this implies that B is infinite too. O

Lemma 5.4.2 Let I = ideal,,(F) be a left (right, two-sided) ideal in R generated by
F. Then the (left, right) vector space R/ideal;,(F') respectively is finite dimensional
iff for every 1 < i < n there exists 0 # f; € ideal;,,(F) respectively such that f; €
ideal; .+ (F) N K[X;].

Proof: We show the proof for left ideals, for right and two-sided ideals a similar proof
can be found. Let B be a basis of R/ideal;(F'). If for some 1 < i < nno 0 # f € ideal;(F)
exists with f € ideal,(F) N K[X;], then T'(X;) C B. Since T'(X;) is infinite, this implies
that B is infinite too.

Conversely if for every 1 < i < n, there exists 0 # f; € ideal;(F) such that f; €
ideal;(F') N K[X;] then the total degree of each s; € B is bounded. Since there are only
finitely many terms s; € T with bounded total degree, the number of elements of B is
bounded, whence B is finite. O

In chapter 6 we present an algorithm, which for a given left Grobner base computes the
univariate polynomials in the left ideal of minimal degree, provided the conditions of the
lemmas are fulfilled. Here we state the existence of such an algorithm.

Lemma 5.4.3 Let R = K{X1,...,X,;Q,Q'} be a solvable polynomial ring over a com-
putable field K and with respect to a decidable term order. For two-sided ideals assume
furthermore that

K is finitely generated over its center and cen(K) C ceng(Xq,..., X,),

Let I = ideal,,(F) be a left (right, two-sided) ideal in R generated by F. Then there
exists an algorithm which decides if the (left, right) vector space R/ideal . ,(F) respectively
is finite dimensional and if so computes for every 1 < i < n polynomials 0 # f; €
ideal; . ,(F) respectively such that f; € ideal;, (F') N K[X;] respectively. Moreover the
algorithm determines the unique monic polynomial of minimal degree with these properties.

Proof: Let G be a left (right, two-sided) Grobner base of ideal; . ;(F') respectively. Then
by lemma 5.4.1 the (left, right) vector space R/ideal;, ;(F') respectively is finite dimen-
sional iff for every 1 < i < n there exists g; € G such that HT(g;) € T(X;). Clearly this
condition can be checked by an algorithm.
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Let [B] be a K-basis of the (left, right) vector space R/ideal;,;(G) respectively. Since
the vector space dimension is finite, the powers [X*], k € N, must be linearly dependent.
Now every [X*] can be represented as left (right) linear combination of the basis elements
in [B] using the left (right) normal form algorithm. So for k = 0,... a sequence of basis
elements for

{ (P11 [

can be computed and checked for linear dependence. Then the first linear dependence
0= ao[ X))+ a1[X}]. .. + ar[X]].
with a; € K, a; # 0 determines a polynomial
f=aoX) +a, X!+ ... +a,XF €ideal;(F) N K[X]]

That the degree of a polynomial so constructed is minimal is clear and if we divide f by
0 # ay then it is monic and consequently unique. O

5.5 Syzygies

In this section let R = K{X},...,X,;Q,Q'} be a solvable polynomial ring with respect
to a x-compatible admissible term order >.

Definition 5.5.1 Let S be a ring. P = {p1,...,pm} be a finite subset of S. Let
Mp = {(h1,...,hm) € S™ : hipi+ ...+ hupm = 0}.

Mp is called left module of syzygies for P. The elements of Mp are called left syzygies of
P. Right syzygies and two-sided syzygies are similarly defined as pM = {(hy,..., hy) €
S™ : pihi+ ...+ puhy =0} and MpM = {(hy, B, ... by, B) € SP™ 2 haph) + ...+
hmpmhl, = 0} respectively.

Definition 5.5.2 Let R be a solvable polynomial ring with respect to a x-compatible
admissible term order. P = {pi1,...,pm} be a monic left Grébner base in R. For
1<i<j<mlet

fij = LSP(pi,pj) = ajjuij * p; — bijvij * p;
be the left S-polynomials of all distinct pairs of elements of P; with 0 # a;j,b;; € K,
uij,vi; € T and HT(fi;) < HT (ui; % p;) = uiyHT (p;) = vi;HT (pj) = HT (v * p;).
Since f;; € ideal(P) and P is a Grébner base we have f;; —p 0. This reduction

determines a (standard) representation of fi; from which terms belonging to the same p;
can be combined to a polynomial qj:

m
fij = Z dijk * Dk
k=1
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with gijx € R and HT(qijx * pr) = HT (qijepe) < HT(fi;). Subtracting both representations
of fij we obtain a syzygy of P. More precisely let bjj = (rij1, ..., Tijm) € R™ with

Qijk k#i,j
Tije = Qijk — QijUij k=1
Gijk + bijvi; k=7

then B ={b;; : 1 <i<j<m} isaset of left syzygies of P.

Using right S-polynomials and right reduction we obtain a corresponding definition of
certain right syzygies.

Theorem 5.5.3 Let R be a solvable polynomial ring with respect to a x-compatible ad-
missible term order. Let G be a monic left (right) Grébner base in R and let B be the set
of left (right) syzygies as defined in 5.5.2. Then B generates Mg (¢M) as a left (right)
R-module.

Proof: We discuss only the left version, the right version is obtained using the respective
right representations. First we show B C Mg as already claimed in the definition of B.
Let G ={g1,...,9m} and let b;; € B then

m m
Yok kg = Do gk * gk + (gigi — aijuig) * gi + (gij; + bijvig) * g5
k=1 k=1,k#0,k#j

= Z Gijk * Gk + (—agug) * g + (+bijvig) * g;
k=1

= [fij + (—aijuij) x g; + (+bivij) * g;
= fij — LSP(gi, 95)
=0

This shows b;; € M.

Next we show that B generates M. Therefore assume for a contradiction, that B does not
generate M. Then there exists h € Mg such that h # 30, ;< Pij*bij for all p;; € R. Let
such a h = (hy,..., hy) be minimal in respect, that ¢t = max{HT(hy x g) : 1 <k <m}
is minimal (wrt. <7) and |J;| with J; = {k : HT(hy * gx) = t} is minimal.

Now Y7 hi * gx = 0 and so Ypcz, HM(hy, % gx) = Ypey, HC(hg * gi)t = 0, which shows
Jy =0 or |J;] > 2. If J; =0 then we are done, so assume J; # (). Let e,l € J; such
that ¢t = HT(he * g.) = HT(he)HT(g.) = HT(h))HT(g;) = HT(h; * ¢;). This shows
lem(HT (¢.), HT (g;))w" =t for some w' € T. Let LSP(ge, ¢i) = au * g. — bv * g;.

Let 0 # ¢ € K such that
coeff(t, he * go) = ¢ * coeff(t,w' x au * g). (5.1)

Let b/ = ¢ * w' x by (by componentwise multiplication), then ' € Mg since b, € M.
Then also A’ = (h},...,hl,) =h—V € M.

Let J] = {k : HT(h}, x gx) = t}, then we claim that |.J]| < |J;|:
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Case k # e,l: then HT(h} * gi) = HT (hy * g, —cxw'xbegx g) < max{HT (hyxgy), HT (c*
w'xbekxgr) } = t. Moreover {k # e, : HT (hjxgx) =t} = {k # e, : HT (hyxgx) =t}
by the product lemma 3.2.5.

Case k = [: then HT (k) * g;) = HT(h; % g1 — ¢ x w' % by % g;) < max{HT (h; * g;), HT (¢ *
w’ * bell * gl)} =t.

Case k = e: then HT(h] % g.) = HT (he * g — ¢ % W' % bee * go) < t since by construction
(5.1) t = HT(he * go) = HT (¢ % w' * beje * ge) and the coefficients of ¢ cancel in the
difference.

Now by minimality of A this shows that A’ has a representation as linear combination
by elements of B. But then h = h' + b’ has a representation as linear combination by
elements of B, a contradiction. O

We are now going to prove a ‘transformation’ lemma for syzygies with respect to different
ideal bases. The proposition was reported by [Zacharias 1978] for commutative polynomial
rings and was also stated in [Apel, Lassner 1988] for enveloping algebras.

Proposition 5.5.4 Let I be a left ideal in an unitary ring R and let F,G C R, F =
{fir- s fmts G ={g1,..., 9} such that I = ideal;(F) = ideal;(G). Let Y = (p;) with
pij €ER for1 <i<m, 1<j<land X = (q;) withg;; € R for1 <i<m, 1<j<I be
the transformation matrices between the F' and G:

fi = Y pijxg; 1<i<m
PR

g = >, qjxfi 1<j<I
i=1,....m

If we consider the F' and G also as vectors and denote matriz transposition by, we can
write more compactly: Gt = XF and F* = YG'. Let I, denote the m x m unit matriz.
Let Bg be a generator of Mg, then By (in block matriz representation) defined by

I, —YVX
Bp=["™
" (BGX>

18 a generator of Mp. If we adopt the convention to write the multiplicants of the sum-
mands of the entries of a product matriz in the right ideal and right representation case
in the reverse order, we also obtain

I —VX
B=[™ .
" (GBX>

Note that for a left Grobner base G, Y can be computed during the construction of G
and X can be computed by reduction of the f; € F wrt. G.
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Proof: We show first, that the rows of Br are syzygies:

I,—-YX I, Ft —YXF"! Ft—YGt Ft— F!
BpF' = Ft = - &) = — 0.
BgX B X Ft BaG? 0

Now we show, that the rows of Bp generate My: Let h € Mp, that is hEF* = 0. Since
F' = YG!, we have hYG' = 0 which implies that hY € M. Now Bg is a generator for
Mg and so hY is a linear combination of the Bg. So there exist a = (a4, ...,a;) € RF,
k = |Bg| such that

hY = aBg.

By back transformation with X we have hY X = aBsX and adding 0 = hl,, — hl,, on
the left hand side gives h(I,, — I,, + YX) = aBsX. So

I, -YX
hzh([m—YX)+aBGX:a'< B.X )za'BF
a

with @’ = (h1, ..., hm, a1, ...,a;) € R™*. The right case is handled similarly. O

Theorem 5.5.5 Let R be a solvable polynomial ring with respect to a x-compatible admis-
sible term order. Let G = {g1,...,gm} be a subset of R such that ideal;(G) = ideal;(G).
(By theorem 4.11.6 this condition is in particular fulfilled if G is a two-sided Grobner
base.) Let MgM be the set of two-sided syzygies and let wy = (hi, b}, ..., hm, hl,) € S?™.
By proposition 4.11.2 we have ideal;(G) = ideal,(G) if and only if ideal,.(G) C ideal;(G).
So for 1 < i < m we have g; x b} € ideal;(G) and consequently there exist fi; € S, for
1 <i,j <m such that g; by = 37 fij* g;. Let Bj =Y hix fij for 1 <j <m and let
w; = (h1y..., hy) € S™. Then

wy € MgM <= w; € Mg.

Proof: Let G = {g1,...,9m} and let w, = (hy, b\, ..., hy, hl) € MgM. For 1 <i <m,

my 'om

gi * h; € ideal;(G). So let f;; € S, for 1 <i,7 < m such that g; * h;, = >y fij x gj. Let

hj =Y hi* fij for 1 < j < m and let w;, = (hi,...,hy) € S™. Then the following
equivalences hold

Zhi*gi*h;:() = Zhi*(Zfij*gj):()
=1 7j=1

=1

i=1 j=1

j=1 i=1
m —

< > hj*xg;=0.
7=1

This shows w; = (hy, ..., hy) € Mg if and only if w, € MgM. O
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Grobner bases for Bg

Let I = ideal;(G), G = {g1, ..., g} and let Bg be a generator of the module of syzygies
Mg.

One may ask, if given h € R¥ is h € Mg ?.

The easy solution is to compute b = hy % g; +. ..+ hi * g and to check if b = 0. An answer
including more information would be to represent h as a linear combination of the Bg.
To solve this problem we should have a reduction relation and a Grébner base GB(Bg)
for the module of syzygies, such that

Then examining the reduction steps would provide the representation of A as linear com-
bination of the GB(B¢) and hence of Bg. This problem is discussed in the subsection on
partial Grobner bases in the next section.

5.5.1 Ideal Intersection

In this subsection we are going to reformulate the ideal intersection problem as syzygy
problem. We remark that the ‘tag variable’ method to determine the ideal intersection
known for commutative polynomial rings does also apply here, since tag variables are
only substituted by 0 and 1 respectively (and 0,1 € cen(R)). So we do not have to setup
commutator relations for the new variables in such a way, that the resulting polynomial
ring might be no solvable polynomial ring.

The main fact, using syzygies, is contained in the following lemma.

Lemma 5.5.6 Let S be a solvable polynomial ring. Let Fy = {f1,...,f,} € S, Fy =
{g1,...,9s} C S and let F = Fy UFy. Then

ideal;(F7) Nideal;(Fy) = ideal,(P)

where P = {py,...,pr} C S with p; = Y/ hijfij for 1 < j < k = |Bp| and
(hijs- - hejy Wy - By;) € Bp. The same holds for right ideals and right syzygies.

Proof: Let I = ideal;(Fy) Nideal;(Fy). Furthermore let My be the module of syzygies
of F' and Bp be a set of generators for the module of syzygies of F'. Then the following
equations hold. I =ideal;(Fy) Nideal;(Fy) ={p € S : p € ideal)(F}) and p € ideal;(F3)}

= {pes : p:Zhi*fiandp:Zh;*gi, hi, h; € S}
i=1 i=1

=1 =1 =1
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= {pES : p:Zhi*fifOI'(hl,...,h,«,hll,...,h;)GMF, hl,hQGS}

i=1

= {pes :p= Zh"*pj where p; = z:h”fZ for
j=1

(hijs- oy heg B BL) € Br, hl],h;J,h;’eS}.

The last equality holds, since My is generated by By as left S-module:

k

(hiy... by by Z s (higy ooy hegy By, B)
in the notations as above and w] €S. Sowehavep =37 | hyxfi =>" (Ek L wixhij)* f;
= Z?Zl wikx(Yr_y hijxf;) = J L w;*p; as claimed. The right ideal case is proven similarly.

O

Left common multiples

A special case of the ideal intersection problem is the question of the existence of left
common multiples for two elements. That means, given a,b € S (solvable polynomial
ring), do there exist b',a’ € S such that

ba=ad'b ()

It is known (cf. 8.2.3) that this problem is always positively solvable in a Noetherian
domain. If the ideal membership problem is solvable in such a ring, then the proof of
this fact can be adapted to obtain an algorithm for the computation of such left common
multiples.

An other method to determine left common multiples is to consider the equation (x) as

an ideal intersection problem
SanSb=0 ?

or directly as a syzygy problem
V'a—a'b=0.

The last way is persued and discussed e.g. in [Apel, Lassner 1988|.

5.5.2 Ideal Quotient

In this subsection we are going to define ideal left quotients and show how ideal quotients
can be computed using syzygy methods.

Definition 5.5.7 Let S be a ring. Let I C S be a left (right) ideal, and let J C S be a
subset of S. Then the set

IyJ =1{heS : hgelforall ge J}
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is called the left ideal quotient of I by J. The right ideal quotient of I by J is defined
stmilarly and is denoted by I -, J.

Iy J is a left ideal of S, since for hig € I, hog € I and f € S also (hy — hy)g € I
and fhig € I (because I is a left ideal) for all g € J. If I is a left ideal generated by
a finite subset F' = {f1,..., fi} of S, i.e. I = ideal;(F), then ideal,(F) ;; J = {h €
S exists hy,...,hy €S, with hg = hy % fy + ...+ hy % f for all ¢ € J}. Respectively
for right ideals (with F' as before, I = ideal,.(F)) we have ideal.(F) :, J = {h € S
exist hy,...,hy € S, with gh = fyxhy + ...+ fr.x hy forall g € J}.

If G is a subset of S and I is a left (right) ideal in S, then

I4G=()1u{g}, respectively I: G=()I: {g}.
geG geG

This identity holds, since e.g. for left ideals hg € I for all ¢ € G if and only if h € I ;; {g}
for all g € G. In particular for finite G = {gy,...,gx} wehave I 31, G = N;—; 1 1 ur {0i}-

Having reduced the problem of determination of ideal quotients to I :;, {g} (which we will
simply denote by I 3, ¢g) we now solve this problem using syzygies for solvable polynomial
rings S.

Lemma 5.5.8 Let S be a solvable polynomial ring. Let I = ideal)(F') be a left ideal in S
generated by a finite set F = {f1,...,fe} C S andlet g€ S. Let F' ={g, f1,..., [r} and
let Brr be a generating set for the module of left syzygies of F'. If we let

H={heS : exists hy,...,hy € S, with (h,hy,..., hy) € Bp},

then ideal;(H) = ideal)(F) :; g. A similar result holds for right ideals and right syzygies.

Proof: “C” For h € H there exists (h,hq,...,h;) € Bpr, which by definition of B

implies hg+hy f1+. ..+ hi fr = 0, which implies hg = —hy fi —...—hg fr. So hg € ideal,(F)
and consequently h € ideal;(F) :; g.
“D” For h € ideal)(F) :; g we get hy,...,hy € S with hg — hify — ... — hefr, = 0

following the above way backwards. This shows that (h,hy, ..., hy) € Mg, the module
of left syzygies of F'. Since My is generated by B, i.e. every element of My is a linear
combination of elements of Bp. So we see that there exist in particular for the first
component polynomials ¢y, ..., g, € S such that h = g1h| +...+ g, h,, with h},... Al €
S from the first component of elements from Bp.. This shows that hl,... , h] € H and
so h € ideal;(H), which completes the proof. O

Since we have seen, that for solvable polynomial rings S (under the usual computability
conditions) there exists an algorithm to compute a basis for the module of syzygies By
for any finite F' in S and since we can compute ideal intersections in S, we see that there
is also an algorithm to compute left (right) ideal quotients for any finite set of elements
of S.
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5.6 Homogeneous Ideals

In this section we consider partial left (right, two-sided) Grébner bases over solvable
polynomial rings. Partial Grobner bases are Grobner bases, where S-polynomial reduction
to zero is restricted to some degree interval. We first recall some definitions and properties
about graded structures. Then we discuss partial reductions and partial Grébner bases.
The presentation is adapted from [Becker, Weispfenning 1992].

As usual let S = K{X1,...,X,;Q,Q'} be a solvable polynomial ring, with respect to an
admissible x-compatible ordering, over a field K.

5.6.1 Gradings and Homogeneity

Definition 5.6.1 By a grading v of a polynomial ring K[X7, ..., X, ]| with set of terms
T we mean a monoid homomorphism

v:(T,1,-) — (N,0,+).

This means that v is a mapping from T to N such that v(1) =0 and y(s-t) = y(s) +v(t)
for s,t € T. For polynomials 0 # f € K[Xy,...,X,]| we define the v-degree of f, which
will also be denoted by v(f), as

V() = max{y(t) : teT(f)}.

For solvable polynomial rings S = K{Xi,..., X;Q,Q'} we define the y-degree of 0 #
f €S by the y-degree of f as element of K[ X1, ..., X,].

Let S = K[Xy,...,X,] be a polynomial ring over K in n variables with terms 7. A
grading v on T" with weights aq,...,a, € N can be defined as

y(t) = (X7 X)) = avy + .+ agly,

where ¢t = X" ... X}» € T. Moreover since vy is a homomorphism between (7, 1,-) and
(N,0,+) any grading on T arises from a linear form. In fact let y(X;) = a; € N for
1 < i < n then we have

Y(XTX) = (X)) 4+ (X)) v = v L ap .

This also shows that s | ¢ implies v(s) < y(t) for all s,t € T.

Since a solvable polynomial ring over a domain is a domain by the product lemma 3.2.5
we have:

Y(fg) =v(fxg) =v(f) +(9)

for all 0 # f,g € S. By definition of the degrees of polynomials it holds also that
v(f +g) < max{y(f),7(g)} for all 0 # f,g € S.
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We call an element f of S homogeneous of degree d if for all t € T(f) we have v(t) = d
and we call it homogeneous if for all ¢, s € T'(f) we have v(t) = v(s). So every polynomial
f of S can be represented as a (finite) sum of its homogeneous components:

f:wa

1eN

where each f; is homogeneous of degree i. An left (right, two-sided) ideal I in S is
called homogeneous if it is generated by homogeneous elements. One can prove, that
I is homogeneous, iff with each f € I it contains every homogeneous component of f.
Homogeneous ideals are denoted by ideal!(F).

A representation or standard representation of a polynomial f € S with respect to a
set, of homogeneous polynomials P defines a homogeneous representation or homogeneous
standard representation of f with respect to P.

Note that contrary to commutative polynomial rings homogeneity is in general not pre-
served under the x-product in solvable polynomial rings.

Example 5.6.2 Let S = K{Xj,...,X,;;Q,Q'} be a solvable polynomial ring over K
in n variables with commutator relations Q@ and Q'. The polynomials X; and X; are
homogeneous, but their product X; x X; = ¢;;X;X; + pij € Q 1is not homogeneous if
pij # 0 and v(pij) # v(ci; X;X;). Also the polynomials a and X; are homogeneous, but
X *a = cqaX; + po; € Q' is not homogeneous if pa; # 0 and y(pai) # V(Caia X;).

This suggests the following definition:

Definition 5.6.3 Let S = (S, x, <) be solvable polynomial ring with x-product and term
order <, then a grading v on S is called homogeneity compatible with x ¢f for all 0 #

f,ge S

f and g homogeneous implies that f * g is homogeneous.

Example 5.6.4 Let S = K{Xy,...,X,,Y1,...,Y;: Q,Q} be a solvable polynomial ring
over a field K, such that the variables Y; commute with each other and with all X; for
1<j3<mandl <i<n and the commutator relations between the X ’s do not contain
any Y'’s. Then we define v(X;) =0 for 1 <i<n, y(a) =0 for 0 # a € K and vy(Y;) =1
for 1 < j < m. Then clearly v(f xg) = 0 =~(f) + v(g) for all 0 # f,g € S which do
not contain any Y'’s. Let x1y1, 22y € T(Xy, ..., Xp, Y1,...,Yy) be terms with x1, 29 €
T(Xy,...,X,) and y1,y2 € T(Y1,...,Yy). Then we have (z1y1) * (x2y2) = (21 * 22)(y12)
and for the degrees we have y((z1y1) * (2212)) = Y((T1%22) (Y112)) = V(@1 %32) +7(y192) =
0+v(y1y2) = (Y1) +7(y2) = v(x191) +7(22y2). So the degrees of polynomials 0 # p,q € S
and the degree of their product pxq depends only on the degrees of the commuting variables.
This shows that if p and q are homogeneous, then their product p x q is homogeneous.
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We conclude this subsection with some remarks about the relation between a grading and
a term order.

Let S be (solvable) polynomial ring with term order <, then a grading v on S is called
compatible with < if for all s,¢t € T

v(s) <Hv(t) = s<t.

Let S be (solvable) polynomial ring with term order <, and let y be a grading on S. Then
there exists a term order <’ on S such that v is compatible with <’. To see this, define
the term order <’ on T as follows:

v(s) <7(t), or

!
s<'t <— {7(8):7(’5) and s < t,

where s,¢t € T. But note that <" may not be *-compatible.

5.6.2 Partial Grobner Bases

We are new prepared to state the main results of partial Grobner bases. Throughout this
subsection let S = (S, %, <) be solvable polynomial ring with *-product and x-compatible
admissible term order < and a grading v on S which is homogeneity compatible with x
and compatible with <. We state the claims only for left ideals and left reduction, but
using the previous subsection and the results from chapter 4 on right and two-sided ideals
and right reductions it can be seen, that the claims also hold in the right and two-sided
cases with the respective modifications.

Lemma 5.6.5 Let S be solvable polynomial ring with a x-compatible admissible term
order < and a grading v which is homogeneity compatible with x and compatible with <.
Let {0} # P C S (finite), let d € N and let 0 # f,g,p € S with v(f) = d.

1. Ifp is homogeneous and f —, g then y(p),v(g) < d. If moreover f is homogeneous,
then g is homogeneous with v(g) = d.

2. If all elements of P are homogeneous and f —% g then v(g) < d and y(p) < d
for all p € P which occur in the reduction. If moreover f is homogeneous, then g is
homogeneous with v(g) = d.

3. If all elements of P are homogeneous and f has a standard representation wrt. P
then v(p) < d for all p € P which occur in the standard representation of f.

Proof: 1) By definition of the left reduction and the properties of the homogeneity
respecting grading . 2) The claims on P follow by induction on the length of a reduction
sequence. 3) Follows, since in the standard representation f = Y, s;p; we have vy(s;xp;) <
v(f) because HT(s; * p;) < HT(f). O

Especially for S-polynomials we note:
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Lemma 5.6.6 Let S be solvable polynomial ring with a x-compatible admissible term
order < and a grading v which is homogeneity compatible with * and compatible with <.
Let 0 # f,g € S be homogeneous and let LSP(f, g) # 0. Then LSP(f,g) is homogeneous
and

v(LSP(f, 9)) = 7(lem(HT(f), HT(g))).

Definition 5.6.7 Let F' C S be a subset of a solvable polynomial ring with a x-compatible
admissible term order < and a grading v which 1s homogeneity compatible with * and
compatible with <. For d,e € N define

F(d,e)={feF : d<~(f) <e}

and F(d,o0) = {f € F : d < ~(f) }. For finite FF C S let the d-restriction of the
reduction relation be defined as

—rqF = —F N S(O,d)2

We are now going to give characterizations of confluent homogeneous reduction relations
in a solvable polynomial ring by ideal membership tests, standard representations and
S-polynomials.

Definition 5.6.8 Let S = K{X1,...,X,;Q,Q'} be a solvable polynomial ring, with re-
spect to an admissible x-compatible ordering, over a field K and with a grading v on S
which is homogeneity compatible with x and compatible with <. Let G C S be a finite sub-
set of homogeneous polynomials of S and let d € N. If the left reduction relation —4 ¢
satisfies one of the conditions of definition 4.1.4 then G is called a left d-Grobner base.
(Since — 4 is Noetherian, by lemma 4.1.5 —>q4 ¢ satisfies all conditions of definition

4.1.4.)

Theorem 5.6.9 Let S = K{X,...,X,;Q,Q'} be a solvable polynomial ring, with respect
to an admissible x-compatible ordering, over a field K and with a grading v on S which
s homogeneity compatible with * and compatible with <. Let G C S be a finite subset
of homogeneous polynomials of S and let d € N. Then the following assertions are
equivalent.

1. G s a left d-Grobner base.

2. Forall f,g € S(0,d), if f — g € ideal;(G)(0,d) then f lic g-

For all f € ideal(G)(0,d), f —5 0.

For all 0 # f € ideal)(G)(0,d), f —ac f'-

For all 0 # f € ideal)(G)(0,d), there exists g € G such that HT(g) | HT(f).

S =B W

All f € ideal)(G)(0,d) have a homogeneous standard representation wrt. G.
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7. For all h € H(0,d) = {LSP(f,g) : f,g€ G, f#g}(0,d), h —} 0.

8. For all h € Hy, C H(0,d), such that Hy, satisfies the condition (BBEC) of lemma
4.5.8 for —q,q reduction, h —3 ¢ 0.

Proof: (1) = (2): Let f,g € S such that f — ¢ € ideal;(G)(0,d). Then lemma 4.4.5
together with lemma 5.6.5(2): f +—7 5 9. By (1) —4,¢ has the Church-Rosser property,
so [ laG 9.

(2) = (3): Specialise g = 0 in (2).

(3) = (1): We show that —4¢ is confluent. Let f, fi, f» € S such that f —, fi
and f —7 5 fo, that is fi <=} fo. By lemma 4.4.2 together with lemma 5.6.5(2)
fi — fo € ideal;(G)(0,d) and by (3) fi — fo —} ¢ 0. From this by lemma 4.2.6 together
with lemma 5.6.5(2) fi lac fo-

(3) = (4): By definition of — .
(4) = (3): Assume 0 # f € ideal;(G)(0,d) is minimal such that not f —7 ; 0. Now

by (4) f —ae [ with f' € ideal;(G)(0,d) by lemma 4.4.2 together with lemma 5.6.5(2).
However by definition of f: f' —7 ; 0 and so f —7 ; 0 a contradiction.

(5) = (4): By definition of left head term reduction.

(3) = (5): Assume 0 # f € ideal;(G)(0,d) and let f —%; 0 for some k& € N. Let
1 < m < k minimal, and let ¢ € G such that f,, —4:,4 fm+1 where t = HT(f). By
definition of reduction this shows that HT(g) | HT(f).

(3) <= (6): follows from the equivalence of claims (1) and (2) in proposition 4.5.5
together with lemma 5.6.5(2,3).

(3) <= (7): follows from the equivalence of claims (1) and (2) in proposition 4.5.9
together with lemma 5.6.5(2,3).

(3) <= (8): follows from the equivalence of claims (1) and (3) in proposition 4.5.9
together with lemma 5.6.5(2,3). O

The proof of the following theorem presents the Buchberger algorithm for constructing
d-Grobner bases.

Theorem 5.6.10 (Construction of left d-Grébner bases)

Let S = K{Xy,...,Xn;Q,Q"} be a solvable polynomial ring, with respect to an admissible
x-compatible ordering, over a field K and with a grading v on S, with given computable
weights, which is homogeneity compatible with * and compatible with <. For any finite

F C S of homogeneous polynomials one can construct a left (right) d-Grébner base G of
ideal;(F')(0,d) (ideal,(F)(0,d)).

Proof: We give an algorithm which computes a left d-G'B in table 5.1. If we replace the
left normalform algorithm LN F' by the right normalform algorithm RN F' we obtain the
algorithm RHGB for the computation of a right d-Grébner base.

Correctness follows from theorem 5.6.9(7), since upon termination all S-polynomials in
S(0, d) reduce to zero. Termination follows from Dickson’s lemma 3.1.1. O



114 CHAPTER 5. APPLICATIONS

Algorithm: LHGB(F,d)

Input: F = {f,..., fr} €S with each f; homogeneous, d € N.
Output: A left d-Grobner base G of ideal;(F)(0, d).

begin G < F.

B« {(f,9) : f,9€ F, f#g}
while B # () do Let (f,g) € B.

B+ B\{(f,9)}
if 0 < (lem(HT(/), HT(g))) < d
then h' < LSP(f,g).
h < LNF(/, G).
if h #0
then B+ BU{(p,h) : p € G}.
G < GU{h} end.
end.
end.
return(G).
end LHGB.

Table 5.1: Algorithm: LHGB

5.7 Modules over Solvable Polynomial Rings

In this section we consider free left (right, bi) modules over solvable polynomial rings.
Again we remark, that the results of this section also hold for right and bi-modules over
solvable polynomial rings with the respective modifications.

Let S = K{X},..., X,;; Q, @'} be asolvable polynomial ring, with respect to an admissible
x-compatible ordering, over a field K. Let M = S™ be a free left S-module with canonical
basis wq,...,uy,. First we need to introduce some notation about generating sets of
submodules.

Definition 5.7.1 Let M be a R-module. We say a left (right, two-sided) sub module is
generated by a set N, N C M f it is of the form:

module,(N) = { Y rja; : r; € Rya; € N, A finite },
ieA

respectively module,(N) = { Y,caairi : 1 € Rya; € N, A finite }, module,(N) =
{ Yieamiais; : 13,8 € Rya; € N, A finite }. If N = {ay,...,a,} C M is finite, then we
write also module, 4(ay,. .., a,) for module;, (N).

We can ask the same questions as for polynomial rings: Let N = module;(ay,...,ax) be
a left submodule of M generated by aq, ..., a,
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givena € M,isae N ?
given a finite generating set of a submodule N, is there a canonical basis for
N ?

The questions are answered using the method of partial Grobner bases form section 5.6.
To apply these we need some preparations.

In the commutative case, where S = K[Xj,...,X,], we can embed the free module
M = S™ = module(uy, . .., u,,) into a polynomial ring with m additional variables:

S™ o— SV, L Y] =KXy, ., X Y, Y] = S
w = Y, 1<i<m.

With the restriction of the multiplication in S,,,, to polynomials from S with polynomials
from S,,,,,. Moreover there are several ways to order the variables, e.g. X; <Y}, Y; < Xj
or according to some ‘weights’. This way has been persued e.g. by [Moller, Mora 1986].
There is also a way proposed by [Armbruster, Kredel 1986] where the embedding into an
extended polynomial ring is not required.

In the non-commutative case we can also embed a solvable polynomial ring S =
K{Xi,...,X,;Q,Q'} into an extended solvable polynomial ring

Snm = K{Xl, L XY, Y Qnma Q;"Lm}

In this case we have to specify commutator relations between the X; and the Yj: the Y's
commute with each other and with all X's and with all coefficients. By lemma 3.3.7 this
ensures that S, is really a solvable polynomial ring.

Furthermore we must define a grading v on S,,,,, such that v is homogeneity compatible
with respect to *. As suggested by example 5.6.4 we do this by defining v(X;) = 0 for
1 <i<mn, ya =0for0#ae Kandy(Y;) =1for1 <j < m. Then clearly
v(fxg) = 0 = ~(f) +7(g) for all 0 # f,g € S. Also for homogeneous elements
0 # u,v € Spm, u* v is homogeneous, since all Y's commute with the X's and with each
other. So we have proved

Lemma 5.7.2 Let S = K{Xy,...,X,;; Q,Q'} be a solvable polynomial ring over a field
K with commutator relations @, Q' and a *-compatible term order <. Then there exists
an extended solvable polynomial ring

Sum = K{X1, .., X0, Y1, o, Vis Quuny Qo

and a grading v, which is homogeneity compatible with respect to x, such that the free left
module S™ can be embedded into S,,,

S™ < Spm
fui — fY: feS, 1<i<m.
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More precisely we have

112

S™ {9 € Spm + v(9) =1} U {0}
Z fivi Z [iYs,

1<i<m 1<i<m

with v(fi) =0 for f; € S and v(Y;) =1 for 1 <i < m.

As usual we will identify S™ with its image in S,,,,,. Now all results of partial reductions
are available for free left modules over solvable polynomial rings.

In particular for finite subsets N of S™ there exists a left submodule Grobner base G of
module;(N), since by theorem 5.6.9 for homogeneous left ideals there exists a left partial
1-Grobner base for N in S,,,.

Furthermore we can find bases for the modules of syzygies for a left submodule of 5™,
since we can apply a partial version of the algorithm which generates the left module of
syzygies for a solvable polynomial ring.

Combining all this methods, we can also find resolutions (free resolutions if they exist,
or resolutions up to a given bound) for left modules over solvable polynomial rings by
iterating the computation of modules of syzygies.

5.8 Subalgebra Bases

In this section we consider subalgebras of solvable polynomial rings. Let S =
K{Xi,...,X,;Q} be a solvable polynomial ring, where the coefficients commute with
the variables, with respect to an admissible x-compatible ordering, over a commutative
field K.

As with Grobner bases in the case of ideals in S we look for canonical bases F' for
subalgebras R of S. That means bases, such that for a suitable reduction relation f € R
if and only if f —7}, 0.

In the commutative case there are three approaches:
1. the tag variable method of [Shannon, Sweedler 1988|,
2. the term rewriting method of [Kapur, Madlener 1989] and

3. the standard representation method of [Robbiano, Sweedler 1988].

The tag variable method can be used to determine subalgebra membership by ordinary
reduction (wrt. Grobner Bases) of suitable ideals. This method can not be carried over
to solvable polynomial rings since it requires, that the ordering of the tag variables can
be changed deliberately. This in turn requires that the tag variables commute with the
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other variables, which is not the case. More precisely an examination of the respective
proofs show that for tag variables ¢y, ..., %, a homomorphism ¢:

K[Xl,...,Xn,tl,...,tm] — K[Xl,,Xn]

is required, where fi,..., f,, denote the generators of the subalgebra. Now ¢ is a homo-
morphism between solvable polynomial rings if and only if the t; and the f; satisfy the
same commutator relations. So

Xjxty =X, + X5+ fi — fix X (%)

must hold. This in general does not define commutator relations for the ¢; which satisfy
axioms 3.2.1(3). This follows since the term order must be choosen such that ¢; < Xj, in
turn this requires that we have X; x f; — f; * X; < Xj, which is obviously not guaranteed
for arbitrary polynomials f;.

However the tag variable method can still be applied to determine subalgebra bases for
the center of a solvable polynomial ring, provided a set of generators for the center is
given. Or it can be applied if the commutator relations (x) for the newly introduced
variables can be satisfied for a particular set of generators.

The latter two methods have the disadvantage, that the constructed subalgebra bases may
not be finite. More precisely the existence of a finite (canonical) subalgebra base depends
on the term order, and there are subalgebras which do not have finite (canonical) subalge-
bra bases with respect to any term order. However this methods can (to a certain extend)
be carried over to solvable polynomial rings. Unfortunately the completion procedure for
the construction of subalgebra bases is only finite for fixed degree bounds. It provides
therefore not a decision procedure for subalgebra membership as in certain commutative
cases. It provides only a semi-decision procedure, in the sense, that if some polynomial
is an element of a subalgebra, then a subalgebra base can be constructed, such that this
polynomial reduces to zero wrt. this base.

The methods 2 and 3 rely both on the possibility to find algorithmically positive solutions
of linear diophantine equations. There are several works on this topic, but we include
only one reference to [Clausen, Fortenbacher 1989] which should be generally available;
for further references see also the above cited articles.

To proceed we need first some definitions, then we discuss a suitable reduction relation,
standard representations and finally the subalgebra base construction.

Definition 5.8.1 Let F' C S, with F = {fi}ien. Let f = fj, * fj, %...x f;, be a word with
ji € A for 1 <i<k. Let Jy = {ji}1<i<k (Jy is called an indexed set), then we define

J Jr
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Forle Nlete,=e(Jr)={i : | =ji,ji € Js}|. Thenlet £ = |Js| and let E = E(Jf) =
(e1(Jf), .. e Jr)) and define for the commutative product of the f;

FE=T[FE =T FPV) =] FPD = foro o £

As usual the empty products are defined to be 1, Fy = F'=1.
[1% F and FE will be our preferred notation.

Definition 5.8.2 Let F' C S be a subset of S. We denote the K-subalgebra of S gener-
ated by F' by
subalg(F) = K(F) ={ Y a;[[F : a; € K, A\, J; finite }.

1N Ji

We denote subalg(F') also by K-subalg(F') if we want to indicate the dependence on the
field K.

In other words we have K C subalg(F') and if f, g € subalg(F') then f — g and fx*xg €
subalg(F).

Lemma 5.8.3 Let F be a finite subset of S, let J be an indezed set and let E = E(J).
Then there ezists 0 # c € K and h € S such that

[[F=c][F"+h,
7
with h < HT(IT FP). In particular HT([T} F) = HT([T F'F).

Proof: By induction on |.J| using the product lemma 3.2.5. O

5.8.1 Subalgebra Reduction

Recall that reduction of a term ¢ from a polynomial f means, that a suitable multiple
of some other polynomial is subtracted from f, such that the term ¢ disappears in the
difference. In case of subalgebra reduction we have the difficulty that we must represent
such a term as the head term of a product of some polynomials from the subalgebra.
The determination of such suitable polynomials can be done by solving systems of linear
diophantine equations generated by the required relations between the exponents of the
head terms of the involved polynomials. We define now a suitable reduction relation in
subalgebras and discuss the decidability and computability of such a reduction relation.

Definition 5.8.4 (Subalgebra Reduction) S be a solvable polynomial ring, let F =
{fi}iea be a subset of S and lett € T. Then —p C S X S denotes a subalgebra
reduction relation if
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for f.f €S, te€T(f) with f —r [, there exists

1. a finite subset F, C F with F, ={f; : 1<j<I},1>0, and
2. an indexved set J, = {j; : 1 <j; <l,i € A}, such that t = HT(I5, F}),
8. and 0 # a € K such that coeff(t, f) = a coeff(t, [T}, F})

and

f'=f—-a]]F.
Ji

By the product lemma 3.2.5 and the construction t ¢ T(f"). If for certain f, t no such
F, exists, then t in T(f) is called irreducible. F; is called a reduction set for t. We
furthermore define

f—rgif forsometeT: f—pg.

Since ax[[}, F; € subalg(F') we see that f— f' € subalg(F). Note furthermore that J; = ()
is allowed, so elements of the ground field K can always be reduced to zero.

Furthermore note, that any permutation m € S, of

fr(in) * - % [riy)

of the polynomials in the word f;, *...x f;, with ¢ = |.J;| could be taken for the subalgebra
reduction. (S, the group of permutations of a set of ¢ elements.)

Instead of the definition ‘f —; p ¢ if for some ¢t € T: f —, r ¢’ it would be sufficient
for our purposes, to add the restriction such that for not' € T witht' >t f —y p g. In
other words a term ¢ would be selected for reduction only if no ¢ with bigger head term
could be taken. But matters will not be much more complicated, so we stay with the first
definition.

The other concepts like irreducibility and the reflexive and transitive closure of the subal-
gebra reduction relation are defined as for (abstract) reduction relations (cf. 4.1.1). Also
autoreduced bases are defined as in the ideal case.

Lemma 5.8.5 Let S be a solvable polynomial ring, let F' = {f1,..., fm} be a finite subset
of S and let t € T. Then there exists an algorithm which determines if t is subalgebra
reducible with respect to F'.

Proof: Let S have n variables Xi,..., X, and let ¢t = X7*' ... X¢". Furthermore let the
set of head terms of F' be {t; = X" ... X : t;, = HT(f;), 1<i<m }.

Then by definition 5.8.4 ¢ is subalgebra reducible with respect to F'if there exists natural
numbers dy, ..., d,,, such that ¢t = [[,_; % Comparing exponents of equal variables
this condition leads to a set of n linear diophantine equations for the d;:

o oeydi=ey, 1<j<n.
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Together with the conditions 0 < d; <e, 1 <i < m where e = max{e;; : 1 <j <n}.

Now using an algorithm which can solve the problem of positive solutions of linear dio-
phantine equations (see e.g. [Clausen, Fortenbacher 1989]) we can solve the subalgebra
reduction problem. O

Note, that the problem for finding the d;’s (1 < ¢ < n) in the conditions in the above proof,
is a special instance of the so called ‘knapsack problem’. Both the ‘linear diophantine
equations’ and the ‘knapsack’ problems are known to be NP-complete.  For a survey on
NP-complete problems see e.g. [Garey, Johnson 1978].

Lemma 5.8.6 Let S be a solvable polynomial ring with a x-compatible admissible term
order <. Then for every subset F' C S the reduction relation — is Noetherian.

Proof: First by definition of the reduction relation f —; ¢ this says, that g =
f —all}, F; for some 0 # a € K and a reduction set F;. Furthermore ¢ = HT([T}, F})
by the product lemma 3.2.5, so any new term in ¢ is smaller than ¢ in the quasi-order
induced by the term order <. This implies that f > ¢ and then the claim follows by the
well-ordering of >. O

Lemma 5.8.7 Let F C S. Then for any finite subset F' = {fi1,..., fr} of F' and any
finite indezxed set J there exists a subalgebra reduction

HF’ —)t,po
J

where t € T is the head term of [T} F'. Moreover if F is finite, such a reduction can be
found in a finite number of steps.

Proof: By proposition 3.2.5 we have p = [T} F' = cF'"P+h = cq+h with t = HT([T} F') =
HT(F'¥). This shows, that there exists a subset F, of F' and a indexed set .J, (namely
F, = F'" and J; = J) such that ¢ is reducible. Then with a = 1 we have coeff(t,p) =
a * coeff(t, p) and so c¢q + h — (a *p) = 0 as claimed.

To construct such F; and J; we may examine all subsets of the finite set F' to determine
first all finitely many possible solutions of t = HT (F"F) by an algorithm for the solution of
linear diophantine equations. Then we may check all J’ such that £ = E(J') if subalgebra
reduction to zero is possible. O

The following two important lemmas deal with properties of sums of polynomials under
reductions.

Lemma 5.8.8 Let f,g,h, f',¢g',h € S, FCS. If f =g+ h and h —} h' then there
erist f' and ¢' such that f —% f', g — 5 ¢ and f' =g + 1.
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Proof: The proof is similar to the proof of lemma 4.2.5. Let h —7% h' be equal to
h —% ' for some k € N. The proof is by induction on k. For k = 0 let f’ = f and
9=y

For k > 0 let h —% R’ be equal to h —% " A" —, » h'. For some t € T(h") and
reduction set Fj. By induction assumption there exist polynomials f”, g" with f —h !
f", g —% " g" such that f” = ¢" + h". Let h' = h" —cxp for p = [}, F, and
some ¢ € K with ¢ = HT(p) and coeff(¢, h”) = ¢ * coeff(t,p). Let ¢i,co € K such that
coeff(t, f") = ¢ x coeff(t, p) and coeff(t, g") = ¢3 * coeff(t, p) (possibly ¢; = 0 or ¢; = 0).
Let f' = f" —c1%p, ¢ = ¢" — co % p. This defines two reductions: " —,p f' and
g" —p g'. Since f" = ¢" + 1" we have ¢; = ¢y + c and so f' = ¢’ + h'. By construction
and induction assumption f —h ' f" —, p f/ and g —% ! ¢" — r ¢', which proves
the lemma. O

For the special case h' =0 we have f'=¢' i. e. flrg:

Lemma 5.8.9 Let f,ge S, FCS. If f —g—%0 then f lrg.

5.8.2 Reductions and Subalgebra Membership

In this subsection we will show, that reductions do not lead outside a subalgebra and give
algorithms for subalgebra reduction.

Lemma 5.8.10 Let f,g€ S, F C S. If f «+—7%. g then f — g € subalg(F).

Proof: Let f «+—% g be equal to f <% ¢ for some k € N. The proof is by induction
on k. For k=0, ¢g= f and f — g = 0 € subalg(F).

For k > 0let f «—% g be equal to f «—% " f,_| «—p fi = g. By induction assumption
f— fr—1 € subalg(F). Now fr_1 —p g or ¢ —> fr_1 for some reduction set F;. Thus
9= fre1—ax*xpor fr_y =g—axpforsomea € Kandsomet €T, p=1I[}F. In
both cases fr_1 —g = faxp € subalg(F). In combination with the induction assumption
f—9=(f—fre1) + (fxe1 — g) € subalg(F) which proves the lemma. O

Lemma 5.8.11 Let F be a subset of S. For all f,g € S, if f — g € subalg(F) then there
exists a subalgebra reduction f <—7}; g.

Proof: If f — g € subalg(F) then by definition f — g = 5 | ¢; * [15, Fi, where ¢; € K
and F; C F for1 <i<k.

We prove f <—7. g by induction on k. For £k = 0, f = g and the claim is trivial. For
k > 0 let

k—1 * *
f=gd=Ff—(g+> c*][[F)=c*]]Fs
=1 Ji Jr
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By lemma 5.8.7 there exists a subalgebra reduction ¢ *[]} Fy —r 0 and by lemma 5.8.9
flr g, thatis f «+—% ¢g'. Now ¢ —g = XF ¢ « [T5. Fi and by induction assumption
g' <% g. Combining both results we get f <—7% ¢g. O

Next we give an algorithm which computes a subalgebra normal form.

Lemma 5.8.12 Let S be a solvable polynomial ring over a computable field and with
decidable term order. For any finite FF C S and any f € S one can compute g € S such
that

1. f—5% g and f — g € subalg(F).

2. g 1is subalgebra irreducible modulo F.

Proof: We give an algorithm which computes g in table 5.2.

Algorithm: SRNF(f,F)
Input: fe Sand F={f1,...,fr} CS.
Output: g € S satisfying the conditions (1) and (2) of the lemma.
begin g < f.
while exists Fy, J; for some t € T'(g) do

h « 117, F3.

c + coeff(t, h).

g+ qg—c ' h.

end.
return(g).

end SRNF.

Table 5.2: Algorithm: SRNF

F, denotes a reduction set of ¢ and J; denotes an indexed set such that ¢ = HT(h) =
[15, HT(F'). Partial correctness then follows from the definition of reduction.

Termination: Let {g;},—01,.. be the sequence of reduction vectors with g = f. Let
gi+1 = Gi — ai_l - h; be an immediate reduct of g;. Then we have g;,; < g;. Since < is a
well-founded quasi-order on S the reduction sequence must be finite {g;};—01. % O

g lyenny

Note that the lemma is also true if F' is an infinite set of polynomials such that for each
t € T there are only finitely many polynomials in F' with head term equal to ¢. This
holds, since there are only finitely many divisors of a term ¢ and consequently we need
only consider the finite set of polynomials with these divisors as head terms. However
this would require an algorithm which determines such a finite set of polynomials in a
finite number of steps. See [Robbiano, Sweedler 1988] for further discussion of reductions
by infinite sets. If there are infinitely many polynomials with the same head term, then
the lemma does not hold.
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As in the case of polynomial ideals, there is an algorithm to compute an autoreduced and
monic subalgebra base, where the concepts are defined as in the ideal case.

Lemma 5.8.13 Let S be a solvable polynomial ring over a computable field and with
decidable term order. For any finite F' C S one can compute G C S such that

1. subalg(F') = subalg(G),

2. G s autoreduced and monic.

Proof: As in the ideal case. O The algorithm will be called SRIRRSET.

5.8.3 Standard Representations

Definition 5.8.14 Let ' C S, f € subalg(F'). A representation

F=>call&,
o

i=1 ;

with ¢; € K, F; C F (finite), for all 1 < i < k is called a standard representation with
respect to F'if for all 1 < i <k the following condition is satisfied:

HT([ F) < HT(S)

Ji
The next lemma shows, that standard representations are preserved under multiplication.

Lemma 5.8.15 Let F' be a subset of S, let f € F and g = H”jg FeS. If f has a standard
representation wrt. F, then g x f and f * g have a standard representation wrt. F.

Proof: We show only the case g * f. Let f = Ele c; [T}, F; be a standard representation
of f, with ¢; € K, F; C F' and HT([T}, Fi) < HT(f) for all 1 <4 < k. Then

k *
gxf=> gxc ][ F
=1 Ji

Now the coefficients commute with the variables, so g % ¢; = ¢;g. This shows that

k * k * * k *
grf=Y cag*[[E=>Y allFx]lF=>allF.
=1 J; =1 Jg J; =1 Jlf

Since [j F' < HT(g) and [T}, F; < HT(f) we have [T}, F] < HT(gf). This shows that
g * f has a standard representation wrt. F' as claimed. The case f x g is proved similarly.
O
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Lemma 5.8.16 Let F' be a subset of S and let f € S. If f —73. 0, then f has a standard
representation wrt. F'.

Proof: Let f —% 0 for some k € N. We proceed by induction on k. For k = 0 we have
f = 0 as standard representation.

For k > 0 let f —p g —% ' 0. Assume by induction assumption ¢ has standard
representation g = Y8 ¢ [T}, Fi, with ¢; € K, F; C F, for all 1 <4 < k. By definition of
the reduction relation there exists ¢ € T'(f) such that we have f —, p g = f — c[I}, Fi
with ¢ = HT([T7, F}). So t < HT(f) and

*

* k
F=ellnyalln
Ji i=1

Ji

is a standard representation of f wrt. F. O

Lemma 5.8.17 Let F' be a subset of S, let subalg(F') be the subalgebra generated by F
and let [ € subalg(F). If all g € subalg(F') have a standard representation wrt. F then
f—%0.

Proof: Since f € subalg(F), f has a standard representation wrt. F: f = Y% ¢ [T, Fi,
with ¢; € K, F; C F forall 1 <i <k. Let I, = I,(f) = {i : 1 <14 <k HI(I}, F3) = t}.
We proceed by noetherian induction on ¢ = HT(f) and |I;|. Case f = 0, then trivially
f—%0.

Case f # 0, t = HT(f). Now I, # () since the representation is standard. Pick [ € I,
and define a reduction f —yr g by g = f — ¢[Ij, Fi, where 0 # ¢ € K such that
coeff(t, f) = ¢ coeff(t, [T, F1). Now HT(g) < HT(f) or |I;(g)| < |1:(f)|, by construction
g € subalg(F) and so by induction assumption g —% 0. Combining both reductions we
obtain f —; r g —% 0 as claimed. O

Proposition 5.8.18 Let F be a subset of S, let subalg(F') be the subalgebra generated by
F'. Then the following two conditions are equivalent:

1. For all f € subalg(F), f —7 0.

2. All f € subalg(F) have a standard representation wrt. F.

Proof: = Let f € subalg(F'), then by assumption f —%. 0 and by lemma 5.8.16 f has
a standard representation wrt. F'.

<= Let f € subalg(F'), by assumption all g € subalg(F') have a standard representation
wrt. F'. So by lemma 5.8.17 f is reducible to zero: f —} 0. O
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5.8.4 Superposition Polynomials

In analogy to S-polynomials in ideal theory we define now superposition polynomials.

Definition 5.8.19 Let F' be a subset of a solvable polynomial ring S. The superposition
polynomials are defined as

SUP-POL(F) = {p1—cp2 : p1,p2 €5, pIZHFhPQZHFQ;FICF;FQCFa
J1 Ja

HT(p1) = HT(p2), HC(p1) = cHC(p2),0 # c € K, }.

The superposition indexes are defined as
SUP-IDX(F) = { (Ji,J2) : p1—cpy € SUP-POL(F), p; = HthZ = HFZ }-
J1 J2
The superposition exponents are defined as

SUP-EXP(F) = { (e1,e2) : p1 —cps € SUP-POL(F), p; = [[ F1,po = [ P,
J1 J2
€1 = E(Jl),eg = E(JZ) }

We will continue to call the elements of SUP-POL(F') S-polynomials.

Note that by construction SUP-POL(F') C subalg(F'). Furthermore for p = p; — cps €
SUP-POL(F') we have by construction HT (p) < HT(p;) = HT(p2).

Lemma 5.8.20 Let F be a subset of S, let subalg(F') be the subalgebra generated by F.
Furthermore let H = SUP-POL(F'). Then the following assertions are equivalent:

1. all f € subalg(F') have a standard representation wrt. F,

2. all h € H have a standard representation wrt. F'.

Proof: = Since for h € H we have h € subalg(F), so h has a standard representation
wrt. F.

<= Let f € subalg(F) we may assume that f has a representation wrt. F":

k *

f= ZQHE:
=1 J;

with ¢; € K, F; C F for all 1 < i < k. Let s = HT(f) and let ¢t € T with ¢ =
max{HT (]}, Fi) : 1 <i <k }, where the maximum is taken with respect to the term
order on T. Let Iy = {7 : 1 <1 < k,HT(II}, F;) =t > s }. We show by noetherian
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induction on ¢t and on |[;|, that the representation can be transformed to a standard
representation. Case t = s, then |I;] = () and we have already a standard representation.

Case t > s, then since t ¢ T(f), we have |I;| > 2. Assume by induction, that the claim
holds for all ¢ with ¢t > ¢ > s and I} with |I]| < |I}|. Let m,n € I, m # n, I] = I, \ {m}.
Then consider ¢, [T Fy, + ¢, [T}, F, from the representation of f. Note that we have
HT(I15, Fn) = HT(II5, Fn) =t. So by definition of the elements of H = SUP-POL(F),
there exists 0 # ¢ € K such that h =TI’ F, —c[I; F, € H. So we can write

cmHFm + anFn = cm(HFm — cHFn) + (en — cm) HFn
Im Jn Jm Jn Jn

Now by assumption h has a standard representation wrt. F', say h = Z, 1 Ci HJ, F!. So
we can rewrite f as

fo= cmHF +anF + Z c,HF

i#n,m

= cm(HFm—cHFn)+ n — CCrm, HF + Z CZHF

i#n,m

k' *
= > e, [IF] + (cn — cem HF + Z clHF
=1 !

i£n,m

For this representation we have now |Ij| < |I;] — 1 since ¢ > HT(h) > HT([I}, F}) for
1 <" < K'. Now by induction assumption we can find a standard representation for f
which completes the proof. O

Proposition 5.8.21 Let F' be a subset of S and let subalg(F') be the subalgebra generated
by F'. Then the following assertions are equivalent:

1. for all f € subalg(F), f —7% 0,
2. for all h € H = SUP-POL(F), h —3 0.

Proof: (1) = (2): Since for h € H we have h € subalg(F’) and by assumption h —3, 0.

(2) = (1): By assumption all h € H, h —3}, 0. By lemma 5.8.16 this implies that
all h € H have a standard representation wrt. F'. By lemma 5.8.20 this implies that all
f € subalg(F) have a standard representation wrt. F'. So by lemma 5.8.17 f is reducible
to zero: f —3 0. O

5.8.5 Generation of Superposition Polynomials

Define the concatenation operation ‘||’ on indexed sets J as follows:
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Definition 5.8.22 Let Jl, J2 be indexed sets. With J1 = {jil}lﬁilﬁku J2 = {in}lSiszz
and ki, ky € N. Then define the concatenation J = Jy||Jy as J = {j; }h1<i<k with

s jila i:ila léllékl

Ji= ina i:kl—i_i?) ISZQSkQ ’
where k = ki + ko.
Observe that || is associative and that ) is the neutral element with respect to ||. So the
set J of indexed sets J forms a non-commutative monoid. In particular SUP-IDX(F') the

set of superposition indexed pairs is closed under component wise concatenation and so
also forms a non-commutative monoid. This suggests the following definition

Definition 5.8.23 Let FF C S. A generating set for the critical indexed sets is a subset
B = SUP-IDX-BASE(F) of I = SUP-IDX(F), such that for every (.Jy,Jy) € I there exist
(Jlj,JQj) €B, 1 <7< k with

(J1,J2) = (Jir, Jar)| - - - [ (Jik, Jok),

where || denotes the component wise concatenation.

Definition 5.8.24 Let F' C S. The indexed generating superposition polynomials of F'
are defined as

SUP-IDX-POL-BASE(F) = { pi — ¢ps € SUP-POL(F) : 1‘[ Fopo=I[F,
J
(J1, JQ) € SUP—IDX—BASE( ) }

We will continue to call the elements of SUP-IDX-POL-BASE(F) S-polynomials.
Note that by construction SUP-IDX-POL-BASE(F') C SUP-POL(F) C subalg(F).

Lemma 5.8.25 Let F' be a subset of S and let subalg(F') be the subalgebra generated by
F. If all h € SUP-IDX-POL-BASE(F) have a standard representation wrt. F, then all
g € SUP-POL(F) have a standard representation wrt. F.

Proof: Let g € SUP-POL(F). Then we have g = p; —cpy with p; = [T}, F1, p2 = 17, F3,
HC(p1) = ¢ HC(p2), HT(p1) = HT(p2), p1,p2 € S, 0 # ¢ € K and (J1, J5) € SUP-IDX(F).
Now SUP-IDX(F') is generated by B = SUP-IDX-BASE(F'), which means that there
exists there exist (Jy;, Jo;) € B, 1 < j < k with (J1, J2) = (Ji1, J21)| - - - | (S, Jox). Let
hj = aij — ¢ja; € SUP-IDX-POL-BASE(F) with ¢;; = IT5,, Fij, a5 = IT5,, Foy. By
assumption each element h; of SUP-BASE(F) has a standard representation

hi=11F;—cl[Fy= leFl

Jlj Jgj lj—l, ,k)
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So we write

I[Irn = ﬁ (ﬁFu)

Ji J=1,.k Jij
= H (CJHF2J+ > dzHE)
=Lk li=1,....k;
= H (CJHF2]> H ( > leﬂ)
j=1,...k F=1eek =1,k

= CIHF2+ Z leE

.....

HT(X,—1,. u di T}, F1). Furthermore since the head monomials in [17  Fi; — ¢; [T}, Fy;
cancel and the coefficients commute with the variables, we must also have that the head
monomials in [T} F1 — ¢'[I}, F> cancel, which in turn implies that ¢ = ¢/. Together
with lemma 5.8.15 this shows that 3, » d; I}, F' is a standard representation of g =

[T, F1 — cIIj, F», which completes the proof. O

So we get the following improvement of proposition 5.8.21.

Proposition 5.8.26 Let F' be a subset of S and let subalg(F') be the subalgebra generated
by F'. Then the following assertions are equivalent:

1. for all f € subalg(F), f —3% 0,
2. for all h € H = SUP-IDX-POL-BASE(F), h —% 0.

Proof: (1) = (2): Since for h € H we have h € subalg(F’) and by assumption h —7, 0.

(2) = (1): By assumption for all h € H, h —7}, 0. By lemma 5.8.16 this implies that
all h € H have a standard representation with respect to F'. By lemma 5.8.25 this implies
that all f € SUP-POL(F') have a standard representation wrt. F'. and so by lemma 5.8.20
this implies that all f € subalg(F) have a standard representation wrt. F'. So by lemma
5.8.17 f is reducible to zero: f —} 0. O

The next question is: can the set of required S-polynomials be reduced even further 7 We
show next, that a set of ‘commutative’ S-polynomials (as defined below) is not sufficient
as S-polynomials.

Let D = SUP-EXP(F). As for indexed sets we see that if (e, e3), (di,d3) € D and v € N
then also (e; +d;, es+dy) € D (by component-wise addition) and v (e, e5) = (vey, vey) €
D. This suggests the following definition

Definition 5.8.27 Let F' C S. A generating set for the superposition exponents is a
subset D = SUP-EXP-BASE(F) of D' = SUP-EXP(F), such that for every (e;,es) € D'
there exist (e1j,€9;) € D and v; € N for 1 < j <k with

(e1,e2) = Y (e, eq)).

j=1,..,k
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Note that by Dickson’s lemma 3.1.1 D is finite if F is finite, since then D’ C N2l and
so there exists a Dickson base for D’'.

Definition 5.8.28 The generating superposition polynomials are defined as
SUP-EXP-POL-BASE(F) = { p; — cp; € SUP-POL(F) :
P = ﬁF,p2 = ﬁF, e; = E(J1),es = E(J3),
(eq, 62;16 SUP—E?{P—BASE(F) }

We will continue to call the elements of SUP-EXP-POL-BASE(F') S-polynomials.

Note that by construction SUP-EXP-POL-BASE(F) C SUP-IDX-POL-BASE(F) C
SUP-POL(F') C subalg(F).

The following example shows, that in general SUP-IDX-POL-BASE(F’) can not be derived
from SUP-EXP-POL-BASE(F).

Example 5.8.29 Let S be a solvable polynomial ring over a field K and let F C S with
F=A{f1,f2 [3, f1, [5}. Assume that the polynomials do not commute with each other and
assume furthermore that

HT(f1*f2) = HT(f4*f5),
HT(f) # HT(f4),
HT(f,) # HT(f5),

and that the variables in the head term of f3 do not occur in the head terms of the other
fu, fos fa, f5- (Eog. HT(f1) = X7Xo, HT(f,) = X1 X5, HT(f3) = X3, HT(fy) = X, X3,
HT(f;) = X{X)

Then observe that for some 0 # ¢, ¢ € K

fix fo—cfsx fs € SUP-EXP-POL-BASE(F),
fixfa* fo— fux f3x fs & SUP-EXP-POL-BASE(F),
fixfaxfo—dfix fy* fs € SUP-IDX-POL-BASE(F).

The second statement follows, since neither

fi—c"fi € SUP-IDX-POL-BASE(F), nor
fo—c"fs € SUP-IDX-POL-BASE(F)

for some 0 # ", " € K by construction of the head terms. This shows that there exist
elements of SUP-IDX-POL-BASE(F') which can not be written as x products of elements
of SUP-EXP-POL-BASE(F).
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Using some notations from section 5.6 on graded structures, we obtain a construction
method for SUP-POL(F) up to any predescribed degree d € N. We will globaly assume,
that for a graded solvable polynomial ring S over a field K, with respect to a *-compatible
admissible term order < and with corresponding compatible grading -, the

grading v has positive weights only.

This ensures that for any d € N, the set of terms {t € T : 7(t) < d} with degree less than
or equal to d is finite. The finiteness of this set of terms is essential in the termination
proofs of the algorithms in the sequel.

Definition 5.8.30 Let S be a graded solvable polynomial ring over a field K, with respect
to a x-compatible admissible term order < and with corresponding compatible grading .
Let F be a subset of S. Then for d € N

SUP-POL(F,d) = {pi—cp> : pi,p2 €S, p1=[[Fi,po=][Fo. Fi CF,F>CF,
Ji

J2

HT(p;) = HT(p2), HC(p1) = cHC(p2),0 # ¢ € K,
Y(HT(p1)) = v(HT(p2)) < d }.

In slight abuse of notation the elements of SUP-POL(F, d) will be called S-polynomials of
degree d. (They are actually of degree less than or equal to d as polynomials.) Furthermore
let

SUP-IDX-POL-BASE(F, d) = SUP-IDX-POL-BASE(F) N SUP-POL(F, d).

Lemma 5.8.31 Let S be a graded solvable polynomial ring over a computable field K,
with respect to a x-compatible admissible and decidable term order < and with correspond-
ing compatible grading v, with given positive weights. Let F' = {f1,..., fm} be a finite
subset of S. Then there exists an algorithm which determines SUP-POL(F,d) and an
algorithm which determines SUP-IDX-POL-BASE(F,d) for any d € N.

Proof: The algorithm description for the construction of SUP-POL(F), d) is given in table
5.3.

In the very first step the elements of K are removed from F. This ensures that y(f) > 1
for any f € F. This is required to ensure termination and is no loss of generality since
elements of K are not necessary to construct S-polynomals. The construction is performed
in two steps

1. determination of SUP-EXP-BASE(F),

2. multiplication of elements of F' with elements of SUP-EXP-POL-BASE(F'), up to
degree d for the product and permutation of all polynomials in the corresponding
non-commutative product.
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Algorithm: SUPPOL(F,d)
Input: FF={f,...,fn} CS. deN.
Output: H = SUP-POL(F, d) a set of S-polynomials up to degree d.
begin F + F\ K.
D < a generating set for the solution of the systems of linear
diophantine equations from the head terms of the elements of F'.
D'+ { (e1,e5) € D : y(HT([IF*)) <d }.
D+ D'
repeat
D" + { (6’1,612) = (61 + (5ij)762 + (6ZJ)) : (61,62) en,
yHT(f;[1F)) <d, fie Fi=1,...,m }.
D« DuD". D+ D"

until D" = ().
J +— U { (Jl, JQ) : E(Jl) = e, E(JQ) = €9 } Jl, J2 indexed sets.
(e1,e2)€D

H + 0.

while J # () do Let (J1, J2) € J.
J J\{(Jl, JQ)}
pr < II), F. po < 1T}, F.
¢ < HC(p;)HC(py)™".
H<+ HU{p —cps }.
end.

return(H).

end SUPPOL.

Table 5.3: Algorithm: SUPPOL
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The first step (the second statement in algorithm 5.3) is solved as follows:

Let S have n variables Xi,...,X,. Furthermore let the set of head terms of F' be
{t; = X7 ... X o ¢, = HT(f;),fi € F, 1 < i < m }. Then by definition 5.8.19
(e1,e2) € SUP-EXP(F) if there exist natural numbers py, ..., ty,, and vy, ..., Vp,, such
that [Ty, 6" = [liz1...m, t;'- Comparing exponents of equal variables this condition

Yoo oeipi— Y, dygyi=0, 1<j<n
i=1,...,m1 i=1,...,m2
Together with the conditions 0 < p;, 1 <7< my, 0 <1y;, 1 <1< my. Now using an
algorithm which can solve the problem of finding positive solutions of linear diophantine
equations (see e.g. [Clausen, Fortenbacher 1989]) we can solve the S-polynomial construc-
tion problem.

The second step (the remaining statements in algorithm 5.3) is solved as follows:

Let H = SUP-EXP-POL-BASE(F') N SUP-POL(F,d). Now for every p € H, as long as
fp € SUP-POL(F,d) for some f € FF\K let H=HU{fp}. Since (also by assumtion on
the grading 7) the degree of fp increases at least by 1 this process must terminate. This
implies, that H is finite.

Let H = (). Now for all p € H, p = p; — cpy with p; = [[F,p, = [[F*, and
for all permutations of the indexed sets Ji,J, with e; = E(J;) and ey = E(J) let
p =115 F -1}, F (0 # ¢ € K appropriate) and let H' = H' U {p'}. Since H is
finite and the set of all permuations of finite sets is finite, this process terminates and
so H' is also finite. Clearly H' C SUP-POL(F,d). Also every p € SUP-POL(F,d) is
of the form p = p; — ¢po with y(HT(py)) < d and p; = [I5, F' with J; determined as
in the construction of the elements of H'. Finally, since SUP-POL(F,d) is finite, the
subset SUP-IDX-POL-BASE(F, d) can be determined by examination of the elements of
SUP-POL(F, d). O

5.8.6 Subalgebra Grobner Bases

We are going to give characterizations of confluent subalgebra reduction relations in a
solvable polynomial ring by subalgebra membership tests, standard representations and
S-polynomials.

Definition 5.8.32 Let S be a solvable polynomial ring over a field K, with respect to a
x-compatible admissible term order <. Let F' C S be a subset of S. If the subalgebra
reduction relation —>p satisfies one of the conditions of definition 4.1.4 then F is called
a subalgebra Grobner base. (Since —p is Noetherian, by lemma 4.1.5 —p satisfies all
conditions of definition 4.1.4.)

Theorem 5.8.33 Let S be a solvable polynomial ring over a field K, with respect to a *-
compatible admissible term order <. Let F' be a subset of S, then the following assertions
are equivalent.
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1. F is a subalgebra Grobner base.

Forall f,g € S, if f — g € subalg(F) then f lr g.

For all f € subalg(F), f —7% 0.

For all 0 # f € subalg(F), f —r f'.

For all 0 # f € subalg(F), there exists a reduction set F; C F such that t = HT(f).
For all f € subalg(F'), f has a standard representation wrt. F.

For all h € H = SUP-POL-BASE(F), h —7% 0.

ST S S B R

For all h € H = SUP-IDX-POL-BASE(F), h —s% 0.

Proof: (1) = (2): Let f,g € S such that f — g € subalg(F’). Then lemma 5.8.11:
f <—% g. By (1) — has the Church-Rosser property, so f lr g.

(2) = (3): Specialise g = 0 in (2).

(3) = (1): We show that —p is confluent. Let f, fi, f € S such that f —% fi
and f —} fo, that is f; <—} fo. By lemma 5.8.10 f; — fo € subalg(F') and by (3)
fi — fo —%5 0. From this by lemma 5.8.9 f; |r fo.

(3) = (4): By definition of —7,.

(4) = (3): Assume 0 # f € subalg(F') is minimal such that not f —7%. 0. Now by (4)
f —F f" with f’ € subalg(F') by lemma 5.8.10. However by definition of f: f' —7% 0
and so f —% 0 a contradiction.

(5) = (4): By definition of subalgebra reduction.

(3) = (5): Assume 0 # f € subalg(F) and let f —*% 0 for some k € N. Let 1 <m < k
minimal, and let ¢ € F such that f,, —p fmi1 where t = HT(f). By definition of
reduction this shows that there exists a reduction set Fj.

(3) <= (6): follows from the equivalence of claims (1) and (2) in proposition 5.8.18.
(3) <= (7): follows from the equivalence of claims (1) and (2) in proposition 5.8.21.
(3) <= (8): follows from the equivalence of claims (1) and (2) in proposition 5.8.26. O

The proof of the following theorem presents the completion procedure (Buchberger algo-
rithm) for constructing subalgebra Grobner bases. It is known, that even in in the case of
commutative polynomial rings the completion procedure may not terminate (for a certain
term order < or even for all term orders <). For examples see [Robbiano, Sweedler 1988].
In case of subalgebras of solvable polynomial rings, the completion procedure terminates
for every degree bound d € N. However there is in general also no criterion for which d
the constructed subalgebra bases are in fact a subalgebra Grobner base.
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Theorem 5.8.34 (Construction of subalgebra Grobner bases) Let S be a graded
solvable polynomial ring over a computable field K, with respect to a x-compatible ad-
missible and decidable term order < and with corresponding compatible grading vy, with
given positive weights. For any finite F C S and any degree d € N one can construct a
subalgebra base Gy, such that

1. G = |J Gy is a subalgebra Grobner base of subalg(F) and
deN

2. subalg(F') = subalg(G4) = subalg(G).

Proof: We give an algorithm which computes a subalgebra base GG, in table 5.4.

Algorithm: SRB(F,d)
Input: FF={f,...,fk} €S. deN.
Output: A subalgebra base G such that G = Uyen Ga
is a subalgebra Grobner base of subalg(F').
begin G, «+ F. d' + 0.
repeat d' < d + 1.
B + SUPPOL(Gy, d').
C 0.
while B # () do Let ' € B.
B+ B\ {n'}.
h < SRNF(h', Gy).
if h # 0 then C <~ C' U {h}. end.

end.
Gd — Gd ucC
until d' > d.
return(Gy).
end SRB.

Table 5.4: Algorithm: SRB

The construction of SUPPOL(Gy, d') in the algorithm can be done by lemma 5.8.31. Note
that the construction of SUPPOL(GYy, d') should be optimized to avoid multiple generation
and reduction of the same S-polynomials.

Termination follows since (by assumption on the grading ) the set of terms occuring in
polynomials in B = SUP-POL(Gy, d') is finite for every d’ € N (and arbitrary G,;) and
the repeat-loop is executed exactly d times.

To show partial correctness, observe that by construction subalg(F) = subalg(Gy) =
subalg(G). To show that G is a subalgebra Grobner base of subalg(F') we use theorem
5.8.33(7), i.e. we show, that all S-polynomials reduce to zero. Let G = Uzen Gy and let
p € SUP-POL(G). By definition of G we have p € SUP-POL(G,) for some d € N. If the
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algorithm terminates for that d, then all S-polynomials p; — cpy € SUP-POL(G,) with
y(HT(p1)) < d reduce to zero. In particular p —¢_ 0 and consequently p —¢ 0. O

Theorem 5.8.35 (Subalgebra Membership) Let S be a graded solvable polynomial
ring over a computable field K, with respect to a x-compatible admissible and decidable
term order < and with corresponding compatible grading v, with given positive weights.
Let F C S be a finite subset of S and let f € S. If f € subalg(F) then one can construct
d € N and a subalgebra base G4, such that

[ —2¢, 0.

Proof: We give an algorithm which computes d € N and Gy, if f € subalg(F’) in table
9.0.

Algorithm: SRMEM(f, F)

Input: feS. F={f,...,fx} CS.

Output: (d,Gy) if f € subalg(F'), with d € N and
a subalgebra base G4 such that f —¢ 0.
Otherwise the algorithm probably does not terminate.

begin d < —1.

repeat d < d + 1.
G4+ SRB(F,d).
'« SRNF(f,Gg).
until f' = 0.
return((d, Gy)).
end SRMFEM.

Table 5.5: Algorithm: SRMEM

To prove termination if f € subalg(F') observe that by 5.8.34 there exists a subalgebra
Grobner base G of F. Then f —¢ 0. Since only finitely many polynomials are used
during this reduction we have f —7, 0 for a finite subset G’ of GG. Since G’ is finite and
G = UGy, there exists d € N such that G' C Gy = SRB(F,d) and f —¢, 0. By this we
must have f/ = 0 at some time in the repeat-loop and the algorithm terminates. Partial
correctness follows also from these arguments. O

The case f ¢ subalg(F') can not be decided by these methods, except for special F’s (see
5.8.40).

Lemma 5.8.36 Let S be a graded solvable polynomial ring over a computable field K,
with respect to a x-compatible admissible and decidable term order < and with correspond-
ing compatible grading vy, with given positive weights. For any finite F' C S and any degree
d € N one can construct a monic autoreduced subalgebra base G4, such that
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1. G = |J Gq is a subalgebra Grébner base of subalg(F) and
deN

2. subalg(F') = subalg(G4) = subalg(G).

Proof: We give an algorithm which computes a monic autoreduced subalgebra base G
in table 5.6.

Algorithm: SRIRRB(F,d)
Input: FF = {f,...,fr} €S. deN.
Output: A monic autoreduced subalgebra base G4 such that G = zen G
is a subalgebra Grobner base of subalg(F').
begin H' «+— SRB(F,d).
repeat H + H'.
C < SRIRRSET(H).
H' < SRB(C,d).
until H = H'.
return(H).
end SRIRRB.

Table 5.6: Algorithm: SRIRRB

To prove termination of algorithm SRIRRB, observe that, starting with a finite set F,
at each iteration in the repeat-loop the sets C' and H' stay finite by construction of
SRIRRSET and SRB. Assume for a contradiction that the algorithm does not termi-
nate. Consider the elements of H during each iteration of the loop written as rows in
a scheme, where the zeroes are also kept in the respective row. Then by the repeat-
condition there exist a column in the scheme with an infinite sequence of polynomials
P —H, --- —>H, Pn —H,4, ---- But this contradicts the Noetherianity of the reduc-
tion relation and so proves termination.

Partial correctness of algorithm SRIRRB follows from the condition subalg(F) =
subalg(H) = subalg(SBR(F,d)) = subalg(SBR(SRIRRSET(H),d))) as invariant of
the repeat-loop. Then upon termination H is both monic autoreduced and every S-
polynomial in SUP-POL(H, d) reduces to zero wrt. H. The other claims of the lemma
follow as in theorem 5.8.34. O

Proposition 5.8.37 Let S be a solvable polynomial ring over a field K, with respect to a
x-compatible admissible term order <. For any finite FF C S of S and any degree d € N,
there exists a monic autoreduced subalgebra base Gy, such that

1. there exists a set G' which is a monic autoreduced subalgebra Grébner base of

subalg(F') and
2. subalg(F') = subalg(G4) = subalg(G’).
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Proof: For d € N let G4 = SRIRRB(F,d), if K is not computable or < is not decidable,
then the algorithm still provides the existence of such a set GG;. Assume the polynomials
in the G;’s are arranged in sequences

Gq Pdjy -3 Pdngy

Go : Pajy--- y Pd ny -

The arrangement should have the following properties: ng < ng and for all 1 < 7 < ny
and any d' > d we have

0 or
paj =24 pary d<d' <d, or
p Pdj —a, P-

Observe that for d € N and for 1 < j < ng4 the sequence p,, ; for m € N cannot be
an infinite decreasing reduction sequence because of the Noetherianity of the subalgebra
reduction relation.

Define G’ to be the union over the sequence {py}ren of the irreducible polynomials in the
respective columns {py, k }men. Let G = Ugen G then since each py, of G' appears in some
row it is an element of some Gy, so G' C GG. To show that G’ is a subalgebra Grobner
base of subalg(F) we show, that all S-polynomials reduce to zero. Let p € SUP-POL(G").
By definition of G' C G we have p € SUP-POL(F,d) for some d € N. By 5.8.34 all
S-polynomials p € SUP-POL(F, d) reduce to zero wrt. G4. Ford € N let G4 = G4 N G'.
By construction of G’ there exists d’ > d, such that p reduces to zero wrt. Giy. This shows
that p reduces to zero wrt. G'. By construction every p € G’ is irreducible wrt. G' \ {p}
which shows that G’ is autoreduced. O

Theorem 5.8.38 Let S be a solvable polynomial ring over a field K, with respect to a
x-compatible admissible term order <. Let F be a finite subset of S. Let G be a monic
autoreduced subalgebra Gribner base of the subalgebra generated by F'. Then G is uniquely
determined by S, < and F'.

Proof: Let H, G be subsets of S such that both H and G are monic autoreduced
subalgebra Grobner bases with respect to a given term order < and with subalg(H) =
subalg(G). Assume G # {1} # H, since otherwise trivially H = G. Let GAH =
(G\ H)U (H\ G). Assume for a contradiction, that GAH # (), and let 0 # f € HAG
with minimal head term, e.g let f € H \ G. Since both H and G are reduced subalgebra
Grébner bases and f € subalg(H) = subalg(G) we have f —% 0.

By this there exists Q = {q1,...,q} C G, k € N, with HT([T} Q) = HT(f) for some
indexed set J. By assumption on f we have f # ¢; and so ¢; € G\ H fori =1,... k. Let
g =15 @, then g € subalg(G) = subalg(H) and g —3; 0. Furthermore for every ¢ € @
we have ¢ € subalg(G) = subalg(H) and ¢ —7; 0. Assume wlog. 1 € @, then if |Q] > 1
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or |J| > 1 orif k> 1 then HT(f) is reducible wrt. H \ {f}, a contradiction. This shows
that @ = {g} and k£ =1, and HT(¢g) = HT(f) and also HC(g) = 1 = HC(f).

Since f — g € subalg(H) we have f — g —7; 0. This either shows f = g which implies
[ € G again a contradiction, or f # g then there exists s = HT(f — g) € T(f) UT(g)
with s < HT(f) = HT(g). But then there exists P’ € H and a indexed set .J' with
HT(IT} P') = s, which shows that f or p are reducible with respect to P’ C H \ {f, g}.
Again a contradiction to the irreducibility of H. O

Corollary 5.8.39 Let S be a solvable polynomial ring over a field K, with respect to
a x-compatible admissible term order <. Let F be a finite subset of S. If F = {f}
then G = {HC(f)"'f} is the unique monic autoreduced subalgebra Grobner base of the
subalgebra generated by F.

Proof: Every S-polynomial of SUP-POL({ f}) is identically zero. O

Corollary 5.8.40 Let S be a solvable polynomial ring over a field K, with respect to a
x-compatible admissible term order <. Let F' be a subset of S. If subalg(F') = subalg(G)
where G = {g} is a one element set. Then then G' = {HC(g) 'g} is the unique monic
autoreduced subalgebra Grobner base of the subalgebra generated by F'.

Proof: Clearly G’ is a monic autoreduced subalgebra Grobner base. Let F” be the unique
monic autoreduced subalgebra Grobner base of the subalgebra generated by F. Then,
since subalg(F") = subalg(F') = subalg(G) = subalg(G’), by uniqueness F’' = G'. O

Proof: For a direct proof of this claim without using uniqueness of reduced subalge-
bra Grobner bases one may argue as follows: Let F' = {f1,..., fr} and G = {g} with
subalg(F) = subalg(G). From F C subalg(G) = K(g) = K]|g] it follows, that every
[ € F has a representation as univariate ‘commutative’ polynomial in g. Since K[g] is an
Euclidean domain, the ged of the elements from F' exists. Let f' = ged(F). It follows,
that f’ is a multiple of g and since g € subalg(F') also ¢ is a multiple of f’. So up to a
factor from K, ¢ equals f'. O

Notes: The last two corollaries provide criterions whether for some d € N
Gy=G C U Gy
@cN

where Gy = SRIRRB(F,d) from algorithm 5.6 and G is the reduced subalgebra Grobner
base of F'.

1. If G4 = {g} for some d € N, then Gy is already a reduced subalgebra Grébner base.

2. If it is known a priori, that subalg(F) = subalg({g}) for some g € S, then there
exists d € N such that G4 = {g}. Then Gy is the reduced subalgebra Grébner
base. In this case there exists also a decision procedure for subalgebra membership:
compute Gy = {g}, then f € subalg(F) iff f € subalg(Gy) iff f —¢, 0.
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It is also clear, that if there exists a finite reduced subalgebra Grobner base GG, then the
sequence of bases Gy produced by the algorithm will be equal to G for some d € N.
However this does not provide a termination criterion, since the fact that G is a reduced
subalgebra Grobner base of F' can not be tested. It would be necessary to test whether
Gq=G" C Uy N Ga or not in a finite number of steps.

Further questions are: under what conditions finite subalgebra bases do exist. In the
case of commutative polynomial rings a result from [Robbiano, Sweedler 1988]| says, that
if there exists a finitely generated subalgebra, which is integral over the graded subalgebra
under consideration, then there exists a finite subalgebra Gréibner base (of the later). 1t is
open if such a result also holds in case of solvable polynomial rings.



Chapter 6

Implementation

In this chapter we present implemented optimized algorithms (and prove their cor-
rectness) for computation in solvable polynomial rings: non-commutative products
with respect to commutator relations, left reduction, left (and two-sided) Grobner
bases and elements in the center. The algorithms are stated in the frame work of
[Kandri-Rody, Weispfenning 1988] where a solvable polynomial ring is an ordinary com-
mutative polynomial ring R = K[X, ..., X,| equipped with a new non-commutative
multiplication x. The field K is assumed to be commutative and the elements of K are
assumed to commute with the indeterminates Xi,...,X,. The algorithms are imple-
mented for the case, that the coefficient field K is the field of rational numbers. Examples
computed in the MAS system are included.

6.1 Introduction

One of the most important tools in the algorithmic theory of commutative polynomial
rings is the calculation of Grdébner bases by Buchbergers algorithm [Buchberger 1965].
Several implementations of this algorithm have been reported, to mention a few
[Winkler et. al. 1985], [Gebauer, Kredel 1984], [Boge et. al. 1986].

Algorithms for Grébner Bases in enveloping algebras of finite dimensional Lie algebras
have been studied by Apel and Lassner [Apel, Lassner 1988]. An implementation of their
algorithms was given by Petermann and Apel [Petermann, Apel 1988] in the LOGLAN
system [Bartol et. al. 1983].

In physics there are several computer algebra systems and application programs dealing
with non-commutative multiplications. Most of them use the method of matching and
term rewriting to manipulate non-commutative expressions. (e.g. in REDUCE with the
so called ‘LET-rules’.) Special systems have been designed to handle the tremendous sets
of millions of terms generated during rewriting. As reference we only note the journal of
‘Symbolic Computation’ [J. Symb. Comp. 1986-], where many overview articles on this
topic can be found.

140
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In this chapter we describe an implementation of the theory of Kandri-Rody and Weispfen-
ning in the MAS system [Kredel 1990]. The implementation is based on an earlier imple-
mentation in the ALDES / SAC-2 system [Collins, Loos 1980]. We include correctness
proofs for the algorithms and show examples computed with the MAS system. To im-
prove efficiency of the non-commutative product algorithm, we introduce the method of
incrementaly computed relation tables.

We proof the correctness of the presented algorithms using the definitions and propositions
of [Kandri-Rody, Weispfenning 1988| and of chapters 3 and 4. In order to make the
chapter mostly self contained we summarize most required items. For a full statement of
all propositions and theorems together with the proofs see the chapters 3 and 4.

The correctness proof of the x-product algorithm is different to the existence proof in
the original article, since the induction hypothesis does not coincide with the recursive
application of the x-algorithm. Also the original x-algorithm can not be modified to
include the relation table handling with out making the proof invalid.

We prove furthermore the correctness of the reduction (normal form) and the set reduction
algorithm. The computation of a reduced Grobner base can be made more efficient when
the Grobner base properties are exploited. Finally a more efficient version of the algorithm
for the computation of two-sided GB'’s is presented.

In more detail the main implementation design considerations can be summarized as
follows:

1. The algebras of solvable type are commutative polynomial rings equipped with a
non-commutative product. In the implementation we use an ordinary commuta-
tive (distributive) polynomial representation. Actually the Distributive Polynomial
System of [Gebauer, Kredel 1983], implemented in the SAC-2 / ALDES system is
used.

2. The non-commutative product * is defined via relations, which are elements of
a free associative algebra. These relations are implemented as triples (u,v,p) of
(commutative) terms u,v and a (commutative) polynomial p, such that u v = p.

3. Besides the defining relations between variables of the non-commutative product,
many relations between powers of variables and terms are derived during computa-
tion. These relations are incrementaly stored in a so called relation table. Each time
a product of terms is to be computed the relation table is scanned for an applicable
relation. Missing relations are treated as if the two variables commute.

An implementation of a product algorithm without the relation table method was
given by [Apel, Klaus 1990]. An example with timings is presented in table 6.6 and
shows the need for our method.

4. Once the non-commutative product algorithm is available, the input-routines for
polynomials can be setup to respect the order of variables in the products.
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5. For the rest of the Grobner base algorithms the existing ones from the Buchberger
algorithm system of [Gebauer, Kredel 1984] could be used as a starting point. How-
ever great care was inorder to assure that for no algorithm the input parameters
where commuted. Furthermore the non-commutative product modifies the leading

coefficients of the product polynomials, so the order of computation steps had also
to be checked.

6. It is known, that not all criteria derived by Buchberger for the detection of unnec-
essary reductions are valid in the non-commutative case. The valid criterion BBEC
is implemented as in the commutative case and leads to similar improvements of
computing time.

7. The computation of two-sided Grobner bases uses an improved way of including
right variable multiples during the main Buchberger loop instead of iterating the
left Buchberger algorithm on bases given by right variable multiples of polynomials.

The plan of this chapter is as follows: In section 2 we will summarize some of the theory
and discuss some fundamental representation issues. In section 3 we will discuss the non-
commutative product algorithm, the relation table handling and some examples for the
complexity of the x-product. Section 4 will contain the reduction algorithm for polyno-
mials and sets of polynomials, section 5 the S-polynom computation and the Buchberger
algorithm for left-sided Grobner bases and section 6 will consist of a description of the
two-sided Grobner base construction. In section 7 a small example showing the usage of
the algorithms in the MAS system is discussed. In the final section 8 we will summarize
some computing times and draw some conclusions.

6.2 Polynomial Rings of Solvable Type

In this section we first summarize some of the theory of chapter 3 and 4 adapted to the
current situation.

Recall that a solvable polynomial ring is an ordinary commutative polynomial ring R =
K[X, ..., X,,] equipped with a new non-commutative multiplication x. The field K is
assumed to be commutative and to commute with the indeterminates Xy,...,X,,. The
set T of terms (power-products of indeterminates) is supposed to be linearly ordered by
an admissible order <7. Recall the axioms of solvable polynomial rings 3.2.1 adapted for
the current situation:

Axioms 6.2.1 R =K{X;,...,X,;Q} denotes a polynomial ring of solvable type over a
field K in the variables {X,..., X} for a fized term order < if the following axioms
are satisfied:

1. (R,0,1,+, —, %, <) is an associative ring extending K and with admissible term order
<.
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2. (a) Foralla,be K, t € T(Xy,...,X,), axbxt=ax(bt) = (a-b) -t = abt.
(b) Foralll1<i<mn,seT(Xy,...,X;),te€T(X;,...,X,), sxt=st.

3. For all1 <i < j <n there exist 0 # ¢;; € K, p;; € R such that
X]’ * Xz = CjiXin +p”

and p;; < X;X; in the quasi-order on R induced by the termorder on T'. Moreover

if
4. Foralll1<i<mnandall0#a e K

XZ'*CL: aXi.

The notation for solvable polynomial rings will be
R=K{Xi,...,X,;Q},
where () denotes the commutator relations of axiom 6.2.1(3). The commutator relations

Q' of axiom 6.2.1(4) will not be written according to our earlier convention.

By the following lemmas, the determination of the x-product is extended to arbitrary
polynomials in R.

Lemma 6.2.2 (¢f. 3.2./) Let R = K{X1,..., X,,,Q} be a solvable polynomial ring, let
1<i<nandlet f e K[Xy,...,X;], g€ K[X;,..., X,]. Then

fxg=1-9g

Lemma 6.2.3 (¢f. 3.2.5) Let R = K{X1,..., X,,,Q} be a solvable polynomial ring, let
<t be a x-compatible admissible term order, and let f,g € R. Then there exists an h € R
such that

fxg=c-f-g+h
and h <p f-g. Moreover, ¢ and h are uniquely determined by f and g.

For the proofs and further details see chapters 3 and 4

6.2.1 Implementation Considerations

The non-commutative polynomials are represented as ordinary commutative polynomi-
als. The implementation of the algorithms uses the Distributive Polynomial System
[Gebauer, Kredel 1983]. A polynomial in distributive representation is a list of so called
exponent vectors and so called base coefficients. Algorithm names for constructors and
selectors for distributive polynomials begin with DIP, for exponent vectors with EV, for
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base coefficients with RN (for rational numbers). The coefficient field K is the field of
rational numbers in the current implementation.

The commutator relations from 6.2.1(3) are implemented as triples of commutative poly-
nomials. More precisely a relation X; x X; = ¢;; X;X; + p;; for some 1 < ¢ < j < nis
represented as triple

(X5, Xs, €. Xi X + pij)

of distributive polynomials. Missing relations are treated as if the relation X;* X; = X, X;
was specified, i. e. as if a relation with ¢;; = 1 and p;; = 0 was defined.

The set of all commutator relations is stored in a list called relation table. So in order to
compute the product X * X; one has to look for a triple starting with (X, X;, ) and the
take the third polynomial in this triple.

We will now discuss the x-product algorithm and the relation table handling in detail.

6.3 The Non-commutative Product

In this section we will first sketch the product algorithm, then we discuss the Modula-2
listing of the implemented algorithm and then we proof the correctness. In a separate
subsection the relation table handling is discussed.

The product of two non-commutative polynomials is formed as the sum over the products
of the terms (power-products). The product of terms are formed as commutative prod-
uct or by looking for appropriate commutator relations and recursive application of the
(polynomial) product algorithm.

During the algorithm many products of powers of variables are formed. In order to save
computation time, these products are stored in the so called relation table. The next time
such a product is needed it can be taken from the table without being recomputed. Only
commutator relations of the form X ;j x X' = q are stored since the storage of arbitrary
product relations would waste to much memory.

More precisely, let u,v be two terms, and assume we want to compute u * v, with u €
T(Xy,...,Xj)and v € T(X;,...,X,), for 1 <i,j <n. Then we proceed as follows:

1. If by lemma 6.2.2 u x v = u - v then we are done, otherwise proceed as follows:

2. Split each term into three parts u * v = uq - uy - ug * v3 - V9 - V1, Where uy - uz =
X;j,vg s Vg = )(ZeZ and U € T(Xl, e ;Xj—l)a v € T(Xi+1, Ce ,Xn) Uz, V3 are
determined by the largest existing relation table entry for the product of powers of

variables. Let the product us * v3 be p.

3. Compute the product us * (p * v5) by two fold recursive application of the product
algorithm. Let the results be ¢ and ¢'.
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4. Add the triples (us, X;",¢) and (X;’, X{7, ¢) to the relation table. Note that during

the recursion all triples (X]l-j,Xfi, ¢') with [; < e; and [; < e; are already added to
the relation table.

5. Finally form the product u; * (¢ * v;) by recursion.

The Modula-2 listing of the algorithm is given in table 6.1. The step numbers (*n%*)
correspond to the numbers in the description above. The algorithms starting with EV do
manipulations on terms (called exponent vectors). DINPTL and DINPTU do the relation
table lookup and update (see section 6.3.1). DIPMAD and DIPFMO selectors and constructors
for distributive polynomials. DIRPPR, DIRPRP, DIRPSM and RNPROD are polynomial and
rational number arithmetic functions. SIL denotes the empty list.

Although this algorithm seems to be quite effective, it is difficult to prove its correct-
ness. The proof of lemma 6.2.3 can not be applied directly to the algorithm, since the
usage of the induction hypothesis in the proof does not coincide with the recursive ap-
plication of the product algorithm. On the other hand, in the product algorithm in
[Kandri-Rody, Weispfenning 1988](section 2), which is designed after the proof, the prod-
ucts X;j x X[ are not computed, and therefore they can not be put into a relation table.

Lemma 6.3.1 Algorithm DINPPR is correct with respect to its specification.

Proof: We have to show that the algorithm terminates and that it computes the -
product of two polynomials. The proof proceeds by noetherian induction on u - v with
respect to <p. We assume the correctness of the relation table handling.

The correctness of the trivial cases (step (*¥a*)) is clear from the definition of the solvable
polynomial ring 6.2.1 and serves as induction base.

The multiplication of terms performed in the two REPEAT-loops (step (xb*)) follows di-
rectly from the distributive law of the solvable polynomial ring 6.2.1 and from the in-
duction hypothesis. The correctness of the commutative case (step (x1%)) follows from
lemma 6.2.2.

The remaining case is the determination of the %-product of terms u and v, where u €
T(Xpy ..., X;) and v € T(X;,..., Xy) with j > i Let u = v'X{ and v = Xh' with
e>land!>1and v € T(Xy,...,X;-1) and v' € T(X;41,...,X)). Then the product
is formed as follows:

uxv = u'X;_lXj % XiXil_IUI
o (X (3 2 X0) = X)) )
= ' (X570 (e i X + pyg) + X;71) + o)
= et (X0 ((GG) 5 XI) 5 0) 40X (g XU

with parenthesis indicating the sequence of computation in the algorithm.
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PROCEDURE DINPPR(T,A,B: LIST): LIST;
(*Distributive polynomial non commutative product.
A and B are distributive polynomials. T is a table
of distributive polynomials specifying the non commutative
relations. C=A*B, the non commutative product of A and B.
The table T may be modified. *)
VAR AL, AP, BL, BP, C, C1, C2, CL, CS, E1, E2, E3, E4, EL,
EL1, EL1S, EP, F1, F2, F3, FL, FL1, FL1S, FP, FS, GL, J1Y, N,
0, RL, XL, XL1, XL2: LIST;
BEGIN
(*xax) (*trivial cases. *) C:=0;
IF A = 0 THEN RETURN(C); END;
IF B = 0 THEN RETURN(C); END;
IF DIRPON(A) = 1 THEN C:=B; RETURN(C); END;
IF DIRPON(B) = 1 THEN C:=A; RETURN(C); END;
0:=RNINT(1); RL:=DIPNOV(A); N:=EVZERO(RL);
(*bx) (*loop on a and b. *) AP:=A;
REPEAT DIPMAD (AP, AL,EL,AP); BP:=B;
REPEAT DIPMAD(BP, BL,FL,BP); EP:=EVDOV(EL); EL1:=RL+1;
IF EP <> SIL THEN EL1:=FIRST(EP); END;
FP:=EVDOV(FL); FL1:=0;
IF FP <> SIL THEN FS:=CINV(FP); FL1:=FIRST(FS);

END;
FL1S:=RL+1-FL1; EL1S:=RL+1-EL1;

(*x1%) IF EL1S <= FL1S THEN GL:=EVSUM(EL,FL);
(*1%) CS:=DIPFMO(0,GL);

ELSE (*x el * e2 = el, f1 *x f2 = f1.x%)
(%2%) EVSU(EL,EL1,0, E1,XL1); EVSU(FL,FL1,0,F1,XL2);
(*x2%) EVCADD(N,EL1,XL1, E2,XL);
(*x2%) EVCADD(N,FL1,XL2, F2,XL);
(%2%) DINPTL(T,E2,F2,CS,E3,F3);

IF F3 <> SIL THEN C2:=DIPFM0(0,F3);
(*3%) CS:=DINPPR(T,CS,C2);
(*3%) IF E3 = SIL THEN E4:=E2; ELSE
(*3%) E4:=EVDIF (E2,E3); END;
(*4x) DINPTU(T,E4,F2,CS); END;
(%3%) IF E3 <> SIL THEN C1:=DIPFMO0(0,E3);
(*4%) CS:=DINPPR(T,C1,CS); DINPTU(T,E2,F2,CS) END;
(*5%) C1:=DIPFMO(0,E1); C2:=DIPFM0O(0,F1);
(*5%) CS:=DINPPR(T,CS,C2); CS:=DINPPR(T,C1,CS) END;

CL:=RNPROD(AL,BL); CS:=DIRPRP(CS,CL);
C:=DIRPSM(C,CS);
UNTIL BP = SIL;
UNTIL AP = SIL;
(*c*) (xfinish. %) RETURN(C);
(*d*) END DINPPR;

Table 6.1: Algorithm: DINPPR
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The product X; * X; is determined by relation table lookup as ¢;;X;X; + p;;. Since
pij <r X,;X; the product of the second summand u’X;?’1 * (pij * Xf’lv') can be handled
by twofold recursive application of the product algorithm with induction assumption.

Now for the product (X;Xj) * X1 in the first summand the induction hypothesis may
not be fulfilled (namely if «' =v" =1 and e = 1). But observe that within the recursive
application of the algorithm the product is formed as: X; * (X; * v") with v” = X/~ '. So
the induction hypothesis can be applied to X; *v” yielding ¢'v" - X; + rest (¢ € Kx). For
the first summand we have X, * (¢v" - X;) = X, - 'v" - X since ¢ < j (according to 6.2.2).
Since rest <7 v” the product X;* rest can be computed by induction hypothesis. This
shows that (X;X;) * X! ' = cX!X; + rest with 0 # ¢ € K and rest <7 X!X;.

For the next product X§ " (X!X;) the induction hypothesis may not be fulfilled (in case
u' =" =1). But during recursive applications of the algorithm the product is formed as

Xi* (o (XX )X
N———
e—1 times

and the induction hypothesis applies to all successive products on the right side. This
yields a polynomial with commutative head term X!X 5 and some rest which is smaller
than the head term.

Next the product (X/X¥) v’ is by recursion formed as X}« (X¢*v'). Again the induction
hypothesis can be applied to X7 * v’ yielding c¢X? - v' + rest, with 0 # ¢ € K and
rest <r X¢-v'. Since i < j and v" € T'(Xy1,...,Xy) we get for the first summand by
6.2.2 X] x (X¢-0') = X X¢- 0.

Finally the product u' * (X/Xfv') is by recursion computed as u” x (X7_; * (X/X¢')).
Again for the right products the induction hypothesis is fulfilled in the recursion.

So we get u*xv = cu-v+ rest with 0 # ¢ € K and rest <7 uv. This shows the correctness
of the term product. Since <r is noetherian the algorithm terminates. This concludes
the proof. O

We turn now to the relation table algorithms. An example for the complexity of the
x-product, is included in section 6.3.2.

6.3.1 Relation Tables

As noted in the section on the product algorithm the relation table must be maintained
through recursive applications of the x-product algorithm. Naturally we want to use all
computed relations to be accessible at any time during further recursive calls.

The relation table is implemented as a list of distributive polynomials:

T = (Ulavlapla ce 7Utavt7pt)

where the u; = X', v; = X,il and p; = ¢; - X,lcl + X'+ p;. The table entries are partially
ordered with respect to divisibility of the relation heads (u;, v;).
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Definition 6.3.2 Let T = (uy,v1,p1,- - -, U, Vg, D) be a relation table. Then the following
condition must hold:

for all 1 < i <t there does not exist 1 < i < j <t such that u; | uj andv; | vj.

L.e. relation heads which are ‘later’ in the table may divide relation heads, which come
‘earlier’ in the table.

If T is empty at the beginning, i.e. in this case all variables commute, then no non-
commuting relation will ever be computed during DINPPR and 71" will remain empty.

The search for a product relation goes from left to right in the list so one finds a relation
with maximal exponents. The search is successful, if both exponents of u; and v; divide
the exponents of the relation we look for. If no relation matches, we assume the variables
to commute, i.e. we assume ¢ = 1 and p = 0. The Modula-2 algorithm listing is given in
table 6.2. The variables are named according to the ALDES naming convention: ¢ = EL
= el, ¢/ = EP, etc.

PROCEDURE DINPTL(T,EL,FL: LIST; VAR C,EP,FP: LIST);
(*Distributive polynomial non commutative product table lookup.
e and f are exponent vectors. T is a table

of distributive polynomials specifying the non commutative
relations. C is the non-commutative product of x**es and x**fs.
ep and fp are exponent vectors with es+ep=e and fs+fp=f.

If e=es or f=fs then ep=() or fp=(). *)

VAR GL, GL1, GL2, 0, PP, Q1, Q2, SL, TL: LIST;

BEGIN

(%1%) (*initialize.*) PP:=T; EP:=SIL; FP:=SIL;

(*¥2x) (*search polynomials in pp. *)

WHILE PP <> SIL DO ADV3(PP, Q1,Q2,C,PP);
GL1:=DIPEVL(Q1); GL2:=DIPEVL(Q2);
SL:=EVMT(EL,GL1); TL:=EVMT(FL,GL2);

IF (SL#TL = 1) THEN EP:=EVDIF(EL,GL1);
FP:=EVDIF (FL,GL2);
IF EVSIGN(EP) = O THEN EP:=SIL; END;
IF EVSIGN(FP) = O THEN FP:=SIL; END;
RETURN; END;
END;
(*3%) (*not found, use symmetric product. *)
GL:=EVSUM(EL,FL); 0:=RNINT(1);
C:=DIPFMO(0,GL); RETURN;
(*6%) END DINPTL;

Table 6.2: Algorithm: DINPTL

Proposition 6.3.3 Algorithm DINPTL is correct with respect to its specification.
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Proof: Given X°¢ and X/ (multi indices), the algorithm determines C' € R, and €' and
f'" such that
Xe- X =Xx¢.HT(C) - X"

In the WHILE-loop the relation table is scanned for a relation which satisfies this condition.
Therefore EVMT tests if the first argument is a (commutative) multiple of the second
argument.

If no relation in the table divides both e and f, then the loop is terminated by exhausting
the relation list. In this case the commutative product of the two terms is formed in step
(3) and €’ and f’ are set to fulfil the output condition. This setting of €’ and f is tested in
the product algorithm and inhibits the algorithm DINPTU from being called in this case.

In the other case, when a matching relation is found, e’ and f’ are determined according
to the head term of C and the inputs e and f. Then the loop is exited and the algorithm
terminates. O

The relation table update algorithm determines the correct position if the new relation
according to condition 6.3.2. Then it inserts the relation without modifying the list pointer
to the table. This is important to make the information which is stored in recursive calls
of DINPPR available to all further (top-level) calls of the product algorithm. The Modula-2
listing is given in table 6.3.

Proposition 6.3.4 Algorithm DINPTU s correct with respect to its specification.

Proof: Let T' = (uy, vy, p1,- .., U, v, pt), t > 0 upon entry into the algorithm. For empty
T the algorithm is never be called.

In step (3) the correct position of the new relation in the table is determined according to
condition 6.3.2. The variable TS remembers the position behind last position in 7" when
the table condition would be not fulfilled. Then the new relation can be entered just
before this position.

In step (4) the location of 7" is not modified. If no position in 7" was found in step (3),
then the new relation is placed in front of the table. In this case it is required that 7 is
not empty.

The FIRST field of TS is modified to C; and the RED field of TS is modified to the list
(Cay Cyuiy v, Piy -+« Ug, Vg, Pr). S0 T becomes

(Ulavlapla ceey Ui—1, Vi1, Pi—1, 017027 Ca Uiy Uiy Piy - - -;utavtapt)

as desired. O

One optimization of the table implementation would be to built separate table entries for
each pair of non-commuting variables. Then the search for a relation could be restricted
to a certain sub table. However for the scope of examples which can be computed the
current table implementation suffices.
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PROCEDURE DINPTU(T,EL,FL,C: LIST);
(*Distributive polynomial non commutative product table update.
e and f are exponent vectors. T is a table
of distributive polynomials specifying the non commutative
relations. C is a distributive rational polynomial. The relation
e * f =C is added to T. T is modified. *)
VAR C1, C2, GL1, GL2, O, PL, PP, Q1, Q2, SL, TL, TP, TS, V: LIST;
BEGIN
(*1x) (*generate polynomials corresponding to el and fl.*)
0:=RNINT(1); C1:=DIPFMO(0,EL); C2:=DIPFMO(0,FL);
(%2%) (*message. *)
IF VALIS <> SIL THEN V:=VALIS; SWRITE("NEW RELATION = ");
DIRPWR(C1,V,-1); SWRITE(" .*. "); DIRPWR(C2,V,-1);
SWRITE(" = "); DIRPWR(C,V,-1); BLINES(O); END;
(*3x) (*search position in t. *) TS:=SIL; PP:=T;
WHILE PP <> SIL DO
ADV2(PP, Q1,Q2,PP); PP:=RED(PP); GL1:=DIPEVL(Q1);
GL2:=DIPEVL(Q2); SL:=EVMT(GL1,EL); TL:=EVMT(GL2,FL);
IF (SL#TL = 1) THEN TS:=PP; END;
END;
(*¥4x) (xupdate ts. *)
IF TS = SIL THEN TS:=T; END;
ADV(TS, PL,TP); TP:=COMP3(C2,C,PL,TP);
SFIRST(TS,C1); SRED(TS,TP);
RETURN;
(*7%) END DINPTU;

Table 6.3: Algorithm: DINPTU
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6.3.2 Examples of Complexity

During the computation of a x-product of two terms many new multiplications of terms
may occur. E. g. if the commutator relations contain high degree polynomials or if the
commutator relations are dense polynomials even of low degree. So we discuss three
examples to give some impression of the complexity of the algorithm.

1. Let R = Q[x,y, z] be a ring with the commutator relations

Y*r = xy—i—xd
Zxr = xz+yd

zxy = yz+yd

where <7 is the inverse lexicographical term order. Note that this ring is only a
solvable polynomial ring in case d = 0,1. If d > 1 the ring defined by this relations
is not associative. However as an example for the product algorithm it may be
accepted. In this example the commutator relations are ‘sparse’ with ‘high’ degree.

2. Let R = Qlz,y, 2] be a ring with the commutator relations
Yxxr = xY+r+y-+=z

Zxxr = xz+r+y-+z
Z2xy = yz+r+y-+z

where <r is the total degree (inverse graduated) term order. The commutator
relations are ‘dense’ of ‘low’ degree.

3. [Apel, Klaus 1990] Let R = Q[z, y, z| be a solvable polynomial ring (a Lie algebra)
with the commutator relations

Yxr = Y — 2
Zxr = xZ+Y
Z*xYy = Yz—=x

where <r is the total degree (inverse graduated) term order.

We want to compute the product
2% y© *x a°
for varying parameters d and ¢ in examples 1 and 2, and the product

(r+y+2)°

for varying parameter ¢ in example 3.

We will observe the following output parameters:
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Example | d | ¢ r P t
1 211 5 6 0
212 21| 15 8
213 45| 28| 26
24| 73| 45| 68
311 9 7 2
32| 37| 38| 18
3(13] 92| 90| 96
411] 15 8 6
412] 61| 46| 36
4131|134 | 110 | 204
501 23 91 10
52| 83| 54| 64
61| 33| 10| 18
6(2]104| 62| 96
6 |3]|314 | 150 | 958
711 45| 11| 28
81| 59| 12| 46

Table 6.4: Complexity of the * product, example 1

Example |d | c| r D t
2 1)1} 3] 10 0
11210 41 14
113]23]105| 158
1|4]42 214 | 1412

Table 6.5: Complexity of the % product, example 2

r the number of commutator relations after the computation of the product,
p the number of terms in the product, and
t the computing time on an Atari ST.

t' the computing time on an IBM AT 286, in example 3.

The results are summarized in tables 6.4 and 6.5. They show, that the complexity de-
pends both on the degree and density of the commutator relations. In example 1 more
commutator relations are computed compared to example 2. In example 2 at a certain
stage no new commutator relations are computed and only the relations from the relation
table are used. Example 3 in table 6.6 shows the advantage of the relation table method
compared to the method of Apel and Klaus without storing new relations.
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Example | ¢ | r p | t Atari ST | ¢/ AT 286
3 31 6] 17 2 2
4110 34 8 9
o 14| 52 20 29
6|18 | 83 o0 82
7122|113 114 222
8126|164 228 240
9130|214 436 -

Table 6.6: Complexity of the * product, example 3

6.4 Left Normal Form and Left Irreducible Sets

First recall the following definitions from 4.2.1:

Let R be a solvable polynomial ring, f, f',p € R. The reduction f —;, f’ is defined
as follows: Let t € T(f) such that HT(p) divides ¢ (in the commutative sense). Now
let a be the coefficient of ¢ in f and b = HC(p) be the head coefficient of p (also called

‘leading base coefficient’ in ALDES / SAC-2). Furthermore let s = w and ¢ =
HC(s «* HT(p))/HC(sHT(p)) then

a
f':f—Es*p.

Since s is multiplied from the left to p, f —, f' is a left reduction. For a right reduction
s is multiplied from the right to p. If d = HC(s * p)/HC(sp) then f’ can also be written
as f — Gs*p.

The reductions with respect to a polynomial f —, f’ and with respect to a set P of
polynomials f —p f’ are defined similar as in the commutative case, see also 4.2.1. If f
can not be reduced with respect to P we say that f is irreducible with respect to P or that

f is in normalform with respect to P. P is irreducible or in normalform or autoreduced,
if all f € P are irreducible with respect to P\ {f}.

We will now turn to the algorithms which implement these reductions. Once the algo-
rithm for the non-commutative product is available, the implementation of the reduction
algorithm for polynomials and sets of polynomials are straightforward modifications of
the respective algorithms in the commutative case [Gebauer, Kredel 1984].

The algorithm DINLNF computes a normalform R of a polynomial S with respect to a
set (list) of polynomials P. Every term ¢ in S (or some reduct of S) is checked if there
exists a polynomial ¢ in P such that HT(q) divides ¢. If such a ¢ exists, the a one step
reduction is carried out, otherwise the term ¢ is irreducible and it is placed in the output
polynomial R.

The Modula-2 listing of the normalform algorithm is given in table 6.7:

Proposition 6.4.1 Algorithm DINLNF is correct with respect to its specification.
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PROCEDURE DINLNF(T,P,S: LIST): LIST;
(*Distributive non-commutative polynomial left normal form.
P is a list of non zero polynomials in distributive rational
representation in r variables. S is a distributive rational
polynomial. R is a polynomial such that S is left reducible to R
modulo P and R is in normalform with respect to P.
T is a table of distributive polynomials specifying the
non-commutative relations. *)
VAR AP, APP, BL, FL, OL, PP, Q, QA, QE, QP, R, SL, SP, SPP, TA, TE:
LIST;
BEGIN
(x1%) (*s=0. *)
IF (S = 0) OR (P = SIL) THEN R:=S; RETURN(R); END;
(*2x) (*reduction step.*) R:=SIL; SP:=S; OL:=RNINT(1);
REPEAT DIPMAD(SP, TA,TE,SPP); PP:=P;
REPEAT ADV(PP, Q,PP); DIPMAD(Q, QA,QE,QP);
SL:=EVMT(TE,QE) ;
UNTIL (PP = SIL) OR (SL = 1);
IF SL = O THEN R:=DIPMCP(TE,TA,R);
IF SPP = SIL THEN SP:=0; ELSE SP:=SPP; END;
ELSE FL:=EVDIF(TE,QE); AP:=DIPFMO(OL,FL);
APP:=DINPPR(T,AP,Q); BL:=DIPLBC(APP);
BL:=RNQ(TA,BL); APP:=DIRPRP(APP,BL);
SP:=DIRPDF (SP,APP); END;
UNTIL SP = O;
(¥3%) (xfinish.*)
IF R = SIL THEN R:=0; ELSE R:=INV(R); END;
(*6%) RETURN(R); END DINLNF;

Table 6.7: Algorithm: DINLNF
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Proof: As loop invariant we take S — > b;a, x ¢; = R' + S’. Here R' denotes the polyno-
mial corresponding to R. In the inner loop we search for a polynomial ¢ such that HT(Q)
divides HT(S"). R’ is irreducible since no head term of polynomials in P divide any term
in R’ (for terms in R' we have SL = 0). After each loop S(; >7 S(;,,). So partial cor-
rectness and termination follows from lemma [Kandri-Rody, Weispfenning 1988] (section
3.2) respectively 4.2.4. T.e. S’ becomes zero at some stage so the algorithm terminates.
Upon termination we still have R’ to be irreducible, and from the loop invariant we have

R =S —-Yba,xq. O

The algorithm uses two strategies, which are not fixed by lemma 4.2.4 respectively in
section 3.2 of [Kandri-Rody, Weispfenning 1988|.

1. By the outer loop always the greatest (w.r.t. <r) remaining reducible term is re-
duced. This seems natural, to avoid unnecessary double reductions of terms in
rest(Q) introduced to S'.

2. By the inner loop always the first ) which reduces HT(S’) is chosen. So the strategy
depends on the way the polynomials appear in P. The most efficient way seems to
be again to order the polynomials such that the polynomial with greatest head term
(w.r.t. <r) comes first in the list. This again avoids unnecessary double reductions.

The following algorithm DINLIS computes an monic irreducible set (or monic autoreduced
set) P of polynomials. The number of irreducible polynomials is initially set to zero. Then
every p in P is checked if it is in normalform with respect to P\ {p}. If this is the case,
then the polynomial is counted as irreducible, otherwise the polynomial was reducible and
might now be able to reduce further polynomials in P\ {p}. Therefore the number of
irreducible polynomials must be reset to zero. The algorithm terminates, if the number
of irreducible polynomials is equal to the total number of polynomials. The Modula-2
listing is given in table 6.8.

Proposition 6.4.2 Algorithm DINLIS s correct with respect to its specification.

Proof: In the first step (*1%) the polynomials are made monic by algorithm DIRPMC and
zero polynomials are removed.

As loop invariant in the second step (*2x) we may take ideal;(P) = ideal,(P' U {p}).
This is true, since polynomials in P’ are replaced by there normal form with respect to
P’ \ {p}. During each loop two cases occur:

1. a head term of a polynomial p is reduced and irr is set to zero

2. no head term is reduced and rr is increased by 1.

So termination follows from the fact, that no infinite descending (w.r.t <r) sequence of
terms exist. So at some stage case (1) can no more occur, and since P was finite irr
becomes equal to length(P') = |P'|.
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PROCEDURE DINLIS(T,P: LIST): LIST;
(*Distributive non-commutative polynomial list left irreducible
(autoreduced) set. P is a list of distributive rational polynomials,
PP is the result of left reducing each p element of P modulo P-(p)
until no further reductions are possible.
T is a table of distributive polynomials specifying the
non-commutative relations. *)
VAR EL, FL, IRR, LL, PL, PP, PS, RL, RP, SL: LIST;
BEGIN
(*1%) (*initialise. *) PP:=P; PS:=SIL;
WHILE PP <> SIL DO ADV(PP, PL,PP); PL:=DIRPMC(PL);
IF PL <> O THEN PS:=COMP(PL,PS); END;
END;
RP:=PS; PP:=INV(PS); LL:=LENGTH(PP); IRR:=0;
IF LL <= 1 THEN RETURN(PP); END;
(*2x) (*reduce until all polynomials are irreducible. *)
LOOP ADV(PP, PL,PP); EL:=DIPEVL(PL); PL:=DINLNF(T,PP,PL);
IF PL = 0 THEN LL:=LL-1;
IF LL <= 1 THEN EXIT END;
ELSE FL:=DIPEVL(PL); SL:=EVSIGN(FL);
IF SL = 0 THEN PP:=LIST1(PL); EXIT END;
SL:=EQUAL(EL,FL) ;
IF SL = 1 THEN IRR:=IRR+1; ELSE IRR:=0;
PL:=DIRPMC(PL); END;
PS:=LIST1(PL); SRED(RP,PS); RP:=PS; END;
IF IRR = LL THEN EXIT END;
END;
(*%3%) (xfinish. *) RETURN(PP);
(*6*) END DINLIS;

Table 6.8: Algorithm: DINLIS
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To prove that P’ is autoreduced, it remains to be shown that each rest(p) is irreducible
with respect to P"\ {p} since the head terms are irreducible by construction. Therefore
consider the stage of the loop, after the last head term was reduced. At this point we
have irr = (0. Now once again every polynomial and especially every rest of a polynomial
is reduced with respect to P'\ {p} until irr = len. Although P’ changes during the loop,
we know that the head terms of polynomials in P’ change no more, so the first reduced
rests remain irreducible with respect to the later reduced polynomials. O

This algorithm makes maximal use of the fact, that for reducibility of a polynomial only
the head terms of the reducing set of polynomials have any influence. In this view the
loop consists of two stages: a first stage which reduces all head terms (and probably many
terms in the rests) and a second stage (in the same loop) where the (remaining) rests are
reduced in length(P’) steps.

Upon termination the order of the polynomials in P’ with respect to their head terms
may be disturbed.

6.5 S-Polynomials and Left Grobner Bases

Recall that left Grobner bases, are defined as sets of polynomials P such that the
left reduction —} is confluent. It has already been shown, that it is sufficient for
P to be a left Grobner base, that all left S-polynomials of polynomials f,g € P re-
duce to zero with respect to P. Left S-polynomials are defined before section 3.9 in
[Kandri-Rody, Weispfenning 1988], respectively definition 4.5.6 of the this work.

Definition 6.5.1 Let f,g € R, w = lem(HT(f),HT(g9)), u = HTH‘J( U= H%(g)' Fur-

thermore let o' = coeff(w,u * f), ¥ = coeff(w,v * g) and let a = &, b = 5. Then the left
S-polynomial of f and g is defined as:

LSP(f,g) = aux* f —bv * g.

The implementation of the S-polynomial algorithm is straightforward. Only some care is
needed to get the coefficients right.

Proposition 6.5.2 Algorithm DINLSP s correct with respect to its specification.

Proof: Follows directly from the definition 6.5.1 of S-polynomials. O

6.5.1 Buchberger Algorithm

Buchberger’s algorithm for constructing Grobner bases is based on the following theorem.
In the commutative case it was proved in [Buchberger 1965] and [Buchberger 1985]. In
the case of enveloping algebras of Lie algebras and a total degree admissible term order
is was proved by [Apel, Lassner 1988].
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PROCEDURE DINLSP(T,A,B: LIST): LIST;

(#*Distributive non-commutative polynomial left S-polynomial.

A and B are rational polynomials in distributive representation.

C is the left S-polynomial of A and B.

T is a table of distributive polynomials specifying the

non-commutative relations. *)

VAR AL, AP, APP, BL, BP, BPP, C, EL, EL1, FL, FL1, GL, OL: LIST;

BEGIN

(x1%) (*a=0 or b=0. *) C:=0;

IF (A = 0) OR (B = 0) THEN RETURN(C); END;
EL:=DIPEVL(A); FL:=DIPEVL(B); OL:=RNINT(1);

(*2x) (*least common multiple. *) GL:=EVLCM(EL,FL);
EL1:=EVDIF(GL,EL); FL1:=EVDIF(GL,FL);

(*3*) (*non-commutative products. *) APP:=DIPFMO(OL,EL1);
BPP:=DIPFMO(OL,FL1); APP:=DINPPR(T,APP,A);
BPP:=DINPPR(T,BPP,B);

(¥4%) (*adjust coefficients. %) AL:=DIPLBC(APP);
BL:=DIPLBC(BPP) ;

APP:=DIRPRP (APP,BL); BPP:=DIRPRP(BPP,AL);

(x5%) (xdifference. *) C:=DIRPDF (APP,BPP);

(*8*) RETURN(C); END DINLSP;

Table 6.9: Algorithm: DINLSP

Theorem 6.5.3 (cf. 4.6.2) Let G be a finite set of polynomials in R. Then G is a left
Grobner base iff for all f,g € G, LSP(f,g9) —& 0.

The algorithm of Buchberger takes as input a finite set of polynomials and delivers a
Grobner base as output. In a main loop in the algorithm for all pairs of polynomials
the S-polynomials are constructed and reduced to their normal form modulo the set of
polynomials. If the resulting polynomial is non zero, the polynomial is added to the set of
polynomials. The algorithm terminates when all S-polynomials of all pairs can be reduced
to zero. Termination is assured by Dickson’s lemma and upon termination the condition
of theorem 6.5.3 shows that the output polynomial set is a Grobner base.

Buchberger showed also, that the construction of certain S-polynomials and their reduc-
tion could be avoided if some conditions on the head terms of the polynomials and the
sequence in which the S-polynomials are constructed are fulfilled. For the definitions of
this criteria see also 4.5.10 and 4.5.8.

The first of Buchberger’s criteria states that HT(f)HT(g) = lem(HT(f),HT(g9)) =
SP(f,g) —%¢ 0. This criterion is no more valid in the non-commutative case as the
counter example from 4.5.11 shows:

Example 6.5.4 Let R = K{X,Y;Y « X = XY — 1} be the first Weyl algebra. Consider
the following ideal generated by two polynomials p = X, ¢ =Y. Then HT(p)HT(q) =
lem(HT(p),HT(¢)) = XY, but LSP(p,q) = X *Y =YV x X = XY - XY 4+1=1+#0 and
1 is irreducible wrt. {p,q}.
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The second criterion of Buchberger states that,

dh € G : HT(h) divides lem(HT(f), HT(g)) and
SP(f,h) —¢, 0 and SP(h,g) —¢ 0. = SP(f,9) — 0

This criterion has been proven to be correct in proposition 4.5.8 or 4.6.2(7). It is imple-
mented like in [Gebauer, Kredel 1984] and has been used in the examples following.

The implementation of the algorithm is a straight forward modification of the commutative
Buchberger algorithm in [Gebauer, Kredel 1984]. The listing in Modula-2 is given in table
6.10.

In step 1 the input polynomials are made monic and some trivial checks are made if
we already have a Grobner base. The resulting list of polynomials is PP. In step 2 the
list of all pairs of polynomials B and an auxiliary list D are constructed in subalgorithm
DILCPL. Since it is still true, that LSP(p, ¢) = —LSP(q, p) it suffices to consider only pairs
of polynomials (f;, f;) with ¢ < j as in the commutaive case. The list D determines the
sequence in which the S-polynomials are constructed. The pairs in D are ordered such
that the pair (f, g) with the smallest (with respect to <) lem(HT(f), HT(g)) is selected
first.

Steps 3 and 4 comprise the main Buchberger loop. In 3 some bookkeeping is done and
in 4 the condition BBEC is checked if the reduction of the S-polynomial is necessary
(program DIGBC3). If required a S-polynomial S is constructed and reduced modulo the
list PP of polynomials. Then some checks for special cases are made and if the reduced
S-polynomial H is non zero the lists B and D are updated in subalgorithm DILUPL. If D is
empty, i.e. if all S-polynomials have been considered, the algorithm proceeds with step 5.

Finally in step 5 the reduced Grobner base is constructed in subalgorithm DINLGM and
the algorithm terminates.

Proposition 6.5.5 Algorithm DINLGB s correct with respect to its specification.

Proof: Follows directly from theorems 6.5.3 respectively 4.6.2. The correctness of DINLGM
is proved in the next section. O

6.5.2 Left Reduced Grobner bases

Besides the application of the LRED in [Kandri-Rody, Weispfenning 1988] (section 2) or
our DINLIS algorithm to compute a left reduced Grobner base there is some cheaper way
to obtain the same result. As in the commutative case by [Buchberger 1985, one can
exploit the fact that we already have a Grobner base.

Lemma 6.5.6 Let G be a left GB in R and let g,h € G such that HT(h) divides HT (g).
Then G' = G'\ {g} is still a Grébner base and ideal;(G) = ideal;(G").
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PROCEDURE DINLGB(T,P,TF: LIST): LIST;

(#*Distributive non-commutative polynomials left Groebner basis.

P is a list of rational polynomials in distributive representation

in r variables. PP is the left Groebner basis of P. t is the

trace flag. T is a table of distributive polynomials specifying

the non-commutative relations. *)

VAR B, C, CPI, CPJ, CPP, D, DL, EL, ELI, ELJ, H, IL, K, PLI, PLIP,
pLJ, PP, PPP, PPR, PS, Q, QP, RL, S, SL, SL3, TL, TR: LIST;

BEGIN

(x1%) (*prepare input. *)

IF P = SIL THEN PP:=P; RETURN(PP); END;

PS:=P; PPR:=SIL;

WHILE PS <> SIL DO ADV(PS, PLI,PS);

IF PLI <> O THEN PLIP:=DIRPMC(PLI); SL:=DIRPON(PLIP);
IF SL = 1 THEN PP:=LIST1(PLIP); RETURN(PP); END;
PPR:=COMP (PLIP,PPR); END;
END;
PP:=INV(PPR);
IF (PP = SIL) OR (RED(PP) = SIL) THEN RETURN(PP); END;
(%2%) (*construct b and d. *)
PPR:=DIPLPM(PP); PP:=INV(PPR); DILCPL(PP, D,B);
(¥3*%) (*loop until no more pairs left. *)
LOOP IF D = SIL THEN EXIT END;

ADV(D, DL,D); FIRST3(DL, EL,CPI,CPJ); ADV(CPI, QP,C);

PLI:=FIRST(QP); PLJ:=FIRST(RED(CPJ));

CPP:=RED(RED(CPJ)); SRED(CPJ,CPP);

IF CPP = SIL THEN Q:=LAST(QP); SFIRST(C,Q); END;

(*4x) (*s-pol and reduction step. *)

LOOP SL:=DIGBC3(B,PLI,PLJ,EL); IF SL = O THEN EXIT END;
S:=DINLSP(T,PLI,PLJ); IF S = O THEN EXIT END;
H:=DINLNF(T,PP,S); IF H = 0 THEN EXIT END;
H:=DIRPMC(H); SL:=DIRPON(H);

IF SL = 1 THEN PP:=LIST1(H); RETURN(PP); END;
D:=DILUPL(H,PP,D,B);
EXIT END;
END (*3x%);
(*5%) (*finish. *) PP:=DINLGM(T,PP);
(*6*) RETURN(PP); END DINLGB;

Table 6.10: Algorithm: DINLGB
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Proof: Let G be a Grobner base, then by definition — ¢ is a confluent reduction relation.

So lemma 4.3.2 shows that — ¢ is a confluent reduction relation and 4.4.4 shows that
ideal,(G) = ideal,(G"). O

With this lemma it is sufficient to remove polynomials with head terms that are divided by
some other polynomials in the base. This avoids the reduction of these polynomials. For
the remaining polynomials only the reductas must be reduced to normal form to obtain a
reduced basis. This can be done by LRED or preferably DINLIS, since DINLIS needs only
one loop through the base. The listing of the resulting algorithm is given in table 6.11.

PROCEDURE DINLGM(T,P: LIST): LIST;
(#*Distributive non-commutative minimal ordered left groebner basis.
P is a list of non zero rational polynomials in distributive
representation in r variables, P is a left groebner basis.
PP is the minimal normed and ordered left groebner basis.
T is a table of distributive polynomials specifying the
non-commutative relations. *)
VAR AL, EI, EJ, EL, PB, PI, PJ, PP, PS, QP, TL: LIST;
BEGIN
(*1x) (*length p le 1. *) PP:=P;
IF (P = SIL) OR (RED(P) = SIL) THEN RETURN(PP); END;
(*2x) (*search for exponent vector .*) PS:=PP; QP:=SIL;
REPEAT ADV(PS, PI,PS); PB:=PS; EI:=DIPEVL(PI); TL:=0;
WHILE (PB <> SIL) AND (TL = 0) DO ADV(PB, PJ,PB);
EJ:=DIPEVL(PJ); TL:=EVMT(EI,EJ); END;
PB:=QP;
WHILE (PB <> SIL) AND (TL = 0) DO ADV(PB, PJ,PB);
EJ:=DIPEVL(PJ); TL:=EVMT(EI,EJ); END;
IF TL = 0 THEN QP:=COMP(PI,QP); END;
UNTIL PS = SIL;
PP:=INV(QP);
IF (PP = SIL) OR (RED(PP) = SIL) THEN RETURN(PP); END;
(¥3%) (*get irreducible set. *) PP:=DINLIS(T,PP);
(*%4%) (*xsort. x) PP:=DIPLPM(PP);
(*7*%) RETURN(PP); END DINLGM;

Table 6.11: Algorithm: DINLGM

Proposition 6.5.7 Algorithm DINLGM s correct with respect to its specification.

Proof: The correctness of step 2 follows from lemma 6.5.6: In the REPEAT-loop each
polynomial of the list is selected and checked if its head term is divisible. In the first
WHILE-loop the polynomials following in the list are used for the check and in the second
WHILE-loop the ‘good’ polynomials before the actual polynomial are used for the check.

The correctness of step 3 follows from the correctness of algorithm DINLIS by propo-
sition 6.4.2 and proposition [Kandri-Rody, Weispfenning 1988] (proposition 4.5) respec-
tively 4.3.5. The sorting of the polynomials in step 4 is assumed to be correct. O
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6.6 Two-sided Grobner Bases

Besides the left ideals and left Grobner bases in solvable polynomials rings, Kandri-Rody
and Weispfenning characterize also two-sided ideals and two-sided Grébner bases con-
structively. Their main observation is that two-sided GB’s can be obtained by left GB
construction combined with taking right variable multiples of all polynomials in the base.

More precisely let ideal,(G) denote the two-sided ideal generated by G C R. Then the
finite set G of polynomials in R is a two-sided Grobner base if satisfies the equivalent
conditions of the theorem [Kandri-Rody, Weispfenning 1988] (theorem 5.4) respectively
4.11.6:

Theorem 6.6.1 Let G be a finite set of polynomials in R. Then the following assertions
are equivalent:

(4) For all f € idealy(G), f —¢ 0 (left reduction).
(6) Gisaleft GBand foralll1<i<r,peG,pxX; —¢0.

Based on this theorem it is easy to give an algorithm for the construction of two-sided
GB’s: Tterate the computation of left GB’s G and the combination with polynomials
p * Xz

Gr1 =G U{pxX; —¢ | peG, 1<i<r}
until Gk+1 = Gk
This gives the algorithm GROEBNER in section 2 of [Kandri-Rody, Weispfenning 1988].

The algorithm given in table 6.12 is slightly different: Take the algorithm for the compu-
tation of left GB’s and start the algorithm with the combined set GU{p* X; —% | p €
G, 1 <i<r}. At any time a S-polynomial is reduced to a polynomial & # 0, combine G
not only with {h} but additionally with the set {h x X; —% | 1 <i <r}. Furthermore
modify the lists B and D as appropriate.

The listing of this algorithm, called DINCGB, is given in table 6.12. Note, that singleton
sets of polynomials may not be two-sided GB’s any more. So the respective case detections
in algorithm DINLGB can not be carried over to algorithm DINCGB.

Proposition 6.6.2 Algorithm DINCGB s correct with respect to its specification.

Proof: Termination is guaranteed by Dickson’s lemma.

Upon termination of steps 3 and 4 PP is a left Grobner base since all S-polynomials
reduce to zero, either by direct verification or by condition BBEC. Condition (6) of 6.6.1
is fulfilled since for any polynomial p also the normal form of p« X; (1 < j <r) is in the
base. This shows that PP is a (non reduced) two-sided Grobner base.

The correctness of step 5 follows from theorem 5.4 of [Kandri-Rody, Weispfenning 1988]
respectively our theorem xreftgb.th and the correctness of algorithm DINLGM. O

This completes the discussion of the algorithms. We turn now to a small example.
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PROCEDURE DINCGB(T,P,TF: LIST): LIST;
(#*Distributive non-commutative polynomials two-sided groebner basis.
P is a list of rational polynomials in distributive representation in r
variables. PP is the groebner basis of P. t is the trace flag. T is a table
of distributive polynomials specifying the non-commutative relations. *)
VAR B, C, CPI, CPJ, CPP, CR, D, DL, EL, ELI, ELJ, F, H, IL, K, N, O, PL,
PLI, PLIP, PLJ, PP, PPP, PPR, PS, Q, QL, QP, RL, S, SL, TL, X: LIST;
BEGIN
(*1x) (*prepare input. *) IF P = SIL THEN PP:=P; RETURN(PP); END;
PS:=P; PPR:=SIL;
WHILE PS <> SIL DO ADV(PS, PLI,PS);
IF PLI <> 0 THEN PLIP:=DIRPMC(PLI); SL:=DIRPON(PLIP);
IF SL = 1 THEN PP:=LIST1(PLIP); RETURN(PP); END;
PPR:=COMP (PLIP,PPR); END; END;

PP:=INV(PPR); IF PP = SIL THEN RETURN(PP); END;

RL:=DIPNOV(FIRST(PP)); IF RL = O THEN RETURN(PP); END;

N:=EVZERO(RL); 0:=RNINT(1); X:=SIL;

FOR IL:=1 TO RL DO EVSU(N,IL,1, EL,XL); XP:=DIPFMO(0,EL);

X:=COMP (XP,X); END;
(*2x) (*add right multiples of polynomials and single variables. *) F:=PP;

REPEAT ADV(F, PL,F); XS:=X;

REPEAT ADV(XS, XP,XS); QL:=DINPPR(T,PL,XP);
QL:=DINLNF(T,PP,QL); QL:=DIRPMC(QL);
SL:=DIRPON(QL);
IF SL = 1 THEN PP:=LIST1(QL); RETURN(PP) END;
IF QL <> O THEN PP:=COMP(QL,PP); END;
UNTIL XS = SIL;
UNTIL F = SIL;
PPR:=DIPLPM(PP); PP:=INV(PPR); DILCPL(PP, D,B);
(*3%) (*loop until no more pairs left. *)
LOOP IF D = SIL THEN EXIT END;

ADV(D, DL,D); FIRST3(DL, EL,CPI,CPJ); ADV(CPI, QP,C);

PLI:=FIRST(QP); PLJ:=FIRST(RED(CPJ));

CPP:=RED(RED(CPJ)); SRED(CPJ,CPP);

IF CPP = SIL THEN Q:=LAST(QP); SFIRST(C,Q); END;

(*4x) (*reduction step. *)

LOOP SL:=DIGBC3(B,PLI,PLJ,EL); IF SL = O THEN EXIT END;
S:=DINLSP(T,PLI,PLJ); IF S = O THEN EXIT END;
H:=DINLNF(T,PP,S); IF H = 0 THEN EXIT END;

H:=DIRPMC(H); SL:=DIRPON(H);
IF SL = 1 THEN PP:=LIST1(H); RETURN(PP); END;
D:=DILUPL(H,PP,D,B); XS:=X;
REPEAT ADV (XS, XP,XS); QL:=DINPPR(T,H,XP);
QL:=DINLNF(T,PP,QL);
QL:=DIRPMC(QL); SL:=DIRPON(QL);
IF SL = 1 THEN PP:=LIST1(QL); RETURN(PP) END;
IF QL <> O THEN D:=DILUPL(QL,PP,D,B) END;
UNTIL XS = SIL;
EXIT END;
END (*3%);
(*5%) (*finish. *) PP:=DINLGM(T,PP);
(*9%) RETURN(PP); END DINCGB;

Table 6.12: Algorithm: DINCGB



164 CHAPTER 6. IMPLEMENTATION

6.7 Computation Example

So far we have discussed the non-commutative product and Buchberger algorithm. We
will now discuss an example computed with the MAS system and give some computing
times on several machines.

6.7.1 Polynomial Input and Output

Since polynomials are internally represented by lists over atoms (integers with absolute
value less than 22%) we need some facilities to display or input polynomials in more natural
form.

For the display routines the standard display routines for the (commutative) distributive
rational polynomials can be used. For the input routines the non-commutative product
algorithm can be incorporated to respect the order of the variables in the polynomials.

The syntax (in EBNF) of a polynomial accepted by the input routines is given in table
6.13.

poly = (rat | var | "(" sum ")" )
sum =term { ( "+" | "-" ) term }
term = factor { [ "x" ] factor }

factor = poly [ "**" nat ]
rat int [ "/" int ]

Table 6.13: Polynomial Syntax in EBNF

nat denotes a positive atom, int denotes an integer, rat denotes a rational number and
var denotes a variable name defined in the polynomial variable list.

The specification of the multiplication operator * is optional. In any case the product
is the non-commutative x-product. During input the polynomials are multiplied out to
obtain the internal canonical form of distributive rational polynomials. In the output the
polynomials are therefore represented as sums over monomials.

The listing of an example is given in table 6.14. The input of non-commutative polyno-
mials consists of two steps:

1. the input of the commutator relations together with the list of variables of the
polynomial ring and the desired term order,

2. the input of the non-commutative polynomials itself.

The commutator relations are a list of commuting polynomials which are read by the
MAS function PREAD. PREAD reads from the current input stream and returns a list of
distributive rational polynomials in internal representation. PREAD expects the following
items:
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1. The variable list: (a, x, y). A variable name may consist of a alpha-numerical
character sequence starting with a letter. All variables occurring in the polynomials
must be specified.

2. The desired term order: L. The term order may be one of the following:

L for the inverse lexicographical term order
G for the inverse graduated term order

polynomial list a list of univariate (integral) polynomials in the variable T (this
name is fixed). The list length must be the same as the number of variables.
The list is interpreted as the coefficients of a linear form which defines a term
order. See [Weispfenning 1987] for details.

There is no check if the term order is compatible with the commutator relations or
if the linear form defines an admissible term order.

3. The commutator relations themselves: ( 'y ), ( x ), ( x y + a ). Thisrelation
is interpreted as y x x = xy + a. Not specified relations are interpreted as if the
variables commute. In this example ¢ commutes both with x and y. The relations
must be given as a list (!) of polynom triples.

The second input consists of the non-commutative polynomials. NPREAD takes as input
a relation table and reads a list (!) of polynomials from the current input stream. The
output is a list of distributive rational polynomials. ** denotes exponentiation, the mul-
tiplication operator * may be omitted. I.e. x y denotes x * y. All multiplications of
variables mean the non-commutative x-product. It is possible to specify also more com-
plex polynomial expressions. See 6.13 for the accepted syntax. Be sure to include enough
parenthesis to avoid ambiguities.

6.7.2 Procedure Calling

Next three of the above discussed algorithms are called:

1. LIRRSET Left IRReducible SET, algorithm DINLIS. The input parameters are t the
relation table and p the polynomial list. The output c is the left irreducible set of
the input.

2. LGBASE Left Grobner BASE, algorithm DINLGB, The input parameters are t the
relation table, p the polynomial list and 1 a trace flag (0 = on trace, 1 = trace
reduced S-polynomials, >1 = trace as much as possible). The output c is the left
Grobner base of the input.

3. TSGBASE Two-Sided Grobner BASE, algorithm DINCGB. The input parameters are t
the relation table and p the polynomial list. The output c is the two-sided Grobner
base of the input.
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(* Commutator relations: *)
t:=PREAD() .

(a,x,y) L

(

(y), (x), (xy+a),
)

PWRITE(t).

(* Non-commutative polynomials: *)
p:=NPREAD(t) .

(

(y*x*3 + x*x*2 y + x y ),

( x%*2 + x )

)

PWRITE (p) .

c:=LIRRSET(t,p). (* Left Normalform *)
PWRITE(c) .

c:=LGBASE(t,p,1). (* Left G-base *)
PWRITE(c).

c:=TSGBASE(t,p,1). (* Two sided G-base *)
PWRITE(c).

Table 6.14: Computing example input
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Note that during the computations the number of known commutator relations is in-
creased. At the end 5 new commutator relations have been computed.

In any case the output polynomials are printed to the current output stream with the
procedure PWRITE. PWRITE prints the actual variable list, the actual term order and the
list of polynomials, each polynomials starting on a new line.

The produced output is shown in tables 6.15, 6.16 and 6.17.

Polynomial in the variables: (a,x,y)
Term ordering: inverse lexicographical.
Polynomial list:

( y**¥3 -2 ax - a)

( x**%2 + x )

Table 6.15: Computing example left irreducible set

Polynomial in the variables: (a,x,y)
Term ordering: inverse lexicographical.
Polynomial list:
axx2
( x**%2 + x )
a yxx2
( y**3 -2 ax - a)

Table 6.16: Computing example left Grobner base

Polynomial in the variables: (a,x,y)
Term ordering: inverse lexicographical.
Polynomial list:
a
( x*%x2 + x )
y**3

Table 6.17: Computing example two-sided Grobner base

6.7.3 Summary of Computing Times

A summary of computing times for ALDES on IBM 9370/VM, for MAS on an Atari 1040
ST (8 Mhz), an PC AT/386SX (16 Mhz) and an IBM RS6000-520 (20 Mhz) are given
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in table 6.18. The timings are obtained with a fresh list of commutator relations in each
case, i. e. not in the sequence suggested by the above input listing.

‘DINLGB, - irred.” means that the algorithm did not compute a reduced (irreducible)
GB. ‘DINLGB, + irred.” means that the algorithm computed a reduced (irreducible) GB.
‘DINLGB, BBEC, + irr.’ means that the algorithm computed a reduced (irreducible)
GB and used the condition ‘BBEC’ to avoid unnecessary reductions. In the later case
22 polynomials have not been reduced according to the criterion from a total of 34 S-
polynomials.

‘DIN1GB’ denotes the MAS algorithm corresponding to algorithm ‘GROEBNER’.
‘DINCGB’ is superior to ‘DIN1IGB’ due to the fact, that the polynomials p x X; are
added to the base at the beginning of the computation, so much more polynomials will
be reducible later on. ‘DINCGB, BBEC’ means that the algorithm computed a reduced
(irreducible) two-sided GB and used the condition ‘BBEC’ to avoid unnecessary reduc-
tions. In the later case 9 polynomials have not been reduced according to the criterion
from a total of 14 S-polynomials.

Algorithm IBM 9370/VM | Atari ST | PC AT/386sx | IBM RS6000
ALDES/SAC-2 MAS MAS MAS

DINLIS 0.03 < 1.0 < 1.0 0.03

DINLGB, - irred. 1.47

DINLGB, + irred. 1.47 18.0 13.0 1.30

DINLGB, BBEC, + irr. 6.0 0.47

DIN1GB 1.93

DINCGB 0.58 8.0 5.0 0.45

DINCGB, BBEC 4.0 0.23

Computing time in seconds.

Table 6.18: Computing Time Summary: Grobner Bases

The two examples from [Apel, Lassner 1988] need 2 respectively 6 seconds for a reduced
left Grobner base on an Atari ST.

A more complicated example from [Stokes 1989] needs 54 seconds on an Atari ST (re-
spectively 34 seconds using condition BBEC, avoiding 9 of 33 reductions). The problem
is to compute a left Grobner base of the polynomials

( vb v - v2 v3 )
( v4 vb - vl v3)

in an exterior algebra over a vector space generated by (vi,v2,v3,v4,v5,v6). The
computation can be done by specification of the commutator relations as ¢;; = —1 and
pi; =0, (1 <i < j < n)and adding the polynomials v? (1 < i < n) to the ideal base.
The resulting Grébner base is

(v4 vb - vl v3 )
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vb v6 - v2 v3 )

vl v3 v4 )

vl v3 vb )

v2 v3 v5 )

vl v3 v6 - v2 v3 v4 )
v2 v3 v6 )

AN A A A A A

6.8 Minimal Polynomial in Ideal

In this section we present an algorithm which computes the univariate polynomials of
minimal degree in an ideal with finite dimensional residue class vectorspace.

The algorithm takes the commutator relations ‘T’ and a left Grobner base ‘F’ as input.
Furthermore a natural number 1 < ¢ < n to indicate the variable for which the univariate
polynomial is to bee computed.

The Modula-2 listing of the minimal polynomial in an ideal is given in table 6.19:
In step (1) the variable X; is represented as multivariate polynomial.

In step (2) the powers X¥ are computed by program DIPMPV and the left normal form of
the power is computed by program DINLNF. Then a system of linear equations between
the representations of the powers is constructed. With algorithm DIRLIS the system
is transformed to row echelon form. Then program DIGBZT checks if the system has a
solution. If so, the repeat-loop is terminated; otherwise the loop is continued with the
next higher power of Xj.

In step (3) finally the univariate polynomial is constructed from the solution of the system
of linear equations.

Proposition 6.8.1 Algorithm DINLMPG is correct with respect to its specification.

Proof: This follows from lemma 5.4.3 under the foregoing considerations. The termina-
tion follows form the existence of such a polynomial which in turn follows since the vector
space dimension of R/ideal;(F') is finite. O

6.9 Computation of the Center

We will now turn to the algorithms which implement the computation of elements in the
center of a solvable polynomial ring S. Let S be Q{Xj,...,X,,Q} over the rational
numbers Q with commutator relations ().

The algorithm DINCCP takes the commutator relations and a set of terms as input. It
computes a polynomial with indeterminate coefficients (parametric coefficients) which
lies in the center of the solvable polynomial ring for any specialization to field elements
of the parameters.
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PROCEDURE DINLMPG(T,i,F: LIST): LIST;
(*Distributive non-commutative left rational minimal polynomial for a
G basis. F is a non-commutative left groebner basis. T is a relation
table. PP is the left minimal polynomial for the i-th variable for F. *)
VAR C, ¢, CLP, CP, CS, EINS, e, z, j, EVOREM, EVOCOR,
1, n, P, p, PP, r, rs, t, X, XP, YP: LIST;
ec: BOOLEAN;
BEGIN
(*1%) (*initialise. *)

IF F = SIL THEN PP:=0; RETURN(PP); END;

z:=FIRST(F); r:=DIPNOV(z); EINS:=RNINT(1); e:=SIL;

FOR j:=1 TO r DO e:=COMP(0,e); END;

X:=DIPFMO(EINS,e); 1l:=1; n:=r+l1; PFDIP(X, rs,P);

P:=PINV(r,P,1); P:=PMPV(n,P,1,1);

(*2%) (*solve linear systems of equations to get the coefficients. *)

REPEAT XP:=DIPMPV(X,i,1); (*commut.*) 1l:=1+1;

XP:=DINLNF(T,F,XP); (*non-commutativex)

PFDIP(XP, rs,YP); YP:=PINV(r,YP,1); n:=r+l;

YP:=PMPV(n,YP,1,1); (*commut.*)

P:=PINV(r,P,1); P:=RPSUM(n,P,YP);

CP:=PBCLI(r,P); C:=DILFPL(1,CP); CS:=SIL;

WHILE C <> SIL DO ADV(C, c¢,C); c:=DIRPEM(c,EINS);
CS:=COMP(c,CS); END;

C:=INV(CS); C:=DIRLIS(C); (*commut.*) t:=DIGBZT(C);

UNTIL t = 0;

1:=1-1;

(*3%) (*constuct minimal polynomial. *) PP:=PMON(EINS,1);

WHILE C <> SIL DO ADV(C, c¢,C); e:=DIPEVL(c);
n:=1-FIRST(EVDOV(e)); CLP:=RNNEG(DIPTBC(c));
p:=PMON(CLP,n); PP:=RPSUM(1,PP,p); END;

PP :=DIPFP(1,PP);

(x6%) RETURN(PP); END DINLMPG;

Table 6.19: Algorithm: DINLMPG
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There are routines, which generate sets of terms up to a desired total degree or where
the exponents are in a specified range. Furthermore there is a ‘driver’ program, which
calls DINCCP and then substitutes the values 0 and 1 into the center polynomial with
indeterminate coefficients to obtain generating elements of the center.

The center polynomial algorithm is constructed after the proof of proposition 3.6.4. The
Modula-2 listing of the center polynomial algorithm is given in tables 6.20 and 6.21.
The statements concerned with the correct handling of the term orders of the generated
systems of linear equations are omitted.

PROCEDURE DINCCP(T, E: LIST): LIST;

(*Distributive rational non-commutative polynomial center polynomial.

E is a list of exponent vectors. T is the relation table.

A polynomial in the center of the polynomial ring is returned. *)

VAR C, CL, CP, EINS, V, EVOREM, EVOCOR, ES, EP, EH, EB, e, ep, f, 1,
n, m, a, P, PP, PE, p, pp, r, rl, r2, rp, X, Y, Z: LIST;

ec: BOOLEAN;
BEGIN
(*x1x%) (*initialise. *) PP:=0; IF E = SIL THEN RETURN(PP); END;
(%2x%) (*build polynomials from variables. *)

e:=FIRST(E); r:=LENGTH(e); EINS:=RNINT(1);
IF r = 0 THEN PP:=DIPFMO(EINS,COMP(1,e)); RETURN(PP) END;
EP:=EVLGTD(r,1,SIL); EP:=SECOND(EP);
PE:=DILFEL(EINS,EP); PE:=INV(PE);
EH:=DILFEL(EINS,E); EH:=DIPLPM(EH);
(*3%) (*generate linear systems of equations for the coefficients. *)
EP:=PE; C:=SIL;
WHILE EP <> SIL DO ADV(EP,Z,EP); P:=0; 1:=0; n:=r; ES:=EH;
REPEAT ADV(ES,X,ES); P:=PINV(r,P,1); 1:=1+1; n:=r+l;
Y:=DINCCO(T,X,Z);
IF Y <> 0 THEN PFDIP(Y, rp,Y); Y:=PINV(r,Y,1);
Y:=PMPV(n,Y,1,1); P:=RPSUM(n,P,Y); END;
UNTIL ES = SIL;
CP:=PBCLI(r,P); CP:=DILFPL(1,CP); C:=CCONC(CP,C);
(*x3.1x%) C:=DIRLIS(C); (* evord ! *) END;

Table 6.20: Algorithm: DINCCP

In step (2) the required polynomials are generated for each variable and from the input
terms.

In step (3) the set of linear equations, according to proposition 3.6.4, are generated from
the commutators z x X; — X * 2 for each variable X; and each input term z. The variable
Z contains the term (as polynomial), the variable X contains the variable (as polynomial)
and the variable C contains the set of equations. The commutator is computed by algo-
rithm DINCCO. After a commutator has been computed, the augmented set of equations
is transformed to staggered form by algorithm DIRLIS. Note, that since Q is in the cen-
ter of S, the system of equations is homogeneous and therefore has always a solution.
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(*construct center polynomial. *)

PP:=0; r1:=LENGTH(EH); r2:=LENGTH(C); rp:=rl-r2;

IF rp > 0 THEN EB:=EVLGTD(rp,1,SIL); EB:=SECOND(EB);

ELSE EB:=SIL END;

ES:=EVLINV(EB,0,r); ES:=INV(ES); (*parametersx)

m:=0; EP:=SIL;

WHILE C <> SIL DO ADV(C, CL,C); (* CL <> 0 ! *) m:=m+1;
(¥head term, left hand sidex)

DIPMAD(CL,a,f,CL); (xa = 1 !%)

e:=EVDOV(f); n:=1-FIRST(e)+1; (xe <> () !'x)

e:=LELT(EH,n); e:=DIPEVL(e); (*wg. sorted x)

e:=EVINV(e,r,rp); p:=DIPFM0(a,e);

(*check for new parameters. *) EP:=INV(EP);

WHILE m < n DO ADV(ES,ep,ES); EP:=COMP(ep,EP);
e:=LELT(EH,m); e:=DIPEVL(e); (*wg. sorted *)
e:=EVINV(e,r,rp); e:=EVSUM(e,ep);
pp:=DIPFMO(EINS,e); PP:=DIRPSM(PP,pp);
m:=m+1; END;

EP:=COMP(4711,EP); EP:=INV(EP);

(*get right hand side. *) pp:=SIL;

WHILE CL <> SIL DO DIPMAD(CL,a,f,CL); a:=RNNEG(a);
e:=EVDOV(f); n:=1-FIRST(e)+1; (xe <> () !'x)
e:=LELT(EP,n); (*parameters)
pp:=DIPMCP(e,a,pp); END;

pp:=INV(pp);

IF pp <> SIL THEN pp:=DIRPPR(p,pp); PP:=DIRPSM(PP,pp) END;

END;

(*check for new parameters. *) EP:=INV(EP);

WHILE ES <> SIL DO ADV(ES,ep,ES); EP:=COMP(ep,EP);
e:=LELT(EH,m); e:=DIPEVL(e); (*wg. sorted *)
e:=EVINV(e,r,rp); e:=EVSUM(e,ep);
pp:=DIPFMO(EINS,e); PP:=DIRPSM(PP,pp);
m:=m+1; END;

RETURN (PP) ; END DINCCP;

Table 6.21: Algorithm: DINCCP, contd.
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Some caution is required to use the correct term order both for the computations in the
polynomial ring respectively in the (commutative) coefficient ring.

At the beginning of step (5) the system of linear equations is in staggered form. Then the
solutions are computed as usual by bringing things to the right hand side of the equation.
With solutions the coefficients of the center polynomials are constructed. Independent
variables are introduced as parameters in the resulting polynomial.

Finally in step (7) the center polynomial is returned.
Proposition 6.9.1 Algorithm DINCCP is correct with respect to its specification.

Proof: This follows directly from the proof of proposition 3.6.4 and the remarks about
the algorithm before. Termination follows from the finiteness of the set of input terms. O

As can be seen from the examples, the resulting polynomial with parametric coefficients
is not very readable. Therefore in a post processing step we specialize some values for the
parameters. Let m be the number of parameters, denote the parameters by y;, and let

o; {y1,...,Yym} — Q be a variable assignment for 1 < j < m.
Then define
(1 =
oj(yi) = { 0 else

for 1 < 4,5 < m. In other words, we specialize values such that the resulting polynomials
form a linear independent set of solutions considered as vectors.

The listing of the specialization algorithm is not given, but in the examples both the
center polynomial and the specialized polynomials will be shown.

6.9.1 Centers of Enveloping Algebras of some Lie Algebras

We include some examples of the computation of centers of enveloping algebras of some
finite dimensional Lie algebras over the rational numbers.

The examples are taken from [Patera et. al. 1976] and compared to their results. The
enumeration of the Lie algebras is as follows: A; ; denotes the j-th Lie algebra of dimension
1. The examples are contained in tables 6.22, 6.23, 6.24, 6.25 and 6.26. Note that we
only present examples which have polynomial invariants. Actually there are also rational
functions and analytical functions which are invariant under the commutator product of
the Lie algebra (see example 6.22).

In the examples we list
1. the defining commutator relations of the enveloping algebra of a Lie algebra,
2. the statement for the generation of the terms,

3. the center polynomial with parametric coefficients,
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4. the specialized center polynomials,

5. the computing time on an Atari 1040 ST.

The input syntax is as described in section 6.7. CenterPol denotes the ‘driver’ algorithm,
which calls DINCCP and then specializes the coefficients according to the scheme defined
earlier.

EVLGIL takes a list of exponents (ey,...,e,) and delivers a set of terms with exponents
(ay,...,a,) with 0 < a; <e; for 1 <i<n.

EVLGTD has inputs (n,d, E), where n is the number of variables, d is the total degree
and F is a list of already computed terms (used for internal recursion). It returns a list
(Ey,. .., Ey) where each Ej is a list of exponents of terms in n variables and of total degree
exactly .

The output furthermore shows the indication on the parameter variables in the coefficients,
then the full center polynomial with parametric coefficients and then the specialized poly-
nomials.

The computing times are splitted into the time for input ‘read =’, time for evaluation
‘eval =’, time for output ‘print =" and time spend in garbage collection ‘gc =’. The first
three times do not include garbage collection times. The computing times are summarized
also in table 6.27.

(* Commutator relations: *) t:=PREAD().

(el,e2,e3) G

(

(e3), (el ), (el e3 -el),

(e3), (e2), (e2e3 -e2),

)

(*generate terms. *) e:=EVLGIL(LIST(1,1,1)).

(*compute polynomial in the center. *) x:=CenterPol(t,e).

Parameters: (X1)

Center polynomial:
X1

Specialized center polynomials:
1

Time: read = 0, eval = 4, print = 0, gc = 0.

Table 6.22: Lie Algebra: As o

Note, that in example 6.22 we do not find a polynomial in the center. But in
[Patera et. al. 1976] it is shown that there are analytic functions, which are invariant
under the commutator product in the Lie algebra. Namely e; exp(—¢).
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(* Commutator relations: *) t:=PREAD().
(el,e2,e3) G

(

(e3), (el ), (el e3 -el),

(e3), (e2), (e2e3 +e2),

)

(*generate terms. *)
e:=EVLGTD(3,2,NIL). e:=INV(e). e:=FIRST(e).
(*compute polynomial in the center. *) x:=CenterPol(t,e).

Parameters: (X1)

Center polynomial:
X1 el e2

Specialized center polynomials:
el e2

Time: read = 0, eval = 4, print = 0, gc = 0.

Table 6.23: Lie Algebra: As4

In example 6.23 we do not obtain the constants of Q respectively the specialized poly-
nomial 1, since we did not ask for it. We only asked for polynomials in the center of
homogeneous total degree 2.

In example 6.26 we obtain more polynomials than [Patera et. al. 1976]. But observe, that
the first polynomial is the product of polynomials 4 and 5 and the second polynomial is
the product of the polynomials 5 and 6. This raises the question of canonical bases for
subrings.

6.9.2 Summary of Computing Times

A summary of the computing times for MAS on an Atari 1040 ST is contained in table
6.27. We list the respective Lie algebra in column one, the dimension of the Lie algebra
in column 2, then the total degree and the exponents as input to the term generating
algorithm. The last column contains the computing times. The column entitled ‘polyno-
mials’ contains before slash ¢/’ the number of specialized polynomials as produced by the
algorithms and after the slash the number of polynomials as listed in [Patera et. al. 1976].

6.10 Example U(sl(2), f)

The next examples are taken from [Smith 1990]. He studies a class of algebras which are
similar to the enveloping algebra of sl(2, C) over the complex numbers C.
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(* Commutator relations: *) t:=PREAD().

(el,e2,e3) G

(

(e2), (e1), (el e2 - e3),

(e3), (e2), (e2e3 - el1),

(e3), (el ), (el e3 +e2),

)

(*generate terms. *) e:=EVLGIL(LIST(2,2,2)).

(*compute polynomial in the center. *) x:=CenterPol(t,e).

Parameters: (X1,X2)

Center polynomial:
( X2 e3%x2 + X2 e2%x2 + X2 el**2 + X1 )

Specialized center polynomials:
( e3%%2 + e2%*x2 + el**x2 )
1

Time: read = 0, eval = 64, print = 0, gc = 16.

Table 6.24: Lie Algebra: Ajg

(* Commutator relations: *) t:=PREAD().

(el,e2,e3,e4) G

(

(ed ), (e2), (e2ed - el ),

(ed ), (e3 ), (e3 ed -e2),

)

(*generate terms. *) e:=EVLGIL(LIST(0,1,2,1)).

(*compute polynomial in the center. *) x:=CenterPol(t,e).

Parameters: (X1,X2,X3)

Center polynomial:
( -2 X3 el e3 + X3 e2**2 + X2 el + X1 )

Specialized center polynomials:
( -2 el e3 + e2*x2 )
el
1

Time: read = 0, eval = 6, print = 0, gc = 8.

Table 6.25: Lie Algebra: Ay
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(* Commutator relations: *) t:=PREAD().
(el,e2,e3,e4,e5,e6) G

(

(e2), (el ), (el e2-e3),

(e3), (el ), (el e3 -ed),

(eb ), (el ), (el eb -e6),

)

(*generate terms. *) e:=EVLGIL(INV(LIST(0,1,2,1,1,1))).
(*compute polynomial in the center. *) x:=CenterPol(t,e).

Parameters: (X1,X2,X3,X4,X5,X6,X7)

Center polynomial:
( -2 X7 e2 e4 e6 + X7 e3**x2 e6 + X6 e4 e6 -
X5 e3 e6 + X5 e4d eb -2 X4 e2 e4 + X4 e3*%x2 +
X3 e6 + X2 e4 + X1 )

Specialized center polynomials:
( -2 e2 e4 e6 + e3x*2 eb )
ed eb
(- e3 eb + e4 eb )
( -2 e2 e4 + e3%x2 )
eb
e4
1

Time: read = 0, eval = 140, print = 0, gc = 24.

Table 6.26: Lie Algebra: Ag;

Lie Algebra | dim | total exponents polynomials | time
degree

Az 3 <3 (1,1,1) 1/2 4

A374 3 =2 ]_/2 4

As g 3 <6 (2,2,2) 2/2 64

Ayq 4 <4 0,1,2,1) 3/3 6

Aga 6 <6 |(0,1,2,1,1,1) 7/5 140

Computing time in seconds.

Table 6.27: Computing Time Summary: Center
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The Lie algebra si(2) over C is generated by three elements z, y, h with Lie product
[l',y] = ha [h,.'L'] =7, [hay] =Y.
The enveloping algebra of sl(2) can be regarded as solvable polynomial ring with respect
to a term order h < z < y as
S=C{h,x,y;{y*xx=xy—h,xxh=hx —x,yxh=hy+y}}

As one can see from this representation, we need not take a total degree ordering as term
order. So an inverse lexicographical term order is suitable, which suggests, that S could
be considered as some Ore extension. This is indeed shown by Smith, that

S=UDb)y, 0,0,
where

1. U(b) denotes the enveloping algebra of the 2-dimensional non-abelian Lie algebra b,
generated by h and z with commutator relation [h, z] = z,

2. o is defined by o(x) =z and o(h) = h — 1 and
3. ¢ is defined by 6(x) = h and 6(h) = 0.

Now Smith observes, that by this definition as Ore extension, the definition of §(x) can
be deliberately replaced by any univariate polynomial in h without loosing the property
of being an Ore extension:
o(z) = f(h).

The resulting algebra will be denoted by R = U(sl(2), f) or as solvable polynomial ring
by

S=C{h,x,y;{yxx=xy — f(h),r*h=hx —x,yxh=hy+y}}.
Now Smith shows, that the center of R is generated by a unique polynomial which is
determined as expression in f

Q=xxy+y=*xz+g(h) € cen(R).

Furthermore let R' = R/ideal;(2) and let I = ideal;(w;, wy) in R be a two-sided ideal in
R'. Then he shows, that any such two-sided ideal I, generated by w; = z* and w, = ¢’
for i > ng and j > ng, where 0 < ng € N is ‘sufficiently’ large, is uniquely determined
by €2 and hence by f.

In the following examples we took f = 3/2h(h + 1) from [Smith 1990] example 2.4. We
first compute € cen(S) in table 6.28 as Q = —2xy — h® + h. Computing times for
various sets of terms, determined by exponent vectors, are given in table 6.30.

Having €2 we compute a Grobner base of a two-sided ideal generated by €2 and various
other elements of the form 2¢, 47 and products and sums of them. If i > 2 and j > 2 then
the ideals are all equal to the ideal generated by

(h? + h), (hx), (z*), (hy + ), (zy), (7).

Computing times for various generating sets for the ideal are also given in table 6.30.
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(* Commutator relations: *) t:=PREAD().

(h,x,y) L

(

(x), (h), (hx-x),

(y), Ch), Chy+y),

(y), (x), (xy-3/2h (h+1)),
)

(*generate terms. *) e:=EVLGIL(LIST(1,1,4)).
(*compute polynomial in the center. *) x:=CenterPol(t,e).
Parameters: (X1,X2)

Center polynomial:
(-2 X2 xy - X2 h**x3 + X2 h + X1 )

Specialized center polynomials:
(-2 xy - h**x3 + h )
1

Time: read = 0, eval = 50, print = 0, gc = 16.

Table 6.28: Center of U(sl(2), f)

(* Non-commutative polynomials: *) p:=NPREAD(t).
(

(-2 xy - h**x3 +h ),

( x*x3 ),

( y**3 ),

)

(* Two sided G-base: *) c:=TSGBASE(t,p,1).
Polynomial in the variables: (h,x,y)
Term ordering: inverse lexicographical.

Polynomial list:

( h**2 + h )
hx)
X**2 )
hy+y)
xXy)
y*x2 )

N A A A A

Table 6.29: Two-sided Ideal in U(sl(2), f)
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6.10.1 Summary of Computing Times

A summary of the computing times of the above examples are given in table 6.30.

The first column denotes what has been computed: 2 in the center, or the two-sided
ideals ideal; (2, wy,wy). The other generators wy,w; are of the form z*, ¢/ and products
and sums of them. If 7 > 2 and j > 2 then the generators of the ideal from table 6.29 are
computed. Otherwise the two-sided Grobner base of the ideal is equal to {z,y} and {1}
respectively.

The second column shows the maximal exponent vectors for the searched center polyno-
mial. So an entry (I, m,n) means, that the terms have degrees 0 < i < [ in the variable
y, 0 <4 < m in the variable x and 0 <7 < n in the variable h.

The third column shows the computing times in seconds for MAS on an Atari 1040 ST.
As can be seen the times vary drastically by the number of terms requested for the center
polynomial and the degrees of the generating elements of the two-sided ideals.

exponents | time

Q (1,1,3) | 30

Q (1,1,4) | 50

Q0 (1,1,5) | 76

Q (1,1,6) | 112

Q (1,1,7) | 160

Q (1,1,8) | 242

Q (2,2,3) | 144

0 (2,2,4) | 284
ideal;(€2,1) 0
ideal, (2, z, y) 4
ideal;(Q, 2%, y?) 26
ideal, (Q, z*, y?) 64
idealy (2, 2%, y*) 130
ideal;(Q, z°, y°) 226
ideal, (2, z +y) 4
ideal; (2, 22 + y?) 24
ideal, (Q, 2* + 3°) 92
ideal, (Q, z?%) 34
ideal, (Q, z*) 66
ideal,(Q, (z +y)?) 688

Computing time in seconds.

Table 6.30: Computing Time Summary: U(sl(2), f)
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6.11 Concluding Remarks

We have presented efficient algorithms for the computation in solvable polynomial rings.
The algorithms may be used for computations of ideal bases in enveloping algebras of finite
dimensional Lie algebras, in iterated differential operator rings or in Clifford algebras.

Furthermore the algorithms may serve as a base for the implementation of further con-
structive methods such as computation of syzygies, quotient fields, residue class rings,
etc.

There are several possible improvements to the algorithms. One important improvement
would be to incorporate an fast algorithm for the solution of systems of linear equations
for the computation of elements in the center.

An implementation of the algorithms for syzygy computations is given in [Philipp 1991].
The algorithms for parametric Grobner bases in the commutative case are implemented
in [Schonfeld 1991].



Chapter 7

Comprehensive Grobner Bases

In this chapter we extend the theory of comprehensive Grobner bases, as introduced in
[Weispfenning 1990], from commutative polynomial rings to solvable polynomial rings.
An outline of this theory was given in [Kredel, Weispfenning 1990]. In the current setting
we assume that the coefficients commute with the variables.

The main point of comprehensive Grobner bases is that the construction of a Grobner base
is not performed over a field, but over a ring (with parameters) such that the specialization
of the parameters to elements of any field leads to a Grobner base over this field. In this
sense such an ideal base is a comprehensive Gribner base. In general the property of
beeing a Grobner base is lost under specialization of the coefficients as the following
example from [Weispfenning 1990] shows. Let S = Q[U][X, Y] be a polynomial ring in
X, Y with parameter U and with X <Y. Let

F={X+1UY + X},

then F'is a Grobner base in Q[U, X, Y] wrt. <. Let 0 : Q[U] — K be a specialization,
which embedds Q into K and with o(U) € K. Then o(F) (defined by applying o to the
coefficients) is a Grobner base in K[ X, Y] for any o with o(U) # 0. But for a specialization
with o(U) = 0 we have o(F) = {X + 1, X} and we see that 1 € ideal(c(F)) but 1 is
not reducible with respect to o(F). So o(F) can not be a Grobner base. To obtain a
comprehensive Grobner base one would consider also the case when U = 0 and under this
condition the polynomial X +1 — (UY + X) = —UY + 1 € ideal(F). So in this example

G={X+1LUY+X,-UY +1}
would be a comprehensive Grébner base, since now also under the specialization o(U) = 0

we see that o(G) = {X + 1, X, 1} is a Grobner base.

The plan for this chapter is as follows. In the first section we recall some definitions
and we extend the % product to a parametric x-product, i.e. to a *-product in a solvable
polynomial ring over a ‘parameter ring’. Furthermore we present a parametric reduction
and a parametric S-polynomial. Next we give a precise statement of specializations and
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give a criterion on the head terms of a Grobner base under specialization. Then we define
comprehensive Grobner bases.

The construction of a comprehensive Grobner base is performed by the usual process of
building S-polynomials and reductions. But now the conditions under which the steps are
performed are recorded in a set of conditions. This leads first to a tree of ideal bases where
the nodes are labeled by the set of conditions under which the step has been performed.
This tree of ideal bases is called a Grobner system and a comprehensive Grobner base is
afterwards obtained by taking the union of all ideal bases at the leaves of the tree. A
condensed coding of the conditions applied to the coefficients of the polynomials under
consideration is called a colouring. A coefficient is coloured red if it is non-zero under the
current set of conditions, it is coloured green if it is zero under the current set of conditions,
otherwise is coloured white. A determined set of polynomials is a set of polynomials
together with a set of conditions such that the first non-green term of a polynomial is
coloured red. This term then serves as a head term during the following steps of the
reduction and S-polynomial construction. Using these constructions the algorithms for
the construction of left (right, two-sided) Grobner systems are developed.

Finally the parametric ideal member ship problem is discussed. It has important appli-
cations in the proof of the strong Nullstellensatz. We have not included a treatment of
parametric modules of syzygies and deformation of residue algebras, this will be some
future work. Applications to quantifier elimination are discussed in chapter 8 when we
have introduced the required Nullstellen Satze.

7.1 Parametric Solvable Algebras

Let R be a commutative Noetherian domain and let R[Uq, ..., U,,| be a polynomial ring
in the commuting variables {Ui,...,U,} = U. Assume furthermore, that the variables
commute with the coefficients. For a two-sided ideal I in R[U,...,U,,] with INR = {0}
define R = R[Uy,...,Uy]/I so that R = Rluy, ..., uy] with u; =U; + 1 fori=1,...,m.
Recall the axioms of solvable polynomial rings 3.2.1 adapted for the current situation:

Axioms 7.1.1 S = R{X\,..., X,;Q} denotes a polynomial ring of solvable type over
R in the variables {X1,..., X} for a fized term order <r if the following azioms are
satisfied:

1. (S,0,1,4, —, %, <) is an associative ring extending R and with admissible term order
<.

2. (a) Foralla,be R, t € T(X1,...,X,), axbxt=ax(bt) = (a-b)- -t =abt.
(b) Foralll1<i<n,seT(Xy,...,X;),teT(X;,...,X,), skt =st.

3. For all1 <i < j <mn there exist 0 # ¢;; € cen(R), p;; € S such that

X]' * Xz = CjiXin +p”
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and p;; < X;X; in the quasi-order on S induced by the termorder on T'. Moreover
if C is the multiplicative subset generated by the c;j in R, then 0 ¢ C.

4. Foralll1<i<nandall0 #a € R

X;*xa=aX;.

In the special case when R is a field and m = 0 we obtain a solvable polynomial ring as
defined in axioms 3.2.1(1, 2, 3, 4) in case the ¢,; = 1 and the p,; = 0 for 1 < i < n and
a € R. The notation for parametic solvable polynomial rings will be

5 == R{Xl,,Xn,Q},

where () denotes the parametric commutator relations of axiom 7.1.1(3). The commutator
relations @' of axiom 7.1.1(4) will not be written according to our earlier convention. S
will be called the polynomial ring, R will be called the coefficient ring and R will be called
the base coefficient ring.

The next goals considered in the rest of the section are to prove a parametric product
lemma and some notes on parametric reduction and S-polynomials.

7.1.1 Parametric Product

Lemma 7.1.2 Let R be a commutative Noetherian domain, m € N, R = Rluy, ..., up].
Let S = R{Xy,..., X,; Q} be a parametric solvable algebra as defined in 7.1.1 with respect
to a *-compatible term order <. Let C be the multiplicative subset of R generated by the
cij from the commutator relations Q. Then for 0 # f,g € S one can compute 0 #c € C
and p € S with p < f - g such that

fxg=c-f-g+p.

c and p are uniquely determined by these properties and the coefficients of p in R are
polynomials in the c;;, the coefficients of all p;; from the commutator relations Q) and of the
coefficients of f,q. Furthermore these polynomials are formed uniformly, independently
of the ring R.

The proof requires some preparations. In the following let n € N be fixed and let < be a
fixed admissible x-compatible term order.

Definition 7.1.3 Let S = R{X,..., X,;; Q} be a solvable polynomial ring. For 1 <i <
J < mnletT;; be finite subsets of T. Let T ={T;; : 1 <i<j<mn}. Then S is of type T
if all terms occurring in some commutator polynomial p;; from Q) are elements of T;; for
1 <i<j<n. In other words T(p;j) C T;;. T is called a type for a solvable algebra if
for a given term order < on T we have t < X;X; for allt € T;j for 1 <i < j <n.
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The proof of the parametric product lemma is by the following two lemmas, which depend
inductively on each other.

Lemma 7.1.4 Let S = R{Xy,...,Xn;Q} be a parametric solvable polynomial ring with
terms T. Let T be a type of a solvable polynomial ring and let () be the parametric
commutator relations: Q@ = {X; * X; = ¢;; X;X; + Yecr,; deije + Jij € T}. If lemma
7.1.5 holds for all 9 < 9, 0,9 € T, then for u,v € T with uv = 9 one can construct an
ETPTESSIon
hum? - Z Zeuvd€ = hfum?({cij}a {deij})a
eEJyv
such that

1. Ju = J(u,v,9) and

2. the Ze vy = Zeaws({Cij}s {deij}) for e € Juy are multivariate polynomials in the {c;;}
and the {de;;} with integer coefficients.

3. For every ground ring K and every specialization of the c;; to elements 0 # ¢;; € K
and of d.;; to elements d.;; € K such that S = K{X1,..., X0; Q({¢;},{deij}) } is a
solvable polynomial ring the following holds

U v = oy ({65}, {deij})-
Moreover HT (u x v) = HT (hywp) = wv, HC(u * v) = HC(huvs) = 2(uv)uv0-

Notation: Zyme = {Ze,uw}eeJuv-

Proof: The proof is by Noetherian induction on ¢ = uv assuming that lemma 7.1.5 holds
for all products f x g with HT(f)HT(g) = 9’ < t.

Case: u = 1 respectively v = 1. Then according to lemma 3.2.4(3) we have u*v = uv and
solet 1) Ju, = {v}, 2) 2puww =1, 3) huws = v, respectively let 1) J,, = {u}, 2) 24w = 1,
3) humg = Uu.

Case: t > 1 and assume the claim is true for all ¥ < ¢ and that lemma 7.1.5 holds
for all products f * ¢ with HT(f)HT(g) < t. If u € T(Xy,...,X;), v € T(X;,..., X,)
for some 1 < 7 < n then again by lemma 3.2.4(3) we have u * v = uwv = t and so 1)
Juw = {t}, 2) Zuwo =1, 3) hyyy = uv and we are done. Otherwise let v € T'(Xp, ..., X;),
veT(X;,...,Xy) withl <h<j<n 1<i<k<n,i<}jand h,i maximal, j, k
minimal and consider the following subcases.

Subcase 1, h <i: Let u = xpu’ with v’ € T(X,...,X;), then v/ < w and vwxv =
Xpu' xv = X xu' xv. By induction assumption u v = X}, * hyrpg = X, * ZeeJu,v Ze ulvi€
= ZeE]u,v Ze,u’vﬁXh *e = Z(u’v),u’vﬂXh * u'v + ZeE]u/v\{u’v} Ze,u’vﬁXh * e. Since Xp, x e < uv
for all e € Jy, \ {v/v}, the induction assumption can be applied to the products in the
second sum. Let Xj xe =3¢/ Zer x,e€ then

n
UKV = Zwo)wodlU + D Zer upg€ (*)
e'"eJyy
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where 1) Jy, = {e€' : e € Jyp, € € Jx,e}s 2) Zewws = Zeyws ({Cij}s {diij}) for e € Ju,, 3)
hywy as in (k).

The subcase 2, j < k is handled similarly. Subcase 3, ¢ < h and k£ < j is handled as
follows: Let u = v/X;, v = X;v' with v’ € T'(X,, ..., X;), v € T(X;,..., Xy), then v’ < u,
v < v and uxv = u'* X% X; 50" = ' % (c;; X; Xj+pij) % v = 05 (c;; X; X;) %0 + 0" (pij) xv'.
Now since HT (u")HT (p;;)HT (p) < t lemma 7.1.5 can be applied (two times) to the second
summand, which gives J, x, x;,» and the respecive z and h. If we can furthermore construct
J', ', b’ for the first summand we have 1) Jy, = J' U Jux,x;0, 2) 2Zeruvs = 20 + Zews if
" =e+¢€, 3) huo = huww({cij}, {dkij}) as claimed.

For the first summand observe that u' * ¢;;X; < wv and X; *xv' < wv. So induction
can be applied to the partial products (u' x ¢;; X;) * (X; x v') = (zgc;; Xou' + by g) *
(zav'Xj + Ry 4), where h' is h without headterm. Distributing * over + and applying
three times lemma 7.1.5 to the three last summands (yielding A") we obtain u x v =
(zarcij Xiu') * (240" Xj) + Wk, x,9- To the first summand by axiom 3.2.1(2) or 7.1.1(2)
the assumption of the third subcase can be applied so zgc;; X * (0 * zgr % v') % X; =
Za Cii X % (zgmu'v' + hlyg) * X, Since X; « hly 9 % X; < uv we can expand the products
and apply lemma 7.1.5 on the second product. By assumption of subcase 3 the first
summand is now a commutative product zgc;; X;zgmu'v'X; = 2(uv)uwwuv. Collecting all
coefficients of equal terms we obtain the desired J', 2’ = 2(uv)uw9 and the A'. This proves
all subcases and cases and thus proves the lemma. O

Lemma 7.1.5 Let S = R{Xy,...,Xpn;Q} be a parametric solvable polynomial ring with
terms T. Let T be a type of a solvable polynomial ring and let @QQ be the parametric
commutator relations: Q = {X; * X; = ¢;; X;X; + Zeejij deije = Jij € T}. Then for
polynomials 0 # f,g € S with HT(f)HT(g) = 9, ¥ € T, under the assumption that lemma
7.1.4 holds for 9, with indeterminate coefficients f = Dec; Ge€ and g =Y ey, b€ one
can construct an exrpression

higo = D Zeggve = hygo({cij}, {deis}, {ar}, {br}),

e€Jyry

such that

1. ‘]fg = ‘](fagaﬁ) and

2. the Zerg0 = Ze,fgo({Cis }, {deij} {ar}, {bx}) for e € Js, are multivariate polynomials
in the coefficients {c;;}, {deij}, {ar}, {0k} with integer coefficients.

3. For every ground ring K and every specialization of the c;; to elements 0 # ¢;; € K
and of dy; to elements de; € K such that S = K{X1,..., Xn; Q({¢;}, {dei;})} is a
solvable polynomial ring and of ay, by to arbitrary elements ay, by € K the following
holds X

fxg=hpg({¢;}, {deij}, {ar}, {Ox})-
Moreover HT(f x g) = HT (hyg9) = HT(f)HT(g), HC(f * g) = HC(htg9) = 2Z(uv),fg0
where v = HT(f) and v =HT(g).
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Notation: Zsgy = {Ze,fg'ﬂ}eleg'

Proof: By induction on the product of the head terms of f and ¢ and using lemma 7.1.4.
By distributivity f* g = (E.cs, ae€) * (Zeoes, be€') = Lecs, Lees, @e€ * bere'. So

f*g: Z Z aebe/€*€,.

ecJre'ely

By lemma 7.1.4 (using also induction assumption) each parametric product of e x €’ is an

expression
hee’ﬁ ({Cij}a {dklj}) .

Collecting the coefficients of the same terms we obtain

f*g: Z Ze,fgﬁe

e€tyy

where each z, ry9 is a multivariate polynomial in the {c¢;;}, {di;;}, {ar}, {br} with integer
coefficients. Moreover for the head term HT(f x g) = HT(f)HT(g) = w and the head
coefficient of HC(f * ¢) is auby2w uws, where HT(f) = v and HT(g) = v. O

Proof: of Lemma 7.1.2. In lemma 7.1.5 specialize the {c;;}, {dki;}, {ar}, {0k} to the
coefficients of the polynomials f, g and to the coefficients of the commutator relations in

(. Combining lemma 7.1.5 and lemma 7.1.4, we see that lemma 7.1.5 holds for all ¥ € T.
Then the claim follows by lemma 7.1.5. O

7.1.2 Parametric Reduction and S-Polynomial

Left reduction and S-polynomials in parametric solvable polynomial rings are defined
in a way that no divisions by elements in the coefficient ring are necessary. Let § =
R{Xy,..., X,;Q} be a parametric solvable polynomial ring.

Left reduction: let f, f' € S and let H C S. Then f —py f'if there exists a polynomial
0+#p e H with HT(p) = ¢, a term s € T(f) such that s = ut and

f=df —dux*p,

where d,d" € R with d' = coeff(s, f), d = coeff(s,u * p). By construction we have
d-f—f€ideal,(H).

S-polynomial: let f,g € S and let u,v € T such that lem(HT(f),HT(g)) = vHT(f) =
vHT(g). Let a = coeff(t,v x g) and b = coeff(¢,u * f), then

LSP(f,g) = aux* f — bv * g.

Lemma 7.1.6 Let S = R{Xy,...,Xn;Q} be a parametric solvable polynomial ring with
commutator relations Q. Let 0 # f,g € S, f' € S and let H C S. Then the following
hold:
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1. If f —y f"in S, then the coefficients of f' in R are polynomials in the coefficients
in R of the polynomials in {f} U HU Q. Moreover f' < f.

2. The coefficients in R of h = LSP(f,g) are polynomials in the coefficients in R of
the polynomials in {f, g} U Q.

Proof: In both cases f" and h are differences of products of parametric polynomials, so the
claim follows by the parametric product lemma 7.1.2. The product lemma shows also that
the polynomials are formed uniformly, independently of the ring R if R is commutative.

The claim f' < f follows from the fact, that the term s in f does no more appear in f,
all terms u € T'(f) with u > s remain in 7'(f) and that only terms less than s from u * p,
Onegp € H are newly entered into 7'(f’). O

7.2 Specializations

Recall that R denotes an commutative domain. Furthermore assume that R and conse-
quently by the Hilbert basis theorem R = R[uy, ..., u,] is Noetherian.

Definition 7.2.1 A specialization of R = Rluy, ..., uy] is a ring homomorphism o :
R — K', where K' is a commutative field. Let S = R{Xy,...,X,;Q} be a parametric
solvable algebra over R. Let 8" = K'{Xy,..., X,;Q'} be a solvable polynomial ring over
K’ with commutator relations Q' such that for all 1 <i < j < n there exist 0 # Cij € K,
pi; € S' such that

and py; < X;Xj. Let 6+ S — S' be the natural extension of o obtained by applying o
coefficientwise. Then o is called admissible for S and S’ if for 1 <i<j<mn

o(cij) = ¢;; and o (pij) = piy-

Let K' be an extension field of K, then a specialization 0 : R — K’ of R is called
epi specialization if K' = Q(o(R)), the quotient field of o(R). Since R is assumed to
be a commutative Noetherian domain, and o is injective, then o(R) is a commutative
Noetherian domain too, so the quotient field Q(c(R)) always exists.

Lemma 7.2.2 Let 0 : R — K' be a specialization of R that is admissible for S =
R{Xy,...,X,;Q} and ' = K{X,,...,X,;Q'}. Thenac : S — S is a ring homo-
morphism with respect to x. So whenever 0 # f,g € S and fxg=c-f-g+p and
a(f)xa(g)=c-a(f)-a(g)+p" are as in proposition 3.2.5 then

/

d =o(c) and p' =a(p).

Proof: By the parametric product lemma 7.1.2. O
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Proposition 7.2.3 Let < be a term order on T and let T be a type for a solvable al-
gebra wrt. <. Let R be a commutative Noetherian domain. Then there exists a ring
R = Rluy,...,uy) = R[Uy,...,Unl/I, I a two-sided ideal, and a parametric solv-
able algebra S = R{Xi,...,X,;Q} such that for all fields K', all solvable algebras
S"=K{Xy,...,X;Q'} of type T and all ring homomorphisms ¢ : R — K', ¢ has
an extension to a specialization o : R — K' that is admissible for S and S'. In particu-
lar if o is surjective then S" = o(S).

Proof: Let 7T ={T;; : 1 <i< j<mn}. Foralll <i < j < n weletc; be
an indeterminate and p;; the most general polynomial with indeterminate coefficients
containing all terms in T;;. Let Uy, ..., U, be a list of all these indeterminates. For every

pair of terms s,t € T let ¢ and p,; be determined by the parametric product lemma 7.1.2
in such a way that

sxt = cgst+ py with 0 # ¢, € C' and py < st (1)

in every parametric solvable algebra S = R'{X;,..., X,;; Q} satisfying axioms 7.1.1, and
R =RJUi,...,Uy]. Then (1) together with 7.1.1 (2) determines the structure constants
in R' of S with respect to the basis T of S. By proposition 3.3.6 (see also [Jacobson 1962](p
4)), there exists a set A of polynomials in these structure constants with the following
property: for uy,...,un, € R, q(uq,...,uy) = 0 for all ¢ € A iff the algebra on the free
R-module with basis T' and multiplication x defined by (1) is associative. Let now I be
the ideal generated by A in the polynomial ring R[Uy,...,U,]. Then I NR = {0} since
there exists the solvable algebra K'[X,..., X,,|, where K' = Q(R) is the quotient field
of R. Define R = R[Uy,...,Uy|/I = Rluy, ..., upl|, u; = U; + I for 1 <i < m and define
the R-algebra S with basis 7" over R by (1). Then by construction S is associative and
hence a parametric solvable polynomial ring over R satisfying 7.1.1.

Let now S’ = K'{X1,..., X,;; Q'} be a solvable algebra of type T over a field K’ satisfying
for 1 <i<<mn:
X;jxX; = C;jXZ'Xj —i—p;j eq

with 0 # ¢}; € K’ and pi; € 5, pi; < X;Xj. Let vy,..., v, be the m-tuple consisting of
c;; and the coefficients of the pj; listed in the same order as the m-tuple (Ui, ..., Uy,,) for
the ¢;; and the coefficients of the p;;. Let ¢ : R — K’ be a ring homomorphism and let
¢ : R[U,...,U,] — K’ be its canonical extension with ¢(U;) = v;. Then by definition
of A, ¢(g(Uy,...,Uy)) = 0 for all ¢ € A. Consequently ker(¢) D I and so ¢ induces a
specialization o : R — K' with 5(u;) = v;. By construction o is admissible for S and S’
and so by lemma 7.2.2 5 : S — S’ is a ring homomorphism. Finally & is surjective if o
is surjective. O

7.2.1 Prime Spectrum

Let R be a ring, then the set of all prime ideals is called the prime spectrum of R and
is denoted by spec(R). The set of all complete prime ideals is called the complete prime
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spectrum of R and is denoted by c-spec(R). In this section we need some facts about
Noetherian integral domains and the so called Ore condition as discussed in section 8.2.2.
Although we assume the coefficient ring R to be commutative, and so the sets of prime
and complete prime ideals coincide, we will speak of complete prime ideals to stress this
fact.

Definition 7.2.4 Let S = R{Xy,...,X,;Q} be a parametic solvable algebra over R.
Recall that for f € S, T(f) denotes the set of all terms that occur in f with non vanishing
coefficient: T(f) ={t €T : coeff(t, f) # 0}. For w € c-spec(R) let T(f) denote the set

of all terms that occur in f with coefficient not in m:

T.(f)={t €T : coef(t, f) & 7}.

HT,(f) denotes the mazimal element of T,(f) with respect to the given term order.
HC,(f) = coeff(HT(f), f). If T,(f) = 0 then HT,(f) and HC,(f) are undefined. For
F C S let HT (F) ={HT,(f) : f € F}.

If R is an integral domain then for m = {0} note that To,(f) = T'(f), HT 0 (f) = HT(f)
and HC{U} (f) = HC(f)

Lemma 7.2.5 Let S = R{X\,...,X,;Q} be a parametic solvable algebra over a (com-
mutative Noetherian domain) R.

1. For every specialization o : R — K', where K' is a field, ker(o) is a complete
prime ideal. In particular ker(o) € c-spec(R).

2. Let w € c-spec(R) be a complete prime ideal, then © determines a specialization o,
with kernel .

Proof: (1) Since K' is a field and R is a domain ab € ker(o) implies 0 = o(ab) = o(a)o(b).
So o(a) = 0 or o(b) = 0 and so a € ker(o) or b € ker(o) which shows that ker(o) is a
complete prime ideal.

(2) Since 7 is a complete prime ideal, R/7 is an (commutative) domain. So there exists
the quotient field K, = Q(R/m). Then the canonical homomorphism o, : R — K, is a
specialization. O

Lemma 7.2.6 Let S = R{Xy,...,X,,;Q} be a parametic solvable algebra over R. Let
Iy (I, I,) be a left (right, two-sided) ideal of S and let G be a finite subset of S. Let
7 € c-spec(R) be a complete prime ideal, K, = Q(R/7) and let o, : R — K, be an epi
specialization, such that o, is admissible for S and S" = K, {X1,..., X,; Q}. Then the
following are equivalent:

1. 6:(G) is a left (right, two-sided) Grébner base of ideal)(d,(I;)) (respectively
ideal, (o, (1)) or idealy(d, (1)) in K {X1,..., X,; Q},
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2. for all f € I, (respectively I,.,1;) with Ty(f) # 0, there exists g € G such that
HTx(g) | HT=(f).

Proof: We verify conditions 4.6.2(5), 4.10.3(5) and 4.11.6(7) for left (right, two-sided)
Grobner bases.

(1) = (2): Let f € I, with T,(f) # 0, then o,(f) # 0. Since 6,(G) is a Grébner
base of ideal;(d(1;)) we have g, (f) € ideal;(d;(G)). So there exists 7,(g) € d,(G) with
HT,(g) = HT(6:(g)) | HT(6.(f)) = HT,(f). Similarly for f € I, and f € I,.

(2) = (1): Let f € K {Xy,...,X,;;Q} such that 0 # f € ideal)(6,(I;)). Then there
exists ¢ € R\ 7 such that there exists h € I with o,(h) = ¢f. Since f # 0 we have
T.(h) # 0. By assumption there exists ¢ € G with HT(d,(g9)) = HT:(¢g) | HT:(h) =
HT(5,(h)) = HT(6,(f)). That is 6,(G) is a left Grobner base as claimed. Similarly for
right and two-sided Grobner bases I, and [;,. O

7.3 Comprehensive Grobner Bases

In this section we give the definition of comprehensive Grobner bases and state the main
theorem on comprehensive Grobner bases, which will then be proved in the rest of the
chapter.

Definition 7.3.1 Let S = R{Xy,...,X,;Q} be a parametric solvable polynomial ring
over a ring R = Rluy,...,u,| over a commutative Noetherian domain R. Let I be a
left (right, two-sided) ideal in S and let G be a finite subset of S. Then G is a com-
prehensive left (right, two-sided) Grobner base of I, if for all solvable polynomial rings
S" = K'{Xy,...,X,;Q} over a field K' and all specializations o : R — K' that are
admissible for S and S’,

7(G) is a left (right, two-sided) Grébner base of the left (right, two-sided) ideal
ideal;(a (7)) (ideal,(a(I)), ideal;(a(I))) in S'.

Lemma 7.3.2 Let S = R{Xy,...,X,;;Q} be a parametic solvable polynomial ring over
a ring R = Rluy, ..., uy] over a commutative Noetherian domain R. Let G be a finite
subset of S. Then the following are equivalent:

1. G is a left (right, two-sided) comprehensive Grébner base with respect to <r,
2. for all epi specializations o : R — K', that are admissible for S and S’ =
K'{Xy,...,X,;Q}, 5(G) is a left (right, two-sided) Gribner base in S'.

Proof: (1) = (2): admissible epi specializations are in particular admissible specializa-
tions.



192 CHAPTER 7. COMPREHENSIVE GROBNER BASES

(2) = (1): Let 0 : R — K’ be a specialization that is admissible for S and S’. Let
K" = Q(o(R)) be the quotient field of o(R). By the universal property of quotient
fields we may assume K” C K’, that is K’ can be considered as an extension field of
K”. Now define an epi specialization by ¢’ : R — K" and extend it to an admissible
specialization ¢’ : S — S” = K"{ X1, ..., X,;; Q} setting ¢'(X;) = 7(X;), (i =1,...,n).
By assumption ¢'(G) is a left (right, two-sided) Grobner base in S”. Since Grébner bases
are stable under field extensions by 5.2.1, 5'(G) is a left (right, two-sided) Grdbner base
in S’ = K'{X,,..., X,,;; Q}. Furthermore & extends &' so that 6(G) is a Grobner base in
S’ O

Proposition 7.3.3 Let S = R{X,...,X,;; Q} be a parametic solvable polynomial ring
over a ring R = Rluy, ..., uy] over a commutative Noetherian domain R. Let G be a
finite subset of S. Then the following are equivalent:

1. G is a left (right, two-sided) comprehensive Grébner base with respect to <r,

2. for allm € c-spec(R) (i.e. m complete prime) and allt € HT(ideal,(G)) (respectively
t € HT (ideal,(G)), t € HT;(ideal,(G))) there exists g € G with HT,(g) | t.

Proof: (1) <= for all admissible epi specializations o : R — K', o(G) is a left (right,
two-sided) Grdbner base (by lemma 7.3.2) <= (2) by proposition 7.2.6. O

Our next goal is the proof of the following central theorem:

Theorem 7.3.4 (Comprehensive Grébner Base) Let S = R{X;,...,X,;Q} be a
parametic solvable polynomial ring over a ring R = Rluy, ..., uy| over a commutative
Noetherian domain R. Let F' be a finite subset of S. Then one can construct a compre-
hensive left (right, two-sided) Grébner base of ideal;(F) (ideal.(F'), ideal(F)) in S. The
construction is algorithmic relative to the term order < on T and computations in the
ground ring R.

To prove the theorem we need several preparations, which we will introduce in the next
sections on conditions, reductions and Grobner systems.

7.4 Conditions and Colourings

Definition 7.4.1 Let R = Ruy,...,uy] be a ring over a commutative Noetherian do-
main R. A condition v = {¢y,...,¢; } is a finite set of polynomial equations and poly-
nomial inequations
b - { g(ug, ..., uy,) =0, or
U og(ugy .. uy) #O.

Any condition determines a constructible subset c-spec., of c-spec(R):

c-spec, = {7 € c-spec(R) : g € 7 for (9 =0) € v and ¢’ ¢ 7 for (¢’ #0) € v}.
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Notice that c-spec, may be empty, e.g.

1. if 1 € ideal(gs, .. ., gy), where g;(u1, ..., u,) = 0 are polynomial equations in v, or

2. if for some g both g(uy,...,u,) =0 and g(uy,...,u,) # 0 are in 7.

Definition 7.4.2 A finite set I' of conditions is a case distinction, if for all v,7 € T,
v # 7' = c-spec, Nc-spec., = 0.
I' is a cover of a condition 6, if I' is a case distinction and

U C-Spec, = C-Spec,.
ver

I' is a cover of a case distinction A, if I' is of the form

r=|JTs

seA
where each T's is a cover of §.

[ is a complete case distinction (ced), if T' is a cover of the empty condition.
In particular I' = {(} is a complete case distinction since c-specy = c-spec(R).
Definition 7.4.3 Let g € R and let T be a set of conditions. Let

[yo= {yU{g(us,...,un) =0} : vy}

Ly = {vyU{g(us,...,um) #0} : y €T}
If I is a complete case distinction, then 'y Uy is a complete case distinction that refines
[. IfT is a cover of a condition ¢ (or of a case distinction A) then T'y ULy is a cover of a

condition 0 (or of a case distinction A) that refines I'. The conditions yU{g(uy, ..., Up) =
0} and vU{g(uy,...,uy) # 0} are called successors of the condition .

Thus we can consider the set of all conditions as a tree under the set inclusion relation
and the empty condition () as root.

Definition 7.4.4 Let R = Rluy,...,uy| be a ring over a commutative Noetherian do-
main R. Let F be the set of all R-terms with variables uq,. .., u,, and operations +, —, -.
So every a € F corresponds to an a' € R. A colouring of F is a map

col : F — {white, green, red}

such that col(a) = green if a is equal to 0 and col(a) = red if a is a non-zero element of
R. A condition v determines a colouring of F by

col, : F — {white, green, red}
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where again col,(a) = green if a is equal to 0 and col,(a) = red if a is a non-zero element
of R. Furthermore

col,(a) = green, if (a(uy,...,u,) =0) €y and
col,(a) = red, if (a(uy, ..., uy) #0) € 7.

And by recursion let

coly(—a) = col,(a),
red if col,(a) = red and col.,(b) = red,
col,(a-b) = green if col,(a) = green or col,(b) = green,
white in all other cases,
red %f col,(a) = red and col.,(b) = green,
col(a+1b) = red if col,(a) = green and col,(b) = red,

green if col,(a) = green and col,(b) = green,
white in all other cases.

So a is coloured green by 7 if (a = 0) can be deduced, by the recursive rules given above,
from the conditions in v and a is coloured red by « if (a # 0) can be deduced, by the
recursive rules given above, from the conditions in 7. If neither (a = 0) nor (a # 0) can
be deduced from v by these rules, then a is coloured white.

7.5 Determining Polynomials

Definition 7.5.1 For any f € S a colouring of R with respect to a condition 7y induces
a colouring of T(f) by
col, (t) = col.,(coeff(t, f)).

Definition 7.5.2 Let ¢ € {green, red, white} then define
To(f) = {t € T() : cob,(t) = c}.

Furthermore define
Tro(f) ={t € Trear(f) : forallt' € T(f), if t' > ¢, then col,(t') = green}

and

Two(f) = {t € Twnite,(f) : forallt’ € T(f), if t' >¢t, then col,(t') = green}.

Lemma 7.5.3 Both Ty, (f) and Tw,(f) are either empty or consist of exactly one ele-
ment. More precisely:

L. ]fT(f) = Tgreen,’y(f) then TR,’y(f) = TW,’y(f) = 0.
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2. If T(f) # Tyreenn(f) then either

(a) Try(f) # 0 and T, (f) =0, or
(b) Tr~(f) =0 and Tw,(f) # 0.

Proof: (1) if there are only green terms, then obviously there are no red and no white
terms. (2) The highest non green term must be either red or white. O

Definition 7.5.4 For f € S and a condition vy, such that Tr,(f) # 0, we define the
v-head term of f:
HT,(f) =t,where t € Tr,(f).

So HT,(f) may be undefined for certain f and . If HT,(f) is defined then the leading v
coefficient is HC,(f) = coeff(HT,(f), f).

Definition 7.5.5 Let F' be a finite set of polynomials in S. A condition vy determines F,
if for every f € F, HT.(f) is defined or T(f) = Tgreenn(f). A finite set of conditions T’
determines F, if for every v € I, v determines F.

Lemma 7.5.6 For any condition vy and any finite subset F = {f1,..., fx} of S one can
construct a cover A of vy, such that A determines F. Moreover |A| < TIE_,(IT(f;)| + 1).

Proof: We give an algorithm which computes A in table 7.1.

Partial correctness follows from the properties of Ty, (f;): as long as there exist white
head terms in f; with respect to =y its coefficient is either coloured red and the condition
{HC(f;) # 0} U~ is placed in A or it is coloured green and 7 is extended by the condition
HC(f;) = 0. Termination follows, since F is finite, for every f € F, T'(f) is finite and A is
finite in each loop. The bound follows from the fact, that the inner while loop produces
at most |T'(f;)| new conditions and after their termination one more condition is added.
|

7.6 Reduction and Normal Form

In this section we define polynomial reductions relative to conditions and relate them to
reductions under specializations.

Definition 7.6.1 Left reduction relative to v: Let f, f',p € S and let v be a condition.
Then

f— Dl

iff Tp(p) # 0, say t € Try(p), and there exists s € Treqn(f) U Twhite(f) and u € T such
that s = ut and

fl=c-f—d-sxp.
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Algorithm: DETER(v, F)
Input: A condition v and F ={fy,..., fr} CS.
Output: A cover A of v that determines F'.
begin A « {y}. i < 0.
while 1 < k do i <1+ 1.
A"+ AL A+ 0.
while A’ # () do Let v € A’
A"+ A"\ {v}. 7 +.
while Twﬁl(fi) 7£ @ do Let ¢ € TW,fy’(fi)-
a < coeff(t, f;).
A AU{yU{(a#0)}}
7 7 U{(a=0)}.
end.
A+~ AU{Y}
end.
end.
return(A).
end DETER.

Table 7.1: Algorithm: DETER

where d = coeff(s, f) and ¢ = HC, (s p). In this case we say f left reduces to f’ modulo
p relative to 7.

For P C S define f —p f' [7] if there exists p € P such that f —, f'[7]. Iterated
reductions etc. are defined as usual.

Right reductions are defined similarly.

Remark: If v C § then f —, f'[y] implies f —, f'[0].

Definition 7.6.2 S-polynomial relative to ~v: Let f,g € S and let v be a condition.
Assume Tr(f) # 0 and Tr,(g9) # 0. Let u,v € T such that lem(HT,(f),HT,(g)) =
uHT, (f) = vHT,(g). Furthermore let b = coeff(t,u = f), a = coeff(t,v x g), then

LSP(v, f,g) =a-uxf—b-vxg.

Lemma 7.6.3 Let P C S, f,f',g € S. Let v be a condition such that c-spec, # 0, let
T € c-spec,, and let o be the corresponding specialization. Then

f —Pp fl h/] = U?r(f) —>0'7r(P) Uﬁ(f,) or Uﬁ(f,) = Caw(f)
for some 0 # c € K' and
LSP(y, f,9) = LSP(0x(f), 0x(9))-
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Proof: Follows from HT,(p) = HT(0,(p)) for all involved polynomials, since HT, (p) is
coloured red under v which means that coeff(HT,(p),p) ¢ 7. O

Notice that f —, f'[y] does not imply f' < f (in S).
For a polynomial g € S and a condition v define the essential part of g with respect to

as ge,y € S, where g, is obtained from ¢ by deleting all green coefficients and all green
terms with respect to .

Lemma 7.6.4 Let f, f',p € S and let v be a condition. If f —, f'[y] then

for < fen (inS).

Proof: Let f'=c- f —d-sxp. By definition a non-green term ¢ is removed from f in
f'. Furthermore all terms t' € T'(s % p) with ¢’ > t are coloured green. By the product
proposition 3.2.5 and the properties of colourings, all non-green terms of s p are smaller
than ¢. Since differences of green monomials gives green monomials, this shows, that all
new non-green terms in f’ are smaller than ¢. O

Lemma 7.6.5 For any finite F' C S, any condition v that determines F' and any f € S
one can compute a tuple (g,c) such that

1. ce R, g€ S and v colours c red.
2. f—%gly] and c¢f — g € ideal)(F) (ideal,(F), ideal,(F)).

3. g 1is trreducible modulo F relative to 7.

Proof: We give an algorithm which computes (g, ¢) in table 7.2.
Partial correctness follows from the definition of reduction.

Termination: Let {g;};=0,1,. be the sequence of reduction polynomials with gy = g. Let
gir1 = C; + g; — d; - s; x p; be one step reduct of g;. Then we have for the essential parts
Gitley < Gien- Since < is a well-founded quasi-order on S the reduction sequence must
be finite {gi}i:() 1o k- |

slgeeey

To distinguish left and right reduction we will denote NORMALFORM by LNF (for
left reduction) and RNF (for right reduction).

7.7 Grobner System

In this section we discuss ‘trees with pairs of a condition and an ideal base at the nodes’,
such that the ‘leaves consist of (preimages of) Grobner bases’. The ‘leaves’ constitute
the so called Grobner system and the union over all ideal bases in a Grobner system is a
comprehensive Grobner base. In this section let S = R{X},..., X,; @} be a parametric
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Algorithm: NORMALFORM(v, f,F)
Input: A condition v, f € Sand FF = {f1,...,fx} CS
such that v determines F'.
Output: A tuple (g, ¢) satisfying the conditions (1) — (3) of the lemma.
begin D <— HT,(F). c+ 1. g« f.
while Js € D with s | ¢ for some t € T'(g.,) do
Let p € F with HT, (p) = s. Let v € T with ¢ = su.
¢« coeff(t,u = p). d < coefl(t, g).
g« dc-g—d-uxp.
¢ < c'c. end.
return((g, ¢)).
end NORMALFORM.

Table 7.2: Algorithm: NORMALFORM

solvable polynomial ring over a ring R = Rfuy, ..., u,] over a commutative Noetherian
domain R.
Recall that R = Ruy, . .., u,] arises from aring R’ = R[U, ..., Up,,] in the indeterminates

Ui,...,Upsuch that u; = U;+1,1 < j < m, where [ is a two-sided ideal in R[Uj, . .., U]
such that R = R'/I. In the algorithms the computations in R will actually be performed
in R. So S" = R'{Xy,...,X,;Q} is possibly not an associative ring, but we know,
that if we specialize the U’s to the u’s or to some elements of a field K, such that
S = K{Xi,...,X,;Q} is a solvable polynomial ring, then all parametric computations
are justified.

Definition 7.7.1 Let A be a case distinction. A left (right, two-sided) Grobner system
GS of an left (right, two-sided) ideal I of S for A is a finite set of pairs (v, G) such that:

1. v is a condition and G is a finite subset of I determined by .
2. T={y : (v,G) € GS} is a cover of A.

8. For every m € c-spec,, o.(G) is a left (right, two-sided) Grébner base of ideal; (o (1))
(ideal, (o, (1)), idealy(o,(I)) ) of K:{ X1, ..., Xp; Q}.

Definition 7.7.2 Let A be a case distinction. A comprehensive left (right, two-sided)
Grébner base G of a left (right, two-sided) ideal I for A is a finite subset of I such that
for all m € Usea c-specy, 0.(G) is a left (right, two-sided) Grébner base of the left (right,
two-sided) ideal ideal;, (0. (I)). In particular for A =0, G is a comprehensive left (right,
two-sided) Grobner base of I. GS is then called a left (right, two-sided) Grébner system
of 1.
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Proposition 7.7.3 Any left (right, two-sided) Gribner system GS of a left (right, two-
sided) ideal I of S for A determines a comprehensive left (right, two-sided) Grébner base
G of I for A and vice versa in the following sense.

1. Let GS be a left (right, two-sided) Grébner system of I for A. Let
G = J{G : (6G) e GS}.
Then G' is a comprehensive left (right, two-sided) Grébner base of I for A

2. Let G be a comprehensive left (right, two-sided) Grébner base of I for A. Let

I'=|J DETER(S,G), GS={(7,G) : y€T}.

dEA

Then GS is a left (right, two-sided) Grébner system of I for A. Moreover for any
further left (right, two-sided) Grébner system GS' of I for A, such that (6,G") € GS’
implies G' = G, there exists (v,G) € GS with c-specgs C c-spec., .

Proof: (1) Let I' = {y : (v,G) € GS}. Then I'is a cover of A so U{c-spec, : v €'} =
U{c-specs : § € A} = c-specy. Now G' D G is an extension of G so for any 7 € c-specy
also

o:(G) C o,(G") Cideal, s(04(Q)).

Since any extension of a Grobner base is again a Grobner base, o, (G’) is as desired.

(2) The first claim follows from the fact that I' is by construction a cover of A. Let GS’
be a further Grobner system. Let (§,G) € GS’ and let m € c-specy. Let (7,G) € GS
with 7 € c-spec,. Then both ¢ and v determine G and so by definition of I' we have
c-specs C c-spec,. U

Using a comprehensive Grobner base of an ideal I one can compute the equivalence
relation ~; on c-spec(R), which is defined by 7 ~; 7’ iff HT (/) = HT ().

Corollary 7.7.4 Let G be a comprehensive Grébner base for an ideal I C S (that is
A =10) and let GS be a Grobner system for G with case distinction T'. Then for m, 7' €
c-spec(R): m ~p 7' iff there exist v, € I such that

1. mult(HT,(G)) = mult(HT(G)) and

2. w € c-spec,, T € c-specy.

v’

Proof: For any v € I' and 7 € c-spec,, HT(I) = mult(HT,(G)) holds. O

Theorem 7.7.5 (Construction of Grébner systems) For any finite F C S and any
case distinction A one can construct a left (right, two-sided) Grébner system GS of

ideal;(F) (ideal,.(F), ideal,(F')) for A.
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Algorithm: LGSYSTEM (A, F)
Input: A case distinction A and F = {f;,..., fr} C S.
Output: A left Grobner system GS of ideal;(F) for A.
begin I' <+~ U{DETER(S, F) : 0 € A}.
GS « {(v,F) : yeT}.
P« {(v.F f,9) - veTl,f,ge F, f#g}.
while P # () do Let (v, G, f,g) € P.
P+ P\{(7,G, f,9)}. GS < GS\{(7,G)}.
h < LSP(~, f, g).
(p,¢) <~ LNF(v, h, G).
N < {(a,p,c) : a« € DETER(v,{p})}.
while N # () do Let (8, p,c) € N.
N < N\{(B,p,c)}.
if Tgreen,ﬂ (p) 7A T(p)
then P« PU{(B,GU{p}, f',p) : f' € G}.
GS <+ GSU{(B,GU{p})}
else GS + GSU{(B,G)} end.
end.
end.
GS' + GS.
GS < {(v,G) : exists G” and maximal v, with (y,G") € G5,
and G =U{G" : (5,G') € GS', B C ~}}.
return(GS).
end LGSYSTEM.

Table 7.3: Algorithm: LGSYSTEM
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Proof: We give algorithms which compute a left (right) GS and a two-sided G'S. Note,
that the computations on the coefficients take place in R[U,...,Uy,]|. Table 7.3 shows
an algorithm for the computation of a left (right) G'S.

Correctness: Upon termination for every pair (v,G) € GS we have G C ideal;,(F')
and the conditions 1 and 2 of the definition 7.7.1 of a Grobner system hold. To show
condition 3, let (v,G) € GS with G = U{G" : (5,G") € GS', B C v}. Then observe that
for f,g € G with f # g, for p € S and for v with 7 € c-spec, with

LSP(v, f,9) —¢ plyl-

By construction of the left normal form, there exists 0 # ¢ € R such that (p,c¢) =
LNF(v,LSP(v, f,9), G). The if condition in the algorithm assures that 7'(p) = Tyreen,(P)-
So for every 7 € c-spec, by lemma 7.6.3

LSP(O’W(f), Uﬂ(g)) —>Zﬂ(G) 0.
So by theorem 4.6.2(6) o, (G) is a left (right) Grobner base of
ideal; (o, (ideal;(F))  ( ideal, (o, (ideal,.(F)) )

and condition 3 holds.

Termination: The set of all pairs (v, G) produced by the algorithm forms a tree. The
successor of a pair (v, G) is a pair (§,G"), where § is a successor of the condition v and
G' =G or G = G U{p}, with (p,c¢) = LNF(v,G, f,g) for some f,g € G, f # g. Since
DETER(y,{p}) is finite, the tree of the pairs (7, G) is finitely branching. If in a branch
B a successor (6, G') is equal to (J,G), that is when no polynomial was added to G’, then
the corresponding set of pairs P has decreased. So there exists no infinite branch with the
same G. If in a branch B a successor (§, G') is equal to (6, G U{p}), then the § head term
t = HTs(p) is irreducible with respect to the ¢ head terms of G. Since 0 is a successor of
we have HT;(G) = HT,(G). So if a branch B is infinite, there exists an infinite sequence
of head terms {t; : t; € HT,(G), (v, G) € B}, such that ¢; ft; for i < j. Such a sequence
contradicts Dickson’s lemma. So in the tree each branch is finite and since the tree is
finitely branching the tree is finite by Konig’s tree lemma.

Table 7.4 shows an algorithm for the computation of a two-sided G'S.

Correctness: Upon termination for every pair (v, G) € GS we have G C ideal;(F') and the
conditions 1 and 2 of the definition 7.7.1 of a two-sided Grobner system hold. To show
condition 3, let (v,G) € GS with G = U{G" : (5,G") € GS', B C v}. Then observe that
for f,g € G with f # g, for p € S and for v with 7 € c-spec, with

LSP(v, f,9) —¢ ply]-

By construction of the left normal form, there exists 0 # ¢ € R such that (p,c¢) =
LNF(v,LSP(v, f,9),G). The (second) if condition in the algorithm assures that T'(p) =
Tyreeny(p). So for every m € c-spec, by lemma 7.6.3

LSP(0+(f), ox(9)) — 5.1 0.
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Algorithm: TSGSYSTEM (A, F)
Input: A case distinction A and F ={f1,..., fr} €S =R{Xy,..., X;;; Q}.
Output: A two-sided Grobner system GS of ideal,(F') for A.
begin I' <~ U{DETER(S,F) : 6 € A}. GS + {(v,F) : yeT}.
P« {(v.F f,9) - veTl,f, g€ F, f#g}.
M—{(y,f*xX;) : vel', feF, 1<i<n}.
while M # () do Let (y,h) € M. M < M\ {(v,h)}.
(p,c) < LNF(v,h,G). N < {(a,p,c) : « € DETER(~,{p})}
while N # () do Let (3,p,c) € N. N «+ N\ {(5,p,¢)}.
i T (p) 7 T(0)
then P« PU{(B,GU{p}, f',p) : f' € G}.
GS < GSU{(B,GU{p})}
else GS «+ GSU{(#,G)} end.
end.
end.
while P # () do Let (v, G, f,g) € P.
P« P\{(7,G, f,9)}. GS < GS\{(7,G)}.
h < LSP(~, f,q). (p,c) + LNF(v, h, G).
N < {(a,p,c) : a € DETER(v,{p})}.
while N # () do Let (3,p,c) € N. N « N\ {(5,p,¢)}.
i Ty (p) 7 T(0)
then G' + GU{p}. P+ PU{(B,G', f,p) : [f€G}.
GS <+ GSU{(B,G")}. i+ 0.
while i <n do i i+ 1.
(q,c) < LNF(8,px X;, G").
N' «—{(a,q,¢) - a« € DETER(S,{q})}.
while N’ # () do Let (o, q,) € N'. N' + N'\ {(«, q,¢)}.
if Tgreen,a(Q) 7£ T(q)
then P+ PU{(a,G'U{q}, f,q) : [f€G'Y}.
GS +— GSU{(a,G'"U{q})}
else GS + GSU{(a,G")} end.
end.
end.
else GS + GSU{(5,G)} end.
end.
end.
GS' + GS.
GS «+ {(7,G) : exists G” and maximal v, with (vy,G") € GS’,
and G =U{G" : (5,G') € GS', B C ~}}.
return(GS).
end TSGSYSTEM.

Table 7.4: Algorithm: TSGSYSTEM
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Furthermore we have for any p € G, 1 <1 < n and for h € S with

The (first and third) if conditions in the algorithm assure that T'(h) = Tyreeny(h). So for
every T € c-spec, by lemma 7.6.3

O (p * Xz) —);ﬂ_(G) 0.

This shows by theorems 4.6.2(6) and 4.11.6(6) that o, (G) is a two-sided Grdébner base of
ideal; (o, (ideal;(F')) and condition 3 holds.

Termination: The set of all pairs (v, G) produced by the algorithm forms a tree. The
successor of a pair (v, G) is a pair (§,G’), where § is a successor of the condition v and
G' = G or G = G U {p}, with (p,¢) = LNF(v,LSP(~, f,g),G) for some f,g € G,
f # gor (p,c) = LNF(, f x X;,G) for some f € G, 1 < i < n. Since in either case
DETER(y,{p}) is finite, the tree of the pairs (7, G) is finitely branching. If in a branch
B a successor (6, G') is equal to (J,G), that is when no polynomial was added to G', then
the corresponding set of pairs P has decreased. So there exists no infinite branch with the
same G. If in a branch B a successor (d, G') is equal to (6, G U{p}), then the § head term
t = HTs(p) is irreducible with respect to the ¢ head terms of G. Since 0 is a successor of
we have HT;(G) = HT,(G). So if a branch B is infinite, there exists an infinite sequence
of head terms {t; : t; € HT,(G), (v, G) € B}, such that ¢; ft; for i < j. Such a sequence
contradicts Dickson’s lemma. So in the tree each branch is finite and since the tree is
finitely branching the tree is finite by Konig’s tree lemma. This completes the proof in
all cases. O

Note that the last assignments in the algorithms LGSY ST EM and T'SGSY STEM can
be omitted in case one is interested in a comprehensive Grobner base only and not in the
Grobner system.

7.8 Parametric Ideal Membership

In this section let S = R{X;,...,X,; @} be a solvable polynomial ring over a ring R =
Rlui, ..., uy| over a commutative Noetherian domain R. For a subset F in S, a € R™
let F(a,Xy,...,X,) ={f(a,Xy,...,X,) : feF}

Theorem 7.8.1 (Parametric Ideal Membership) Let S = R{X,..., X,;Q} be a
parametric solvable polynomial ring over a ring R = R[Uy,...,U,] over a commutative
Noetherian domain R. Let F' be a finite subset of S and let p € S. Then one can construct
a formula Yp,, such that for all extension fields K' of R and all a € K'™:

K' E ¢Yp,(a) < p(a, X1,...,X,) € ideal,,,(F(a, X1,...,X,)).

Here ideal, ,(F(a, X1, ..., X,)) is taken in " = K'{X1,..., X,;; Q}.
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Proof: By theorem 7.7.5 there exists a comprehensive left (right, two-sided) Grobner
base G, of ideal;, ;(F). Collect all conditions under which p reduces to ‘zero mod G,
that means all conditions under which the normalform p’ of p consists only of green terms.
Let ' = DETER(D, @) and let

AG,p = {f)/ : (pla C) = LNF(’)/,p, G)a T(pl) = Tgreen,'y(p,)a v e F}

For a condition ¢ define the conjunction of all its equalities and inequalities ¢ : A,eq ©-
Then define

rp(Us, . Un) =\ 65(Ur,.. ., Un).
5€AG,p
We claim, that ¢p, has the desired properties. Let o be the specialization of R, that
maps U; to a; for 1 <i < m, and let a = (ay,...,ay).

“—=" Assume K' | ¢p,(a), then K' | ps(a) for some 6 € Ag,. So p —% p' [d] for
some p' € S with T(p') = Tyreens(p'). Let m € c-specy such that o extends o, then
d(p') = d=(p') = 0. This shows &(p) € ideal;,+(0(G)) = ideal;, (o (F)) as claimed.

“=" Assume (p) € ideal;,+(0(F)). Let v € T and let (p',c) = LNF(y,p,G) (=
RNF(v,p,G)) such that there exists m € c-spec, such that o extends or. Then &(p') €
ideal; ,;(o(F)) since cp — p' € ideal;,,(0(F)) and o(c) # 0. Now T(p') = Tygreen(p') and
so v € Agyp. This shows ¢, (aq,...,an) holds in K' and consequently ©pp(ar,. .., an)
holds in K’ as claimed. O

The proof shows moreover, that for any a € K™, such that for a fixed condition ¢, ¢s(a)
holds in K',
¢ pa, X) = Y gr(a, X) f(a, X)hy(a, X)
fer

(where hy =1 for p € ideal;(F') and gy = 1 for p € ideal,(F')) uniformly in the coefficients
of the polynomials if R is commutative. The linear combination can be obtained from
the left (right) reduction p —, p’ [6] and from the representation of the ¢ € G by the
fer.

The special case p =1 is recorded in the following corollary.

Corollary 7.8.2 (Proper Ideal Test) Let S = R{X;,...,X,;Q} be a parametric solv-
able polynomial ring over a ring R = R[Uy, ..., Uy] over a commutative Noetherian do-

main R. Let F be a finite subset of S. Then one can construct a formula Vr, such that
for all extension fields K' of R and all a € K'™:

K' = p(a) < 1 €ideal,,,(F(a, X1,...,X,)).

Where ideal,(F(a, X1, ..., X)) is taken in ' = K'{X1,..., X,,; Q}.



Chapter 8

Nullstellensatze

In this chapter we discuss roots (or zeroes) of polynomials of a solvable polynomial ring. In
contrast to the commutative case, a problem arises here, since the substitution of arbitrary
elements for the variables of a polynomial will in general no more be a homomorphism
of a solvable polynomial ring to a field. Tuples of elements, such that the substitution
is a homomorphism are called places and are defined in the first section. Furthermore
we summarize some of the important facts about Ore extensions and quotient fields of
Ore extensions. It was shown by Dixmier, Lorenz and others that certain rings have
the property that every prime ideal is completely prime. In particular there exist solvable
polynomial rings with this property. Using these completely prime ideals we state a ‘weak’
theorem on roots based on the theory of Ore extensions over the rational numbers.

In the next part of the chapter we summarize the results of Cohn on free products of
(skew) fields. Then we introduce some model theory: existentially complete structures,
model complete structures, substructure complete structures, the amalgamation property,
axiomatizability and quantifier elimination. Using this background and the results on
comprehensive Grobner bases we obtain ‘stronger’ theorems on roots. Finally we discuss
existential varieties and close with some remarks on the ‘Rabinowich trick’.

In this chapter let R = K[Uy, ..., U] be a (non-commutative Noetherian) domain over a
(skew) field K. Let S = R{X1,...,X,; @, Q'} be a solvable polynomial ring over R in the
variables X1, ..., X, with commutator relations ) and @)'. Note, that two-sided ideals

are some times only denoted by ideal(P) instead of ideal;(P) since we consider mostly
two-sided ideals in this chapter. Furthermore recall that Q denotes the rational numbers.
The characteristic of all fields we consider will be zero unless otherwise stated. So all
fields are extensions of @Q, i.e. they are Q-algebras.

8.1 Roots of Solvable Polynomials

In this section we define places and roots of polynomials of solvable polynomial rings.

205
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Definition 8.1.1 Let S = K{Xy,...,X,;;Q,Q'} be a solvable polynomial ring over a
field K with commutator relations @Q and Q'. Let L be an extension field of K. A place
a=(ay,...,a,) € L" is a n-tuple of field elements a; € L, i = 1,...,n, which satisfy the
following conditions:

aja; — Cija;ia; — pilay,...,a,) = 0, 1<i<j<n
ab — cpiba; — ppi(ar,...,a,) = 0, 1<i<n,0#beK.

Where the c;; and the p;j, 1 < ¢ < j <n are from the commutator relations ) of S and
where the cy; and the pyi, 1 < i <mn, 0# b€ K are from the commutator relations Q" of
S.

Lemma 8.1.2 Let S = K{X,...,X,,;Q,Q'} be a solvable polynomial ring over a field
K with commutator relations QQ and Q'. The mapping ¢, : S — L, X; —a;, 1 <i<n
with ¢k = idk is a homomorphism if and only if a = (a1, ..., a,) is a place.

Proof: “=—" Let ¢, be a homomorphism. Then for 1 <7 < 7 < n we have

¢a(Xin) = ¢a(Xj)¢a(Xi) = a;q;
0a(X;Xi) = 0a(cijXiX; + pij) = €ijda(XiX;) + ba(pij)

= C;ja;a; + pij(al, ceey an)
and for 0 # b € K we have

Ga(Xib) = ¢a(X;)Pa(b) = asb
Pa(Xib) = PalcuibXs + pri) = cbida(bX5) + Da(Prs)
= cypba; + peila, ..., a,).

This shows a;a; — ¢;ja;a; — pij(as, ..., a,) =0 and a;b — cyba; — pyi(ay, ..., a,) =0, s0 a
is a place.
“~=" Let (a,...,a,) be a place. Let S =K<Yi,...,Y,>> be a free associative polyno-

mial ring generated by K and the Y7’s. Define homomorphisms 1 : S — S with V; — X;
and Y = idk and ¥' : S — L with ¥; — a; and 1/)|’K =idk.

G

S — S
N 9
Y L

Since @ is a place and ¢ is a homomorphism we have '(Y;Y; —¢;;Y;Y; —pi; (Y1, ..., Y,)) =
aja; — c;ja;a; — pijlar,...,a,) =0 and for 0 # b € K ¢'(Yib — ¢ibY; — ppi(Y1,...,Y,)) =
aib - cbibai - pbi(al, ey an) = 0. Since I/J(Y}}/l - Cin;}/j - pij()/la .. ,Yn)) = X]XZ -
ci;i XiX; — pij(Xi,...,X,) = 0 and for 0 # b € K ¢'(Yib — cpibY; — poi(Y3,...,YR)) =
Xib— cpibX; — ppi (X1, ..., X;) = 0 we see, that the @ and @' in the variables Y, are in the
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kernel of 1. Since v is a homomorphism we can apply theorem 3.4.20, which shows that
QUQ' (in the Y’s) satisfies hypothesis (NoCg) from 3.4.18 and that ker(¢) = ideal,(QUQ").
Together we obtain that ker(¢)) C ker(¢)'). By the factor theorem for ring homomorphisms
there exists a unique ¢ (which will be denoted by ¢,) with ¢, 0t =4’ and ¢, : S — L.
By construction of ¢ and ' we must have ¢, : X; — a;, 1 < i < n and Pax = 1dk.
Which proves the lemma. O

A place is defined relative to a given polynomial ring of solvable type S with commutator
relations Q and Q'. ¢, is called ‘evaluation morphism’. For f € S and a place a € L" we

denote ¢, (f) by f(a).

Definition 8.1.3 Let L be an extension field of K and let S be a polynomial ring of
solvable type. A root of a polynomial f € S is a place a = (ay,...,a,) € L" for which:

fla) = 0.
A root of a subset I C S is a place a = (aq,...,a,) € L" for which:
f(a)=0 forall fel.

With Ny(I) we denote the set of roots of I in the extension field L of K. If L is clear
from the context we denote Ny, (I) by N(I).

Lemma 8.1.4 Let I =ideal(F) be a two-sided ideal in S generated by F = {fi,..., fm}
Let a € L" be a place such that f;(a) =0 for all f; € F then a is a root of the ideal I.

Proof: Since I is generated by F every polynomial f € [ has a representation
f = b gifihi, with gi,h; € S for i = 1,...,k. So f(a) = ¢a(Sh, gifihi) =
Sk 0a(9) fi(a)da(hi) = K, ¢a(9:)00a(hi) = 0 since a is a place, ¢, is a homomorphism
and a is a root of each f;, i =1,...,k. That is, a is a root of I. O

Lemma 8.1.5 Let I,J C S be two-sided ideals. If I C J then N(J) C N(I).

Proof: Since [ is contained in J any f € [ has a representation with respect to J:
f =% gifihi, with fi € J and g;, h; € Sfori=1,...,k. So f(a) = 0 since a is a place,
¢, is a homomorphism and a is a root of .J whence of each f;, i = 1,..., k. That is, any
root a of J is a root of 1. O

Remarks:

1. Not every a = (0,...,0,a;0,...,0) € L™ is a place. Let S = Q{X1, Xy; {XpX; =
XX, + 1}}. Then for a = (0,a3) € Q* we have ay0 — 0ay — 1 = 1 # 0. This shows
that a is not a place.
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2. Not every univariate polynomial need to have a root in some extension field. Let
S = Q{X1, Xo; {XoX; = X1 Xy + 1}} and let X7 = f(X;) € S. Assume a =
(a1,a3) € L?, where L is an extension field of Q, is a root of f. Then we have
f(a) = ¢u(f) = ¢a(X1) = 0 and consequently asa; —ajas — 1 = o (X X7 — X1 Xy —
1) = ¢a(X2)¢a(X1) - d)a(Xl)d)a(XZ) - ¢a(1) = ¢a(X2)0 - Od)a(X?) - ¢a(1) =1#0.

Thus a cannot be a place.

Lemma 8.1.6 Let S = K{Xy,...,X,;Q,Q'} be a solvable polynomial ring. Let a € L D
K be a root of the univariate polynomial 0 # f(X;) € S and let " = L{Xy, ..., X,;; Q, Q’}
be a solvable polynomial ring which extends S. Then f is left divisible by the linear
polynomial (X; — a), i.e. there exists 0 # q € L[X;] such that f = q* (X; — a).

Proof: By left reduction with P = {X; —a} let r € S’ with f —} . Then we have

f= Z g *x(Xi—a)+r=qx(X;—a)+r,
=1,k

with ¢;,q € ' for j = 1,...,k. Moreover ¢,r € L[X;] by lemma 3.2.4. Now HT(r) is
irreducible wrt. HT(X; — a) = HT(X;) and consequently r € L. Since a is a root of f

we have 0 = @ (f) = 0a(q)Pa(Xi — @) + 0a(r) = 0a(q)0 + ¢u(r) = ¢o(r). Since r € L it
follows from ¢,(r) = 0 that » = 0. This shows that f is divisible by (X; —a). O

Lemma 8.1.7 Let S = K{X,...,X,;;Q,Q'} be a solvable polynomial ring over a field
K and let f € S be an univariate polynomial of degree d. If f can be written as product
of d' linear polynomials and a polynomial q, such that q¢ has no root in K, then d' < d.

Proof: By comparing the head terms of the product of the linear polynomials and the
head term of f. O

Corollary 8.1.8 Let S = K{X;,...,X,;Q,Q'} be a solvable polynomial ring over a field
K. If0 # f € S is an univariate polynomial of degree d, then f has at most d roots in
some extension field L of K such that L{X7, ..., X,; @, Q’} 15 a solvable polynomial ring
which extends S.

Proof: For each root a € L of 0 # f € K[X;] the linear polynomial X; — a divides f.
Since the degree of f is d, there can be at most d linear factors dividing f. O

Lemma 8.1.9 Let S = K{X,...,X,,;Q,Q'} be a solvable polynomial ring over a field
K. Let I be a two-sided ideal in S which contains an univariate polynomial p;(X;) for
each variable X;, 1 =1,...,n. Then ideal I has only finitely many roots in K.

Proof: Each p; has only finitely many roots by the previous lemma. Since the ideal
generated by the p; is contained in I, the roots of I are among the common roots of the

Di- O
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8.2 Existence of Roots of Solvable Polynomials

In this section we will first discuss the construction of quotient fields for iterated Ore
extensions. Then we show the existence of extension fields, in which proper (two-sided)
ideal have roots. Finally we prove a ‘weak’ form of the Hilbert Nullstellensatz.

8.2.1 Quotient Fields

The main obstacle in non-commutative extension field theory is that prime ideals may
not be completely prime ideals. This has the consequence that dividing a ring by a prime
ideal does not lead to a ring without zero divisors. But a necessary condition for a ring
to be embeddable in a field is that it has no zero divisors (i.e. it is a domain). To see that
in general prime ideals need not be completely prime, consider the following example.

Example 8.2.1 Let R = F[X;Y;0/0x]| be the Weyl algebra over a field F of charac-
teristic p > 0. Let G = {X? — 1,Y? — 1} and let I = idealy(G). Then one can show
that I is a maximal ideal and so I is a prime ideal. But I is not completely prime, since
(X—-1)P=XP—-1€el,but(X—-1)¢1I.

Sufficient conditions for a domain to be embeddable in a (skew) field have been obtained
by Ore. To state his results we need some preparations.

Definition 8.2.2 (Ore condition) For a domain R the right (left) Ore condition holds,
if for all nonzero a,b € R there exist r,s € R such that 0 # ar = bs (0 # ra = sb) hold.
In other words each pair of nonzero elements of R has a nonzero right (left) common
multiple.

R is called a right (left) Ore domain if it is a domain and the right (left) Ore condition
holds. R is called an Ore domain, if R is both a right and a left Ore domain.

Lemma 8.2.3 (Goldie, Lesieur-Croisot) Let S be a (left / right) Noetherian domain.
Then S is a (left / right) Ore domain.

Proof: See [Goodearl, Warfield 1989](p 94). O For the computation of left common
multiples see 5.5.1.

Lemma 8.2.4 FEvery solvable polynomial ring S = K{X1, ..., X,;; Q,Q'} over a field K
is a (left / right) Ore domain. Moreover every solvable polynomial ring over a (left / right)
Noetherian domain, which satisfies the extended azioms is a (left / right) Ore domain.

Proof: First by the consequences of the product lemma 3.2.5 S is a domain. Since K
is a field or S satisfies the extended axioms, by the Hilbert basis theorem 3.5.12 S is a
(left / right) Noetherian ring. Then by the preceding lemma 8.2.3 S is a (left / right) Ore
domain. O
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Definition 8.2.5 A subset X in a ring R is called a strong multiplicative set if 1 € X
and X 1s a multiplicative set.

Let X be a strong multiplicative set in R. A ring L together with a homomorphism
¢ : R — L is called a right ring of fractions for R with respect to X if

1. ¢(x) is a unit of L for all x € X,
2. Each element of L has the form ¢(r)é(x)~t for some r € R and some v € X.

3. ker(¢p) ={r € R:rz =0 for some x € X}.

If ker(¢) = {0}, i.e. if there are no zero divisors in R, then ¢ is an embedding. In
particular if R is a domain, then X = R\ {0} is a strong multiplicative set. Then the
right ring of fractions for R with respect to X 1is called a quotient field of R. The quotient
field of R (if it exists) is denoted by Q(R).

If the right ring of fractions (L, ¢) exists, then it is ‘universal’ and consequently it is
unique up to isomorphism.

Theorem 8.2.6 Let S be a (left / right) Ore domain. Then there exists a (unique) (left
/ right) quotient field Q(S) of S.

Proof: See [Goodearl, Warfield 1989](p 148). O

Theorem 8.2.7 Let S be an Noetherian domain. Let I be a complete prime ideal in S.
Then there ezists the quotient field Q(S/I) of S/I.

Proof: Since S is a domain and I is completely prime, then S/I is a domain. Since S is
Noetherian, also S/I is Noetherian, so the Ore condition also holds in S/I. Thus S/I is
an Ore domain and therefore has a quotient field. O

The next proposition records the achievements which have been obtained so far to show
under which conditions prime ideals are completely prime, and there is not much hope to
improve the theorem. For counter examples see [Lorenz 1981].

Theorem 8.2.8 (Lie, Dixmier, Gabriel, Lorenz, Sigurdsson) Let R be a commu-
tative Noetherian Q-algebra and S = R[X1,01]...[Xy, 0,] be an iterated differential oper-
ator ring. Then every prime ideal of S is completely prime.

Proof: See [Goodearl, Warfield 1989](p 160). O

As the example 8.2.1 of Weyl algebras over fields of positive characteristic shows, the
theorem is false if Q being replaced by a field of characteristic p > 0.

Moreover the condition, that R is a commutative Noetherian Q-algebra can not be re-
placed by the condition that R is a ring in which every prime ideal is completely prime.
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The condition required on R is that in every extension field of R every prime ideal is
completely prime, which is true only if R is an iterated differential operator ring over a
commutative Noetherian Q-algebra.

It is furthermore known that the theorem does not hold for an Ore extension R[X; a,d]
where the automorphism « is arbitrary. It is required that « is the identity on R, that is
R[X; 4] is an differential operator ring.

8.2.2 Extension Fields

As a consequence of theorem 8.2.8 we see that there exist solvable polynomial rings, such
that every prime ideal is completely prime.

Lemma 8.2.9 There exist a field K and commutator relations @ and @', such that

1. S=K{Xj,...,Xp;Q,Q'} is a solvable polynomial ring

2. and every prime ideal of S is completely prime.

In other words, the class of solvable polynomaial rings in which every prime ideal is com-
pletely prime is non-empty.

Proof: By theorem 8.2.8 for K = Q = R the iterated differential operator ring S’ =
Q[X1,01]...[X,,0,] has the property that every prime ideal is completely prime. By
theorem 3.4.6 there exists a solvable polynomial ring S = K{X1,..., X,,; Q,Q'} of strictly
monic lexicographical type which corresponds to S’. Furthermore an ideal in S is prime
respectively completely prime if and only if the corresponding ideal in S is so. O

Moreover we have a sufficient ‘syntactic’ criterion of solvable polynomial rings where prime
ideals are completely prime:

Lemma 8.2.10 Let Q C K be a commutative field of characteristic zero. Let ) be a
set of strictly monic lexicographical commutator relations and let Q' be a set of coefficient
commutator relations, such that S = K{X1,...,X,;Q,Q'} is a solvable polynomial ring
of strictly monic lexicographical type, then every prime ideal of S is completely prime.

Proof: Under this assumptions there exists by theorem 3.4.7 a corresponding iterated
Ore extension S’ of Q. Since the assumptions of theorem 8.2.8 are fulfilled, every prime
ideal of S’ is completely prime. Consequently every prime ideal of S is completely prime.
O

The next proposition shows that ideals I in solvable polynomial rings (where prime ideals
are completely prime) have roots in some extension (skew) field of K if an only if I is
proper.
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Proposition 8.2.11 (Nullstellensatz) Let S = K{X;,...,X,;Q,Q} be a solvable
polynomial ring of strictly monic lexicographical type.

1. For every proper ideal I in S there exists a (skew) field extension L of K such that
the set of roots Ny,(I) is not empty.

2. Let I be an ideal in S such that there exists a (skew) field extension L of K such
that Ny,(I) # 0 then 1 ¢ 1.

Proof: (1) Let I be proper and let J be a prime ideal in S which contains I: 1 C J. J
exists, since by lemma 2.2.4 every ideal is contained in a maximal ideal and by lemma
2.2.5 every maximal ideal is prime. Under the assumptions on (), by lemma 8.2.10 every
prime ideal of S is completely prime. Furthermore by lemma 8.2.4 S is an Ore domain,
there exists a quotient field L = Q(S/J). Let a; = X;+ J for 1 < i < n and a =
(ay,...,a,) € L™ Then a is a place since the commutator relations are inherited from S.
Furthermore for every f € J we have

fla) =0u(f) = (X +J) = f(X)+ T =T
that is, f(a) = 0 in L". This shows that a is a root of .J and so of I, and thus proves (1).
(2) Let a € N(I), a € L". Assume 1 € I then there exist f; € I and g;,h; € S for

1 <i < k) for some k£ € N such that 1 =5 ’?: gifihi. Since a is a root (in particular a
=1
place) the evaluation morphism yields:

k

1= ¢a(1) = ¢a(2 ngzhz) = Z¢a(gz)0¢a(hz) =0.

i=1
This is a contradiction and thus the assumption 1 € I must have been wrong. So 1 & I,
which proves (2). O

8.2.3 Roots and Radical Ideals

Using the separation lemma of prime ideals and multiplicatively closed sets we obtain the
following improved propositions.

Proposition 8.2.12 Let S = K{Xj,..., X,;; Q,Q'} be a solvable polynomial ring. Let L
be an extension (skew) field of K. Let I be an ideal in S and let a € L™ be a root of I.
Let f € S such that f(a) # 0 then f* & I for all 0 < k € N.

Proof: Assume for a contradiction that there exists 0 < & € N such that f¥ € I. Let I
be generated by {fi,..., fm}, then there exist g;,h; € S for i = 1,...m such that

=3 gifihi.
i=1
Since a is a root, whence a place, the evaluation morphism yields: ¢,(f*) = ¢,(X™, g:fih:)

= > ba(9:)00a(h;) = 0. Since L is a field it follows that ¢,(f) = f(a) = 0. This
contradicts our assumption f(a) # 0 and thus proves the proposition. O
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Proposition 8.2.13 Let S = K{X;,...,X,;;Q,Q'} be a solvable polynomial ring of
strictly monic lexicographical type. Let I be a proper ideal in S. Let f € S such that
fE & I for all0 < k € N. Then there exists an extension (skew) field L of K and a root
a € L™ of I such that f(a) # 0.

Proof: Under the assumptions on (), by lemma 8.2.10 every prime ideal of S is completely
prime. Let M = {f*¥ : 0 < k € N}, then M is multiplicatively closed. By assumption
M NI = ( holds. So by the separation lemma 2.2.12 there exists a prime ideal J with
I C Jand MN.J=0. Again by assumption J is completely prime and so S/.J is an Ore
domain and there exists a quotient field L = Q(S/J). Let a; = X;+J € Lfori=1,...,n
and let a = (ay,...,a,) € L". Then a is a root of I since ¢,(f;) = fj(a) = f;(X +J) =
[i(X)+J=J. But 0# ¢.(f) = fla) = f(X+J) = f(X)+J # J since f ¢ I. That is
a is not a root of f and this proves the proposition. O

Combining this results with the characterization of radical ideals in rings where prime
ideals are completely prime we obtain

Theorem 8.2.14 (Weak Hilbert Nullstellensatz) Let S = K{X;,...,X,;Q,Q'} be
a solvable polynomial ring of strictly monic lexicographical type.

1. Let I be a proper (two-sided) ideal in S. Let f € S such that f & rad(I). Then there
exists an extension (skew) field L of K and a root a € L™ of I such that f(a) # 0.

2. Let L be an extension (skew) field of K. Let I be an ideal in S and let a € L" be a
root of I. Let f € S such that f(a) # 0 then f ¢ rad(]).

Proof: (1) From f ¢ rad([) it follows by lemma 2.2.16 that for all 0 < k € N, fk & I
holds. Then the claim follows by the preceding proposition 8.2.12.

(2) From f € rad([) it follows from lemma 2.2.15 that there exists 0 < k € N such that
f¥ € I. But by the preceding proposition 8.2.13 it follows from f(a) # 0 that f* & I for
all 0 <k € N. So f € rad(I) cannot hold. O

8.3 Coproducts and Free Products

In this section we will mainly record the results obtained by P. M. Cohn about so called
free products of fields. To this end we need some preparations. Recall the definition of a
category by its objects and morphisms.

Definition 8.3.1 A category is a class C of objects such that

1. for every pair of objects X,Y of C there is a set
Morc(X,Y),

called the set of morphisms from X to Y, with Morc(X,Y) and Morg(X',Y") dis-
joint unless X = X" and Y =Y in which case they coincide;
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2. for any three objects X,Y, Z of C there is a mapping
Morg(X,Y) x Morg(Y, Z) — Morg(X, Z),
described by (f,g) — f o g, with the following properties:

(a) for every object X there is a morphism
idx € Morg(X, X)
which is the right identity under o for the elements of Morc(X,Y) and a left
identity under o for the elements of Morc(Y, X);
(b) o is ‘associative’ in the sense, that when the composites

ho(go f) and (hog)o f
are defined they are equal.

Definition 8.3.2 An object U of a category C is said to be an initial object if, for every
object X of C, the set of morphisms Morc (U, X) is a singleton.

Dually, an object U of a category C is said to be a terminal object if, for every object X
of C, the set of morphisms Morc(X,U) is a singleton.

Definition 8.3.3 Let {A;}icr be a family of objects in a category C. Define a category
D as follows:

1. for the objects of D take the pairs e = (E,{fi}ic1) consisting of an object E of C
and a family { f;}icr of morphisms f; : A; — E, and

2. for the set of morphisms of D e — €' take those morphisms § : E' — E of C such
that the diagram

FE S Al
o
El

15 commutative for every i € I.

An initial object (Q,{qi}icr) in the category D (if it exists) is called a coproduct of the
family {A;}ier- In abuse of notation we also refer to Q itself as the coproduct of the
{A;}ier and we write

Q = OiEIAi-
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Theorem 8.3.4 Since initial objects are unique up to composition by an isomorphism, the
coproduct is unique in the sense that is has the following universal property. If (P,{p;}icr)
and (Q,{q;}icr) are both coproducts of the family {A;}icr, then there erists a unique
isomorphism & : Q — P such that each of the diagrams

P %pi Az
’\5 \Lqi
Q

18 commautative.

Proof: See [Blyth 1986](p 28). O
In other words if we have a situation with morphisms f; : A; — X for some X in the
category C, then there exist unique p; : A; — O;erA4; and a unique 6 : ;e A; — X,
such that § o p; = f; for each i € I.

In the sequel we will restrict our attention to the case I = {1,2}. Then we have the
following diagram

A1 O A,
/‘pl \m
Ay 1o Ay.
\Ifl \/fz
X

Definition 8.3.5 Let C now be the category with coproducts. We consider the situation

A1 O A
/‘Pl \Pz
Al A2

’\fl /‘f2

where A, Ay, Ay are some objects.

1. The coproduct Ay () As is called faithful of, whenever the fi, fo are injective then
also py, pa are injective.

2. The coproduct Ay () Ay is called separating if,
p1(f1(A)) = p1(A1) Np2(Az) = p2(fa(A))

Theorem 8.3.6 (Cohn) The coproduct of (skew) fields Ay, Ay over a common sub field
A exists and s faithful and separating. It is called free product and is denoted by C' =
A1 Oa As.

Proof: See [Cohn 1971], [Cohn 1977](p 98). O
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8.4 Some Model Theory

In this section we recall some definitions from model theory and fix the notations used in
the sequel.

8.4.1 Deduction and Models

Let L be a (first order) language. Let M denote a class of L-structures. Recall that for A
‘€’ M and a L-formula ¢ we say A is a model for ¢ if A = ¢. Let ¢ be a formula and let
" be a set of formulas, then we denote by I' = ¢ that for all L-structures A, with A =T
also A = ¢. In this case we say that ¢ is a semantic consequence of T

Let L be a language. Let ¢, be formulas and let I' be a set of formulas. Recall, that ¢
is deducible from ¢, ¥ F ¢, if ¢ can be produced from ¢ by syntactic manipulations on 1)
according to a set of certain rules. The rules used in classical first order logic are called
Hilbert type calculus. I'F ¢ denotes that ¢ is deducible from a set of formulas I'. T is
called consistent if falsity (false) cannot be deduced from T.

Let ¢, be formulas and let I' be a set of formulas. For Hilbert type calculus in first
order logic the following theorems of Godel hold.

Correctness: if I' - ¢ then I' = ¢,
Completeness: if I' = ¢ then ' - ¢.

And for sentences ¢, and a set of sentences I,
Deduction: if T U {¢} - ¢ then ' - (¢p — ¢).

Note that ‘“—’ here denotes ‘implies’ and not ‘reduction’; but it should always be clear
from the context what is meant. Using the completeness theorem or more generally using
ultraproducts one can derive the compactness theorem.

Theorem 8.4.1 (Compactness) Let I' be a set of formulas. T' has a model if and only
iof every finite subset of I' has a model.

Let L be a language. Let ¢ be a formula and let I be a set of formulas. A theory T is a
deductively closed subset of formulas of L, that is: T ¢ = ¢ € 7. T is an aziom set
for Tif T ={¢: T+ ¢}.

Let L be a language. Let ¢ be a formula and let I" be a set of formulas. Let A be a
L-structure.
M=Mod(l') ={A : AE¢, forallpel }

denotes the class of all L-structures A which are models of T'.
T=Thy(M)={¢ : AE¢, foral Ae M}
denotes the set of all L-formulas ¢ which hold in every A € M.
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Definition 8.4.2 Let L be a language and let M be a class of L-structures. Then M is
axiomatizable in L if there exists a set of L-formulas I' such that

M = Mod(I).

The elements of I are called axioms. If there exists a finite set I of axioms for M, we
say M 1is elementary in L or finitely axiomatizable in L.

8.4.2 Classes of Structures with Completeness Properties
There are several notations of classes of structures with completeness properties:

1. complete classes,

2. model complete classes,

3. model companionable classes,
4. substructure complete classes,

5. existentially complete classes.

Complete classes occur ‘rarely’. Only if the corresponding theory 7 is maximal in the
sense, that for every L-sentence ¢ either 7 F ¢ or T F —¢ then the class of structures is
complete. Model complete classes occur more ‘frequently’, e.g. the class of algebraically
closed fields. We will not define model companionable classes, since in our cases of in-
terest, the classes of structures have the amalgamation property, in which case this class
has further properties. Classes of structures which are substructure complete occur for
model complete classes of structures for which the class of substructures has moreover the
amalgamation property. The class of these structures then allows elimination of quanti-
fiers. Existentially complete classes of structures exists whenever the respective class is
inductive (that is it is closed under unions of chains). The relevant definitions will be
made more precise in the sequel.

Definition 8.4.3 A class M of L-structures is complete if for all L-sentences ¢ and all
AeM

either A = ¢ or A |E= —¢.

A theory T is complete if Mod(T) is complete.

For the further definitions we need to introduce the notion of elementary equivalent struc-
tures.

Definition 8.4.4 Two L-structures A and B are called elementary equivalent (notation
A = B) if for all L-sentences ¢
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A E ¢ if and only if B | ¢.

Two L-structures A and B are called elementary equivalent wrt. a common substructure

C' (notation A =¢ B) if for all L-formulas ¢(X;,...,X,) and ¢1,...,¢, € C

AEo(er, ... ¢n) if and only if B = é(cy, ..., ¢cn)-

Consequently, a class M of L-structures is complete if and only if for any A, B € M, A
and B are elementary equivalent.

Definition 8.4.5 Let A and B be two L-structures. Then A is called elementary sub-
structure of B (and B is called elementary extension of A) (notation A < B) if AC B
and for ay,...,a, € A, and for all L-formulas ¢(X1,...,Xp,)

AE ¢(ay,...,a,) if and only if B = ¢(aq,...,a,).

Model complete classes are defined by the property that every substructure of a structure
of the class is an elementary substructure.

Definition 8.4.6 A class M of L-structures is model complete if for A, B € M with
A C B then

A< B.

A theory T is called model complete if Mod(T) is model complete.

Definition 8.4.7 A class M of L-structures is substructure complete if for A, B € M
with a common substructure C

A theory T is called substructure complete if Mod(T) is substructure complete.

Lemma 8.4.8 If a class of L-structures M is substructure complete, then M is model
complete.

Proof: Let A, B € M with A C B. Then A is a common substructure of A and B and
since M is substructure complete A =4, B. That is A = B, which shows A < B. O

We will later define existentially complete fields, here is first the general definition of
existentially complete structures. Let ¢35 denote existential L-formulas, that is ¢3 has the
form 3X; ... IXpp (X, ..., Xi) with ¢ quantifier free.
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Definition 8.4.9 Let A T B be L-structures. A is called existentially complete in B if
for all existential formulas ¢3(Y1,...,Y)), ar,...,aq; € A

whenever B = ¢3(ay,...,q) then also A |= ¢3(aq, ..., aq).

If M is a class of L-structures, and A € M s existentially complete in every B € M,
with A C B, then A is existentially complete in M.

Definition 8.4.10 Call a totally ordered (sub-)set a chain. Then a class M of L-
structures is called inductive if it is closed under unions of chains. That means, that
for every chain Ay € Ay C ... of structures A; € M

A=A e M

Proposition 8.4.11 Let M be an inductive class of L-structures, then each A € M is
contained in some existentially complete structure E € M.

Proof: See [Cohn 1981](p 327) or [Hirschfeld, Wheeler 1975]. O

We denote by EC(M) the class of existentially complete structures of M. (So EC(M) C
M.) For a theory let EC(7) = EC(Mod(7)). Note that even for a theory T,
Thy(EC(T)) need not be non-empty.

8.4.3 Amalgamation Property

Definition 8.4.12 Let M be a class of L-structures. M has the amalgamation property
if for any By, By € M with a common substructure A € M there exists C € M and
embeddings g1, g2 of By, By into C,

C

/‘91 \92
B1 B2

\fl /(fz
A

such that g1(a) = go(a) for all a € A. C' is called an amalgam of By and By. A theory T
has the amalgamation property if Mod(T) has the amalgamation property.

Theorem 8.4.13 (Cohn) The class of (skew) fields has the amalgamation property.
More precisely for any (skew) fields By and By the free product over A

C=B0aB

15 an amalgam of By and Bs.
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Proof: Let C' = B; ()4 B; be the free product of B; and B, over A. Let A be a
common substructure of the B; and let f; : A — B; be the embeddings of A into
B; (i = 1,2). Since the free product is faithful the homomorphisms g; : B; — C
are embeddings of B; into C' (i = 1,2). Since the free product is separating we have
91(f1(A)) = g1(B1) N g2(Ba) = g2(f2(A4)). So if we identify A with f;(A) in B; we have
g1(a) = g2(a) for all a € A. This shows that the free product C' is an amalgam of By and
B, over A. O

The relation between model completeness and substructure completeness is as follows

Theorem 8.4.14 An aziomatizable class of L-structures M is substructure complete, if
and only if M is model complete and the class of substructures of M has the amalgamation

property.

Proof: Assume M is model complete and has the amalgamation property. Let A, B,C €
M such that C is a common substructure of A and B. By the amalgamation property
there exists D in M which is a common extension of A and B. Since M is model complete,
we have A < D and B < D. By this we have for ¢,...,¢, € C and for all ¢

A ):d)(cla"'acn) D ):d)(cla"'acn) <~ B ):QS(Cl,...,Cn)-
This shows A =¢ B and M is substructure complete.

Assume M is substructure complete, then we have already shown, that M is model com-
plete. Let A, B,C' € M, such that C is a common substructure of A and B. The existence
of a common extension of A and B follows then by arguments involving Robinsons ‘model
consistency lemma’ [Robinson 1974](p. 112) on so called ‘diagrams’ of A and B over C
and by compactness, which we will not present here. O

For existentially complete structures with amalgamation property we note:

Lemma 8.4.15 (Lefschetz Principle) Let M be an inductive class of L-structures
which has the amalgamation property. Let A, By, By € M with By, By € EC(M) and
let ay,...,a, € A. Then for all existential formulas ¢3(Y1,...,Y]),

B, E ¢3(ay, ..., ) if and only if By = ¢3(aq,. .., q).

Proof: By the amalgamation property let C' € M be a common extension of B; and Bs.
Then since B; C C we have C' = ¢3(ay,...,q). Now By C C and Bj is existentially com-
plete and since ¢3(ay, ..., q;) is defined over A and holds in C' we have By |= ¢3(aq, ..., q).
O

8.4.4 Quantifier Elimination

Definition 8.4.16 Let M be a class of L-structures. Then M allows quantifier elim-
ination if for every formula ¥(Y1,...,Y)) there exists a formula ¢(Y1,...,Y)) which is
quantifier free (or equal to true or false if L does not contain constants) and
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M E GV, Vi) > 6V, V).

Theorem 8.4.17 Let M be an aziomatizable class of L-structures. Then M allows
quantifier elimination, if and only if M s substructure complete.

Proof: See [Weispfenning 1983] theorem 2.6. O

Let M be a class of L-structures. If the class EC(M) is closed under substructures and is
axiomatizable and has the amalgamation property then EC(M) is substructure complete.
In case of the class M of (skew) fields L which are K-algebras it is known, that EC(M)
is not axiomatizable, see e.g. [Hirschfeld, Wheeler 1975] (p 133).

8.4.5 Polynomials as Terms

Let R be a ring, let V be a set of variables and let Lgr be the language Lp =
0,{+,—,},0,RU{0,1},V). Let X C V be a distinguished set of variables. Then
every polynomial of the polynomial ring R{X) corresponds to a term from Tm(Lg, X).
On the other hand, if we identify terms with the same ‘meaning’, every equivalence class
of terms corresponds to a polynomial.

In this sense we will identify polynomials with terms and we will consider polynomials as
constituents of first order Ly formulas. If ¢ is an Ly formula for some ring (or structure)
R, then we say that ¢ is defined over R.

8.4.6 Notes on the Nullstellensatze

There are many flavours of Nullstellensitze in the literature. In order to make the notation
of ‘weak’, ‘normal’” and ‘strong’ Nullstellensitze more precise we consider the following
cases:

1. ‘pure’ existence of roots in some extension field if the considered ideal is proper,

2. existence of roots in existentially complete fields, for proper ideals in polynomial
rings over an existentially complete field,

3. existence of roots of proper ideals in one existentially complete field implies the
existence of roots in all existentially complete fields,

4. given a bound on the degrees of the generating polynomials (and their number) then
there exist degree bounds on the polynomials required to represent 1 as element of
the ideal.

Additionally a similar case distinction can be considered for the question of roots of ideals,
which are not roots of some other polynomial.



222 CHAPTER 8. NULLSTELLENSATZE

To solve 1) above one requires information on the class of algebraic structures consid-
ered, e.g. primeness of ideals, embeddability conditions into fields. To solve 2) the only
important thing to know is that the considered class of algebraic structures, is induc-
tive. And this in turn is true, whenever the class can be axiomatized by V3 formulas.
To solve 3) it must be known whether the subclass of existentially complete structures
has the amalgamation property or not. To solve 4) one must even know that the sub-
class of existentially complete structures allows quantifier elimination. This together with
compactness arguments establishes the degree bounds.

There are many criterions to establish the respective requirements. To establish these
results for the class of Q-complete fields we use Grobner bases and comprehensive Grobner
base methods in the proofs.

8.5 Existentially Complete Fields

In this section we summarize the results of Cohn, Hirschfeld and Wheeler about exis-
tentially complete ‘free’ skew fields. The first result states the existence of existentially
complete fields and the second result states a Nullstellensatz relative to the existence of
d-radicals. The problem is that such d-radicals are hard to characterize and difficult to
find. Furthermore, since the free non-commutative polynomial ring P = K(Xy,..., X},)
over a field K is non Noetherian, ideals may not be finitely generated. Even worse, by
a result of [Hirschfeld, Wheeler 1975], the class of existentially complete skew fields is
not axiomatizable. The definition of consistence of a formula and existentially complete
structures adapted for (skew) fields reads as follows:

Definition 8.5.1 Let K be a (skew) field. Let 3X;...3X(Xy,...,Xk) denote exis-
tential formulas which are defined over K (that is » € Ly ) and 1) quantifier free. The
formula 1) is said to be consistent if there exists a field L, K C L and a € LF with
L = ¢(a). K is called existentially complete if

for all extension fields E of K and a € EF with E = (a) follows that there
exists b € K* with K |= (D).

Theorem 8.5.2 (Cohn) Let K be a skew field. Then there exists an existentially com-
plete field E, which contains K and in which every consistent existential formula over K
is valid in E.

Proof: See [Cohn 1977](p 133). O

Definition 8.5.3 (Hirschfeld, Wheeler) Let R be an algebra over K. An ideal I in
R is called a d-prime ideal if R/I can be embedded into a skew field extension of K by
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an algebra homomorphism. The d-radical of an ideal I is the intersection of all d-prime
tdeals which contain I. The d-radical is denoted by

d-rad(l) = () J;

ICJ;

with J; d-prime ideals.

Theorem 8.5.4 (Hirschfeld, Wheeler) Let E be an existentially complete skew field
over K. Let P = E(Xy,...,X,) be a non-commutative polynomial ring over E. Let I be
an ideal in P and let f € P.

1. If f shares all roots of I in every skew field extension of E then f is in the d-radical
of I. Moreover if I is finitely generated then if f shares all roots of I in E then f
15 in the d-radical of I.

2. Conversely if f is in the d-radical of I, then every root of I in E s also a root of f.

Proof: See [Hirschfeld, Wheeler 1975](p 225). Let d-rad(/) denote the d-radical of an
ideal 1.

(1) Assume f is not d-rad(I). Then there exists a d-prime ideal J which includes I but
not f. Since J is d-prime, P/J can be embedded into a quotient field Q(P/J). Let
¢: P/J — E' = Q(P/J) denote the embedding homomorphism. Now E is isomorphic
to ¢(E) and therefore E' can be regarded as an extension field of E. Since f ¢ J we have
d(f) # 0 in E' but for every f € J we have ¢(f) = 0 in E'. That is, there exists a root
in E™ of I which is not a root of f, contradicting our assumption. This proves the first
claim.

If I is finitely generated by {fi,..., fi} then E' satisfies

X, ...3X, (( A Fi(X1, o X)) = 0) A=(F(Xy,. .., X,) 20)) .

1<i<l

Since E was existentially complete, E must satisfy this sentence also. This proves that
there is a root of I in E" which is not a root of f.

(2) Assume f € d-rad(I). Let E' be a (skew) field extension of K which extends E, and
let a € E™ be a root of I. Let ¢, : P — E’ be the evaluation morphism. Because E' is a
domain, the kernel of ¢, is a d-prime ideal in P which contains I. Since f € d-rad([), f
is in the kernel of ¢,. This shows 0 = ¢,(f) = f(a) and a is therefore also a root of f. O

8.6 Q-existentially complete fields

In this section we consider a variant of existentially complete fields that arise from the
study of zeroes of polynomials from solvable polynomial rings. Note that from now on
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we assume that for a solvable polynomial ring S = K{X;,..., X,;; Q,Q’} the variables
commute with the coefficients. As usual we indicate this by omitting )’ from the definition
of S = K{Xj,...,X,;Q}. Furthermore we assume the field K to be a commutative Q-
algebra. This restriction is necessary, since we have to define finite formulas, which state,
that some elements are a place in an extension field.

Definition 8.6.1 Let K be a commutative field or a commutative Noetherian domain
(compare definition 8.7.1). Let S = K{X1,..., X; Q} be a solvable polynomial ring. Let
X, .. 33X (XY, ..., X,) be an existential formula with ) defined over K (that is ¢ €
Ly ) and ¢ quantifier free. From the polynomials of Q define a formula placeq (X1, ..., X,)
by:

/\ Xin:Cinin +pij(X1,...,Xn)

1<i<j<n
A VY (inK(Y)—> A YXi:XiY)

1<i<n

where inK(Y') is a new unary predicate which is interpreted by the set K. An Q-
existential formula over K is an existential formula of the form

39X, .. 3X, (V(X0, ..., X,) Aplaceg(Xy, ..., X))
with ¥ quantifier free. We denote Q-existential formulas by
X, . 3X (X, -, X).

An Q-existential formula is called Q-algebraic formula over K, if ¢ contains no negated
atomic formulas.

We also speak of Q-formulas when we mean Q-algebraic or Q-existential formulas.

Definition 8.6.2 Let K be a commutative field. K C E a skew field extension. Let
S =K{Xi,...,Xn;Q} be a solvable polynomial ring with commutator relations Q). Let
L be a commutative extension field of K such that E is an extension field of L and
S'=L{Xy,...,X,;Q} is an extension ring of S. Let 3X, ... 3Xppg(Xy, ..., X;) denote
Q-existential (Q-algebraic) formulas which are defined over L.

Then (E,L) is called Q-existentially (Q-algebraically) complete if for all Q-existential
(Q-algebraic) formulas which are defined over L the following holds

whenever E C B is an extension skew field of E and a € E* with E' = ¢ (a)
then there exists b € E* with E |= g(b).

Note, that an Q-existentially complete field is Q-algebraically complete. We also speak
of Q-complete fields when we mean Q-algebraically or Q-existentially complete fields.
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Lemma 8.6.3 Let K C E and let E be existentially complete and let () be a set of
commutator relations of a solvable polynomial ring S = K{X1,...,X,,;; Q}. Then (E,K)
18 Q-existentially complete. Hence there exist QQ-existentially complete extension fields of
K for every Q.

Proof: Every Q-existential formula g defined over K is in particular an existential
formula over K. So 1) is defined over E and since E is existentially complete, by theorem
8.5.2, every consistent existential formula is valid in E. This shows that (E,K) is also
Q-existentially complete. O

Of course one may obtain Q-existentially complete extension fields also directly as follows.

Proposition 8.6.4 Let K be a commutative field and let E be a skew field exten-
ston of K. Let (Q be a set of commutator relations of a solvable polynomial ring

S =K{Xi,...,XnQ}.

1. Then there exists an Q-existentially (Q-algebraically) complete field (E', L), which is
an extension of E and in which every consistent Q-existential (Q-algebraic) formula
defined over L with K C L C E is valid in E'.

2. Whenever (E',L) is an Q-existentially (Q-algebraically) complete extension field of
E, then every consistent Q-existential (Q-algebraic) formula defined over L with
K CL CE is valid in E'.

Proof: (1) Let {C)}rea be the family of all consistent Q-existential (Q-algebraic) for-
mulas defined over a fixed commutative extension field L C E of K. For every A let E,
be a skew field extension of E in which C) is valid. Let H = (OgE, be the free product
of the fields E,. Then every consistent Q-existential (Q-algebraic) formula defined over
L is valid in H and by the properties of the free product L is a subfield of H and H is
an extension of E. This shows that (H, L) is a Q-existentially (Q-algebraically) complete
extension field of E.

(2) Let ¢g be a consistent Q-existential (Q-algebraic) formula defined over the commuta-
tive extension field L of K and let E be a skew field extension of K and L. Then there
exists a skew field extension H' of E and L, such that ¢¢ is valid in H'. Let (E’, L) be an
Q-existentially (Q-algebraically) complete extension field of E and L. Let H=E' QO H",
then ¢ is also valid in H and since H is an extension field of E', which was Q-existentially
(Q-algebraically) complete it is also valid in E'. O

Theorem 8.6.5 (Hilbert Nullstellensatz) Let K C L be a commutative extension
field of K. Let S" = K{X1,...,X,;Q} be a solvable polynomial ring, with commutator
relations @Q, of strictly monic lexicographical type. Let S = L{Xy,..., Xp; Q} be a solvable
polynomial ring extension of S'. Let I be an ideal in S and let f € S.

1. If f shares all roots of I in some Q-ezistentially complete extension field (E, L) then
f s in the complete prime radical of I.
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2. Conversely if f is in the complete prime radical of I, then every root of I in every
(Q-existentially complete) extension field (E,L) is also a root of f.

Proof: (1) Assume f is not in the complete prime radical of I. Then 1 ¢ I and there
exists a prime ideal .J of S, which includes I but not f. Under the assumptions on @, by
lemma 8.2.10 every prime ideal of S and S’ is completely prime, so .J is a complete prime
ideal. Since S is Noetherian, S/.J is an Ore domain and since 1 ¢ .J it can be embedded
into a quotient field Q(S/J). Let ¢ : S/J — E' = Q(S/J) denote the embedding
homomorphism. Now L is isomorphic to ¢(L) and therefore E' can be regarded as an
extension field of L. Since f ¢ J we have ¢(f) # 0 in E' but for every f € J we have
#(f) = 01in E'. Since S is Noetherian, every ideal is finitely generated, let I be generated
by {fi,..., fi}, say. Then E' satisfies

Since (E, L) was Q-existentially complete, E must satisfy this sentence also. This proves
that there is a root of I in E™ which is not a root of f.

(2) Assume f € c-rad(]). Let (E,L) be a (Q-existentially complete) extension field and
let a € E" be a root of I. Let ¢, : S — E be the evaluation morphism. Because E is a
domain, the kernel of ¢, is a complete prime ideal .J in S. Furthermore J contains I and
since f € c-rad(I), f is in J. This shows 0 = ¢,(f) = f(a) and a is therefore also a root
of f. O

8.7 Comprehensive Grobner Bases and Q-complete
Fields

We are now going to show, that the class of Q-algebraically complete fields is axiomatizable
and allows elimination of existential quantifiers. To prove this we have to find a formula 1,
to express the fact that another formula ¢ is consistent. Such formulas can be constructed
by means of the parametric ideal membership test 7.8.2 using comprehensive Grobner
bases.

Recall some notation from chapter 7. Let S = R{Xj,..., X,,;; @} be a parametric solvable

polynomial ring over a ring R = Rluy, ..., uy] over a commutative Noetherian domain
R.

R:R[ul,...,um] (*)
arises from a ring R' = R[U,...,Uy| in the indeterminates Uy, ..., Uy, such that u; =

Ui+ 1,1 <j <m, where I is a two-sided ideal in R[Uj,...,Uy,,] such that R = R'/I.
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So 8" = R{Xy,...,X,;Q} is possibly not an associative ring, but we know, that if
we specialize the U’s to the u’s in R or to some elements of a field K, such that S =
R{Xy,..., X,; Q} respectively S = K{X1,..., X,,; @} is a solvable polynomial ring, then
all arguments are justified.

Let F' = {fi,...,fm} C S be a set of polynomials with coefficients in Uy, ..., Uy.
To indicate the dependence on the parameters the polynomials are also denoted by
f(Uh, ..., U, Xy, ..., X,) respectively by F(Uy,...,Ug, Xi,...,X,). For a specialization
of the U; — a;, where the a;’s are from commutative extension field of K we denote by
flay,...,ax, X1,...,X,) respectively by F(ay,...,a, X1,...,X,) the polynomials under
this specialization.

In this section let K = Q the field of rational numbers.

Definition 8.7.1 Let R = Kluy, ..., ux] be as in (x) and let S = R{Xy,..., X,,;Q} be a
solvable polynomial ring with commutator relations Q. Let F = {f1,..., fm} C S, m € N,
be a finite subset of S and let f € S. Let

X, .3 (U . U X, Xo)

be an Q-algebraic formula with © quantifier free. 1 is a boolean combination (without
negations) of polynomial equations and a placey, condition. Taking the disjunctive normal
form and moving the existential quantifiers inside the disjunction we may assume that
Y = Yrg is defined by a single conjunction of polynomial equations

placeg (X1, ..., X)) A N\ fi(Xy,..., X,) =0.

1<i<m

Let
X, . 3AXww(Uy, . U, Xy oo, X))

be an Q-existential formula with 1 quantifier free. ¥ is a boolean combination (including
negations) of polynomial equations and a placeg condition. Taking the disjunctive normal
form and moving the existential quantifiers inside the disjunction we may assume that 1) =
Yo 1s defined by a single conjunction of polynomial equations and a single polynomial
inequality (by forming the product over all polynomials of the conjunction of inequalities)

placeQ(Xl,...,Xn) A ( /\ fz(XlaaXn) = 0) Aﬁ(f(Xl,,Xn) = 0)

1<i<m

Let G = {g1,...,q1}, | € N be a comprehensive Grébner base of ideal,(F'). By the
parametric ideal membership proposition 7.8.1 there exists a quantifier free formula in
Ui, ..., Ux which holds under all specializations of the U;’s if f € idealy(F) under the
same specializations. This quantifier free formula

XFfQ(Ula ceey Uk)
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15 defined by \/
65Uy ..., Uy)
5EAG,f

where ¢s is N,es @ in the notation of the parametric ideal membership proposition 7.8.1.
Furthermore define the (infinite) formula

X);pr(Ul, ey Uk)

\/ XFf[Q(Ula ey Uk)
LeN

Theorem 8.7.2 Let R = Kluy,...,ux] be as (x) and let S = R{Xy,...,X,;;Q} be a
solvable polynomial ring with commutator relations Q) of strictly monic lexicographical
type. Let F = {fi1,..., fm} C S be a finite set of polynomials and let f € S.

For F and Q let 3X, ... 3X,,Ypq(Uy, ..., Uk, X1 ... X,) be an Q-algebraic formula and let
Xr1g(Ui, ..., Uy) be the quantifier free formula as defined before in 8.7.1. Then for all
Q-algebraically complete extensions fields (E, L) of K and specializations of the U;’s in L

E ): XF1Q S E‘XlEIXn'QZ)FQ

For F, f and Q let 3X; ... 3Xppo(Ur, ..., Uk, X1 ... X,) be an Q-existential formula
and let X}}fQ(Ul, ..., Ug) be the infinite quantifier free formula as defined before in 8.7.1.
Then for all Q-existentially complete extensions fields (E,L) of K and specializations of
the U;’s in L

E E Xpo ¢ IX1... 3X0rsq

Proof: Let ay,...,ay € L. Under the assumptions on the commutator rela-
tions (), by the Nullstellensatz 8.6.5, 1 ¢ ideal,(F(ay,...,ax, X1...X,)) <= E E
AX, ... 3X,Wrglay, ..., ak, X1 ... X,). Then by the parametric proper ideal test 7.8.2
1 € idealt(F(al, ey Qg X Xn)) — E ): _lXp*lQ(al, ceey ak).

And similarly for the existential case: Again under the assumptions on the commutator
relations @, by the Nullstellensatz 8.6.5, f ¢ c-rad(idealy(F(ay,. .., a5, X1 ...X,))) <=
E = 3X,...3X¥rrolar, ... a5, Xy ... X,). Then by the parametric ideal membership
test 7.8.1 f ¢ c-rad(ideal;(F(ay, ..., a5, X1 ... X)) <= {f(a1, ..., a1, X1 ... X,))" : L€
N} nidealy(F(as,...,a5, X1 ... X)) = 0 <= E E Ajen “Xrpeglar, ..., ar) <= E |
“Xrrola, ... a;). O

Another consequence of the parametric ideal membership test 7.8.2 is the existence of
bounds on the (total) degrees of polynomials h;, g; representing f in the ideal generated
by F', f =3 h; * f; * g;. In particular, there exists such bounds for the polynomial f = 1.
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Theorem 8.7.3 Let d,m,d ,n € N. Then there exists a bound D € N
D = D(d,m,d',n)

such that for all solvable polynomial rings S = L{X},..., X,; Q} over L, where K C L
s a commutative extension field of K with commutator relations Q) of strictly monic
lexicographical type, such that for every commutator polynomial p;; in Q deg(pi;) < d',
for 1 < i < j < n and every finite subset F' = {f1,..., fm} of S, with deg(f;) < d, for
1 < < m and every polynomial f € S with deg(f) < d the following holds

[ € idealy(F)

if and only if there exist polynomials g;, h; € S, with deg(g; * fi x h;) < D for 1 <i <m,
with

1<i<m

Proof: Let k£ be a bound for the number of coefficients of m+1 polynomials in n variables
of degree < d (e.g. (m + 1)(d 4+ 1)) and the number of coefficients of the commutator
polynomials of strictly monic lexicographical type such that for p;; in @ deg(p;;) < d',
for 1 <i < j<mn. Let R=Klug,...,ut] be as (x) and let S = R{X;,..., X,;Q} be
a solvable polynomial ring with commutator relations ) of strictly monic lexicographical
type. Let Fyn = {f1,..., fm} together with f be the general system of polynomials of
degree d with indeterminate coefficients Uy, ..., Uy in some arbitrary but fixed order.

The claim that there exist polynomials h;, g; with total degrees less than or equal to
some constant ¢ € N can be formulated as existential sentence @.(cy,...,c), where
c1,...,c, € L are the coefficients of Fy,, and f

E|b1,...,bk,dl,...,dkgﬁc(bl,...,bk,Cl,...,Ck,dl,...,dk),

over the coefficients b, ¢;, d;, (1 < j < k), of the polynomials h;, f;, f and g; respectively.
Where ¢. can be determined (using the parametric product lemma 7.1.2) by comparing
the coefficients of the monomials in the equation f = >/, h; * f; * g;. Furthermore by the
ideal membership test 7.8.1 there exists a quantifier free formula xrr9 = XrrQam, such
that for all extension fields E of L and all coefficients ¢; € L, E = xrrodm(c1, - - ., k) <
f € idealy(F (e, ... ek, X1,...,Xp)). Assume that for all ¢ € N, ¢.(c1,...,c;) does not
hold, then
XFfQdm(Ci, .-, ck) A /\ (e, .-, cr),
ceN

is contradictory. By a corollary to the compactness theorem this holds if and only if it
holds for a finite set of ©.’s XFrQam(C1, - -+, k) A No<e<e 7Pc(C1s - -, €k). So it follows that

(I)F ):XFdem(cla---;ck) — \/ (pc(Cl,...,Ck).
0<e<c!
holds, where ®r denotes the axioms for commutative fields. If . (cq,..., ;) holds for
0 <c¢" </, then f € I and pu(cy,...,ck) also holds for all ¢* < ¢’ € N. Finally we
observe, that the constant ¢’ does not depend on the particular L but it depends only on
n, m, d" and d, so we let D(d,m,d',n) = ¢ and end the proof. O
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Corollary 8.7.4 Let E be an extension field of Q, and let Q) be a fized set of com-
mutator relations of strictly monic lexicographical type of a solvable polynomial ring
S =K{Xy,...,X,;Q}. Ford,m € N let X, ...3X,,¢pgam be the general Q-algebraic
formula for a set of general polynomials with degrees < d in indeterminate coefficients
Ui,..., U, and let Wggy, be the formula

YU, ..., VU (( A inL(Ui)>—>

1<i<k(d)

("XFlem(Uh ceey Uk) —
3X1 ... 3Xbroan(Uns -, Up, X1, . ,Xn)>>.

Then (E,L) is algebraically Q-complete if and only if for all d;m € N

E = U

Proof: Assume (E,L) is Q-algebraically complete and let ay,...a; € E. Then the
condition A;<;<kg) inL(U;) ensures that the whole formula is defined over the commutative
extension field L of K. Now if =X rigam (a1, - - -, ax) holds, it implies the consistence of the
formula 3X, ... 3X,¢¥rgam(ai, ..., a5, X1,. .., X,). So 3X; ... 3X,,¢rgam is a consistent
Q-algebraic formula defined over L C E which extends Q. Since (E, L) is Q-algebraically
complete Wy, is valid in E for all d,m € N.

Assume E = Uggy, for all d,m € N. Let Q C L C E. Let ay,...,q; € L and let
X, .. 3X g (ag, - -, a, X, .., Xy) be a consistent Q-algebraic formula defined over L,
such that all elements of L in ¢¢, are among ay, . . ., a;, which is a conjunction of polynomial
equations and a placeg condition. Let d,mn € N and k € N with [ < £ such that F' is
the general system of polynomials in indeterminate coefficients Uy, ..., Uy such that the
formula ¢ (ar,...,a, Xy,...,X;) is equal to Yrqam(ar,. .., ar, X1,...,X,). Since 1y
is consistent <\ p19dm (a1, - - -, ax) implies 3X, ... AX,, Vpgam (a1, - - ., ax, X1, ..., X;). Now
by assumption E |= Wq, which shows, that E = 3X; ... AX g (ay, . -, ax, X1, ..., X)),
i.e. (E,L) is Q-algebraically complete. O

8.8 Axiomatizability and Quantifier Elimination
We are now ready to state that the class of Q-algebraically complete fields is axiomatizable.

Corollary 8.8.1 Let L = (0,1,+,—,, %) be the language of solvable polynomial rings.
Let Q be a fized set of commutator relations of strictly monic lexicographical type of a
solvable polynomial ring over Q. Then the class S of Q-algebraically complete fields is
aziomatizable in L.
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Proof: Let &z be the axioms of commutative fields of characteristic zero with a fixed
commutative extension field L described by the predicate ‘inL’. Let () be the commutator
relations of a solvable polynomial ring as defined in 3.2.1. For each d,m € N let ¥, =
U gam be the formula as defined in the previous proposition 8.7.4. Let ® = {W,,, : d,m €
N}. Then ®* = & U ® is an (enumerable) set of axioms. Now by theorem 8.7.4 we have
(E,L) € § <= E = ®*. This shows that S is axiomatizable by ®*. O

We proved actually more than was needed for axiomatizability. The comprehensive
Grobner bases provide moreover a means for quantifier elimination.

Corollary 8.8.2 Let L = (0,1,+,—,, %) be the language of solvable polynomial rings.
Let QQ be a fized set of commutator relations of strictly monic lexicographical type of a
solvable polynomial ring over Q. Then the class S of Q-algebraically complete fields
allows elimination of existential quantifiers in Q-algebraic formulas.

Proof: Let 3X;...3X,¥pg be an Q-algebraic formula with ©pg quantifier free. Let
Xrig be the corresponding quantifier free formula as defined before in 8.7.1. Then by
theorem 8.7.2 in an Q-algebraically complete field (E, L) we have

E ): 3X1 ... Han/)FQ S XF1Q-

This shows that S allows elimination of existential quantifiers. O

The case of universal quantifiers would require that VX ¢ «— —3X—¢ can be used. This
however introduces negations in the formulas. In the theory of (skew) fields for formulas
(polynomials) f: =(f =0) «— IX(fX — 1 =0) holds, so negation can be reformulated
by an existential formula. In our setting it would be necessary to define some commutator
relation for X. Since X is intended to be an inverse of f: f~'. So we must have

X % Xz = XZX + (f(Xl, e ,Xn)il * Xz — f(Xl, . ,Xn)il S Xz)

for 1 <i < n. But it is in general not true, that this defines commutator relations for a
solvable polynomial ring (see also section 8.11). The general case could then be handled
by induction on the number of alternating quantifier blocks.

8.9 Strong Theorems on Roots

In this section, we state some stronger versions on theorems on roots using the Lefschetz
principle, which is a consequence of the amalgamation property. Then we summarize the
theorems on roots.

Theorem 8.9.1 (Strong Algebraic Nullstellensatz) Let S = K{Xi,...,X,;Q} be
a solvable polynomial ring of strictly monic lexicographical type. Let I be a proper two-
sided ideal in S. Then the following are equivalent
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1. There exists some Q-algebraically complete field (E,L) over K and there exist
ai,...,a, € E such that (ai,...,a,) is a root of I.

2. In all Q-algebraically complete fields (E,L) over K there exist ai,...,a, € E such
that (aq,...,ay) is a root of I.

Proof: It suffices to show (1) = (2): Let (E,L) be some Q-algebraically com-
plete field over K and let ay,...,a, € E such that (ay,...,a,) is a root of I. Let
I =idealy(f1,..., fm). Let by, ..., bx € L be the coefficients of the polynomials fi, ..., fi
in L C E of K. Replace the by,...,b, by new indeterminates Uy,...,U; and let the
resulting Q-algebraic formula Uz (U, ..., Uy) be

AX, .. AX e (U, . .. Uk, X1, ..., X,0).

Now by assumption E = Upq(by,. .., b;). Let (E', L) be another Q-algebraically complete
field over K. Then by the Lefschetz principle also E' = Wpg (b, ..., b). This shows that
there exist ay,...,a, € E' such that (ay,...,a,) is a root of I. O

Theorem 8.9.2 (Strong Existential Nullstellensatz) Let S = K{Xi,...,X,;Q} be
a solvable polynomaial ring of strictly monic lexicographical type. Let I be a proper two-
sided ideal in S and let 0 # f € S. Then the following are equivalent

1. There exists some Q-existentially complete field (E,L) over K such that all roots
(a1,...,a,) of I in E" are not roots of f.

2. In all Q-existentially complete fields (E,L) over K all roots (a1, ...,a,) of I in E"
are not roots of f.

Proof: It suffices to show (1) = (2): Let (E,L) be some Q-existentially complete field
over K and let ay,...,a, € E such that (a,...,a,) is a root of I which is not a root of
f. Let I =ideal,(f1,..., fm). Let by,...,bry € L be the coefficients of the polynomials
f,fi,--- fm in L C E of K. Replace the by, ..., b; by new indeterminates Uy, ..., U, and
let the resulting Q-existential formula Wy sq(Uy, ..., Uy), containing =(f = 0), be

X, ... 3AXrro(Un, .. U, X1y, X)),

By assumption E = Wpso(by,...,by). Let (E',L) be another Q-existentially complete
field over K. Then by the Lefschetz principle also E' = Wppo(b,...,br). This shows
that all roots (ai,...,a,) of I in E™ are not roots of f. O

The last two theorems summarize the results on the Hilbert Nullstellensatz in algebraic
and existential extension fields compatible with solvable polynomial rings with commuta-
tor relations ().

Theorem 8.9.3 Let S = K{X;,...,X,;Q} be a solvable polynomial ring over K = Q,
with fized commutator relations @ of strictly monic lexicographical type. Let F' be a finite
subset of S. Then the following are equivalent
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1. 1 ¢ ideal,(F).
ideal,(F') has a common zero in some extension field of K.

ideal,(F') has a common zero in all Q-algebraically complete extension fields of K.

e

ideal,(F') has a common zero in some Q-algebraically complete extension field of K.

Proof: The equivalence between 1 and 2 follows by proposition 8.2.11. The equivalence
between 1 and 3 follows by theorem 8.6.5. The equivalence between 3 and 4 follows by
theorem 8.9.1. O

Theorem 8.9.4 Let S = K{Xi,...,X,;Q} be a solvable polynomial ring over K = Q,
with fized commutator relations @ of strictly monic lexicographical type. Let F be a finite
subset of S and let f € S. Then the following are equivalent

1. [ ¢ c-rad(idealy(F)).
2. idealy(F) has a common zero in some extension field of K, which is not a zero of f.

3. ideal,(F') has a common zero in all Q-existentially complete extension fields of K,
which is not a zero of f.

4. idealy(F) has a common zero in some Q-existentially complete extension field of K,
which is not a zero of f.

Proof: The equivalence between 1 and 2 follows by proposition 8.2.14. The equivalence
between 1 and 3 follows by theorem 8.6.5. The equivalence between 3 and 4 follows by
theorem 8.9.2. O

8.10 Q-existential Varieties

In this section we discuss the relation between semiprime ideals (radical ideals, cf. 2.2.13)
and varieties of roots of these ideals. Using this results it makes sense to define a topology
(the so called Zariski topology) on the set of complete prime ideals c-spec(S). The radical
ideals form the closed sets and correspond one to one to the varieties of roots of ideals.

Definition 8.10.1 Let S = K{X\,...,X,;Q} be a solvable polynomial ring with com-
mutator relations @ of strictly monic lexicographical type. Let E be an extension field of
K and let L be a fixed commutative extension field of K with K C L C E. For a subset
A of S define a subset V of E" by

V=V(AEQ) ={(a,...,a,) =a € E": f(a) =0 for all f € A and placegy(a)}

V(A,E, Q) is called the Q-variety of A over (E,L). If V! = V(A E, Q) for some subset
V' of E" and some subset A of S then V' is called a variety. If E and Q is clear from
the context we will simply write V(A) for V(A,E, Q).
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Definition 8.10.2 Let S = K{X},..., X,; Q} be a solvable polynomial ring with com-
mutator relations Q) of strictly monic lexicographical type. Let E be an extension field of
K and let L be a fized commutative extension field of K with K C L C E.

For a subset V' of Q-places of E" define a subset A of S by
A={feS: fla)=0 foralla e V}.

Then A is an ideal in S and it is denoted by A = ideal(V').

Proof: Since the elements of V' are ()-places, the evaluation ¢, for a € V' is a homomor-
phism. For all @ € V and for f,g € A and h € S we have ¢,(f — g9) = ¢a(f) — dal(g) =0
and ¢4 (hf) = ¢o(h)pa(f) = 0. This shows that f —g € A and hf € A and A is indeed
an ideal. O

In analogy to Hirschfeld and Wheeler we get:

Theorem 8.10.3 Let S = K{X},..., X;;; Q} be a solvable polynomial ring with commu-
tator relations Q of strictly monic lezicographical type. Let (E,L) be an Q-existentially

complete extension field of K where L be a fired commutative extension field of K with
KcLCE.

1. Two semiprime ideals in S are distinct if and only if they have different Q-varieties
in E".

2. If Vis a Q-variety in E" then ideal(V') is semiprime in S.

Proof: (1) “=" Let I and J be two distinct semiprime ideals in S. Without loss of
generality assume that there exists f € I which is not in J. Since J is semiprime and
f & J = c-rad(J) by theorem 8.6.5 there exists a root a of J in E" which is not a root of
f. That is a € V(J) and a ¢ V(I) which proves one direction.

“=” Let V(J) and V(I) be distinct varieties. Without loss of generality assume that

there exists a € V(J) and a ¢ V(I). Let f € I, then f(a) # 0. By theorem 8.6.5 we have
f & c-rad(J) and since J = c-rad(J) we have f ¢ J which proves the other direction.

(2) Let V be a variety in E" and let A = ideal(V'), A C S. Assume there is a polynomial
f € S such that f ¢ A. Then there exists a place a € E" such that a € V but f(a) # 0.
Since f(a) # 0 we have by theorem 8.6.5 that f ¢ c-rad(A). This shows A = c-rad(A4)
and proves the claim. O

8.11 Rabinowitch Trick

Let R be a commutative polynomial ring and let I be an ideal in R and let f € R. Then
the so called Rabinowitch trick, known form commutative ideal theory, states that
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there exists k£ € N such that f* € ideal([)
< f erad(])
< leideal({l - Zf}Ul),

where Z is a new variable and £ € N. This trick has the great advantage, that the
test whether some power of a polynomial f lies in the ideal I, can be reduced to the
question whether 1 is in the ideal generated by I and the polynomial 1 — Zf. Although
for practical purposes a new variable must be adjoined to the ring and the proper ideal
test ‘computation’ must be done in this bigger ring. But also for theoretical reasons this
trick is fortunate, since it allows the elimination of negated formulas. These aspects are
discussed in the next two subsections.

8.11.1 Existential and Algebraic Completeness

In commutative and in free non-commutative field theory some element a # 0 if and only
if a is invertible. So negated atomic formulas are logically equivalent to an existential
formula introducing a new variable and a positive atomic formula:

2(P1(X) = ¢2(X) <= 3U (1 (X)U = ¢o(X)U +1),

where ¢, ¢ denote terms in the language of fields. By this equivalence it is clear that
existentially completeness is the same as algebraically completeness.

However in case of the solvable polynomial rings this equivalence seems not to hold in
general. To see the problems let ¢o(X) be 0 and let ¢;(X) be the polynomial f(X).
Consider

=(f(X) = 0) <= 3U (f(X)U = 1) A placeg, (X, U).

In the theory of solvable polynomial rings we must specify commutator relations for the
new variable U. In the quotient field of S (S is a Noetherian domain) they can be defined
as:

UsxX;, = XU+ (F(X)™ % X, — X, f(X)7)
UxX; = XU+ gi(X)

for g; € Q(S) fori =1,...,n. In Q(S) the elements g; are quotients of polynomials from

S: gi(X) = Zig;, where the ¢; are left fractions. Using syzygy construction (e.g. using
Grobner bases) the g;(X) = f(X)™'* X; — X; * f(X)~! can be constructed together with

the p;(X) and the ¢;(X). So placeg, (X, U) takes the form

placey(X) AT, ..., U, ( A (@(X)U; = pi(X)

i=1,...,n

Aplacegy (U, .. ., Un)>
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But here again we need to specify commutator relations for the U;:

UpxX; = XU+ g;s(X)

for g;; € Q(S) for j,i =1,...,n. Let g;;(X) = %, then we have for placegy (U, ..., Uy)

HUH, Ceey Unn ( . /\ (qﬂ(X)Uﬂ = p]Z(X) VAN Uj * Xz = XlU] + Uﬂ) A placeQ3(Ui]~)).

At this point it is clear that the construction of such a formula is in general an infinite
process. Thus for solvable polynomial rings we have proved a weaker form of the the
general results from [Bacsich 1973] (where only finitely many quantifiers are required) in
the following proposition.

Proposition 8.11.1 Let S = K{Xy,..., X,; Q} be a solvable polynomial ring over a field
K with commutator relations (). Let f € S, then one can construct an infinite positive
formula VU, with infinitely many quantifieres, such that

34X .. Ean_'(f(Xl, R ,Xn) = 0) — dX;.. Ean\I/(Xl, R ,Xn)
U(Xy,...,X,) is defined as

HU, Ul, ey Un,UH, Ceey Unn; N (f(Xl, PN ,Xn)U = ].) VAN placeQ(Xl, N ,Xn) VAN
/\ (Qi(Xla---aXn)Ui:pi(Xla---aXn)
i=1,...,n

AU x X; = X;U +Up) A
( /\ (jS(Xla---aXn)Uji :pji(Xla---aXn)

t,j=1,...,n

/\U]*XZ:XZU]—FU]Z)/\))

8.11.2 Using the Quotient Field

Another possibility to exploit the Rabinowich trick could be to determine 1 € I+(1—Zf)
not in S but in the in the quotient field Q(S) of S.

Proposition 8.11.2 Let S = K{X,...,X,,;;Q} be a solvable polynomial ring over a
commutative field K with commutator relations QQ of strictly monic lexicographical type.
Let L be an extension field of K. Let I be a two-sided ideal in S generated by fi,..., fr
and let 0 # f € S. Let f' = f~! be the inverse of f in Q(S) (that is f'f =1). Let Z be
a new variable and define an Ore extension of Q(S) by

Then the following conditions are equivalent
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1. there exists a root a € L™ of I which is not a root of f,

2.1¢J=1+1—Zf), where J is an ideal in S'.

Proof: 1 — 2: Assume 1 € J, then we have 1 = Zle gifihi + g(1 — Z f)h, where
gi,hi,g,h € S'. Let a be a root of I, that is of every f; such that f(a) # 0. Then also
f'(a) # 0 and so define a' = (ay,. .., a,, f'(a)). By construction of S’ we have that o’ is a
place and the evaluation morphism yields: ¢, (1 — Zf) =1— f'(a)f(a) =1 —-1=0. So
we get 1 = ¢ (X8, gifihi+g(1 — Zf)h) = 0+ dur(9)0¢y (h) = 0, a contradiction. So the
assumption must have been false, which proves 1 ¢ .J.

2= 1: Let 1 € J and let a € L" be a root of .J. Under the assumptions on () and the
extended @, by lemma 8.2.10 every prime ideal of S’ is completely prime. So there exists
aroot a’ € L™ of J. Let a’' = (a1,...,an, Gny1) = (@, an41). So fi(a') = 0 since the f; do
not depend on Z. Now a’ is also aroot of 1 —Z f, thatis 0 = ¢p (1= Zf) = 1—du (Z) P (f).
That is ¢q (f) is invertible in L and so it is nonzero. This proves f(a') # 0 and so the
proposition. O



Appendix A

Generalizations of Solvable Rings

In this chapter we discuss the requirements for more general solvable polynomial rings,
where the condition that the head term of the polynomials under the x-product is equal
to the head term of the commutative product is released. Prominent structures in this
class are Grassmann (exterior) algebras. However not much positive results have been
achieved with this concept.

In the first section the generalized axioms are presented and it is shown, that the x-product
of two polynomials is again a polynomial which is smaller or equal to the respective
commutative product. Next some implications for the associativity of the x-product and
the example of exterior algebra is discussed. Finally we try to define a suitable (left)
reduction relation for this rings. To ensure, that enough head terms for reduction are
present, we define so called saturated polynomial sets. However the saturation process
is in general infinite. Only if the set of terms is finite or the commutator relations have
certain shape the saturation is finite.

A.1 Generalized Axioms

In this section we first state the axioms of the x-product for elements of 7" and K and
then we extent the x-product to arbitrary elements of R. Note, that the notation of the
commutator relations is slightly different: in 3.2.1 we write X; x a = ¢4;aX; + po; but here
in A.1.1 we write X; *x a = ¢4; X; + psi- So e.g. the condition ¢,; = 1 is here expressed as
Cqi — Q.

Axioms A.1.1 For a fized term order <r, (R, *) is called a solvable polynomial ring if
the following axioms for x are satisfied:

1. (R,0,1,+, —, %,<) is an associative ring with 1 and with admissible term order <.

2. (a) Foralla,be K, t€T(Xy,...,X,), axbxt=abt.
(b) Foralll1<i<mn,seT(Xy,...,X;), t € T(Xiy1,...,X,), skt =st.

238



A.1. GENERALIZED AXIOMS 239

3. For all 1 <14 < j <mn there exist ¢;; € K and p;; € R, p;; <r X;X; with p;; = 0 if
cii # 0, such that
Xj * Xl = CinZ'Xj —|—pij.

4. For all 1 <1 < n and all a € K there exist c,; € K and p,; € K, with ¢y = 0,
cii =1, po; =0, p1; =0, such that

Xi xq = CaiXi —l—pai.

5. Foralll1 <i<mn, all0<e,de N such that c;; # 0, there exist 0 # c;oq € K, such
that
X s XTI = ciog X,

Any admissible order satisfying condition (3) will be called %-compatible. x will denote
the new multiplication, the (non-commutative) multiplication in K and the commutative
multiplication in K[ X7, ..., X,,] will be denoted by - or juxtaposition of elements. Solvable
polynomial rings will be denoted by R = K{Xj,...,X,}, or if @ denotes the set of
commutator relations of axiom A.1.1(3), and if Q" denotes the set of commutator relations
of axiom A.1.1(4), by K{Xy,..., X,; Q; Q'}.

In the following lemma properties of univariate polynomials are considered.

Lemma A.1.2 Let R = K{X},..., X, } be a solvable polynomial ring. Let ¢;; # 0, for
some 1 < i <m,let f e KX, lett € T(Xq,...,X;), t =t'Xf, s € T(X;,...,Xn),
s = XZs'.

1. For0 < m € N there exist 0 # ¢, ¢’ € K such that X = ¢X;* X" ' = /X" 1% X,
2. f+X; € K[X;] and HT(f x X;) = HT(fX,).

3. Fore>1,d > 1 there exists 0 # ¢, € K such that s = ¢X; * (X's') = cX; x v
andt = ("X« X; = ux X;.

Proof: (1) By axiom A.1.1(5) there exists 0 # ¢;1,, 1 € K such that X; *+ X" ! =
Ciim—1X;". Let 0 # c € K such that cc;1m—1 = 1 then X" = cXj X! as claimed.
To prove the second equation let also by axiom A.1.1(5) 0 # ¢jm-1, € K such that
XMy X, = Cim-1,1X,". Let 0 # ¢’ € K such that ¢¢;;,—11 = 1 then X" = X" s X
as desired.

(2) By induction on degree f. Let f = b € K, then by A.1.1(2,a) b x X; = bX;. Let
f = bX{+ [, then f*x X; = (bXF + f') « X; = b(X¢ % X;) + f' x X;. By induction
assumption h' = f'* X; € K[X;] and by axiom A.1.1(5) X¢ * X; = c; .. X So
f*X; = bci,e,leJr1 + h' as claimed. Furthermore bc;.; # 0 since K is a field, i. e.
HT(f * X;) = X¢*! = HT(fX)).

(3) By (1) we have s = X&' = (cX; * X7 1)s' = cX; * (X{7's') = cX; xv. Again by (1)
we have t =/ X¢ =#'(X{ ' % X)) = (XY « Xy =ux X;. O
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The next lemma deals with products of polynomials and elements of the coefficient ring.
Note: The statement of the following two lemmas is somewhat unlucky, since the proofs
seem to be cyclic. However the proof of A.1.3(2) relies only on A.1.4(1), which does not
depend on A.1.3.

Lemma A.1.3 Let R = K{X,,..., X,,} be a solvable polynomial ring, let <r be a x-
compatible admissible term order, let f € K[X;,...,X;], for 1 < i < j < n and let
a € K.

1. Thenax f =af.

2. If cap # 0, when a #0, for 1 <k <n and a € K, then there exists ¢ € K (c # 0 iff
a#0)and h € K[X;,...,X,]|, h < f such that f xa=cf+ h.

3. In any case fxa € K[X;,...,X;| and HT(f *xa) < HT(f).

Proof: By Noetherian induction on f with respect to the quasiorder < on R induced by
<onT.

(1) Let f = b € K, then by A.1.1(2,a) a xb = ab. For f = bt + f', bt = HM(f) we get
axf=ax(bt+ f') =axbt+ax f'. By induction assumption and A.1.1(2,a) this is equal
to abt +af' = af.

(2) Let f = b € K, then by A.1.1(2,a) b*a = ba and if a # 0 then let ¢y € K with ¢yb = ba
and let h = 0. For f =bt + f', bt = HM(f) we get fxa= (bt + f)xa=btxa+ [ *a.
By induction assumption f'xa =c'f' + h'.

For the first term let 1 < k£ < 7 maximal such that e > 0 and let ¢t = t’X,?Jrl = u *
Xy = t'eoX§ * Xy by lemma A.1.2(3) (eventually ¢ = 1 and e = 0). By A.1.1(4) for
Xk * a = Cop X + Dar We have bt x a = b(u x Xi) x a = bu * (X % a) = bu * (Cax Xk + Pak)
= b(u * Cap) X + b(u % par) = bt co(X§ * car) Xi + bt co(XE * pak)-

By twofold application of the induction assumption to Xy *c.p = ¢1 Xf +p1 and Xf *poi =
2 X§ + p2 we get bt x a = b(t' * coe1 X + t'copr) Xy, + b(t' * coca X[ + t'cope). Taking ¢/, ¢
such that ¢{cy = coeq and ), = coey we obtain bt xa = b(t' * ¢})co X[ * Xy, + bt' * copy * X, +
b(t' * b)) Xj + bt' * copo.

Using co X{ * X, = X' induction assumption on ' % ¢, = cst’ + p3 and t' x ¢, = c4t’ + pu,
furthermore taking into account that since p; € K[Xj] and by induction assumption
g1 = bt" x copy € K[X;,..., Xi] we have by lemma A.1.2(2) ¢; * X € K[X;,..., Xy].
By the same arguments since py € K[X], g2 = bt' x copy € K[X;, ..., Xk]. So the
second and fourth summand can be combined to hy = g * Xy + g2, and we get bt x a =
b(est! 4 p3) X 4 begt’ + ps) X§ + hy.

Now t' * Xith = ¢/ Xt = ¢ and ¢/ + X = t'X{ by A.1.1(2,b), and again bps €
K[X;,..., X} 1], bps € K[X;,..., X} 1] and using lemma A.1.4(1) on bps *+ X and
bps, * X} the head term becomes bt x a = best + hy, where hy denotes the sum of the
remaining parts. Finally taking ¢ € K such that cb = beg and with h = ho+h'+ (' —¢) f,
we arrive at fxa=0btxa+cf'+h =cbt +ho+f'+h =cf +h.
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(3) In the proof of (2) it may happen, that for some 1 < i < n and some a € K, ¢;; =0
and so in the product X; x a = 0 + p,; the head term vanishes. As a consequence some
terms in f*a (probably the head term) may vanish, but the remaining terms are still less
than the head term of f and are still in K[X;,..., X;]. O

The next lemma considers products of polynomials and terms from disjoint sets of vari-
ables.

Lemma A.1.4 Let R = K{X,,..., X,,} be a solvable polynomial ring, let <r be a x-
compatible admissible term order, let 0 < i <n—1 and let f € K[Xy,...,X;], X; € R
fO’f’ (1 < ] < n)7 te T(Xz'+17 s 7Xn)7 g€ K[XiJrla s 7Xn]

1. Then fxt= ft.
2. If coj = a, poj =0, for 1 <j<n anda € K, then
fxg=1Tg.

3. If car, # 0 when a # 0, for 1 <k <n and a € K, then there exists c € K (c # 0 iff
g#0)and h e K[ Xq,...,X;], h <HT(fg), such that

fxg=cfg+h.
4. In any case f xg € K[Xy,...,X,| and HT(f * g) < HT(fg).

Proof: (1) follows by Noetherian induction on f using axioms A.1.1(2,a,b). Let f =
b € K, then by A.1.1(2,a) fxt = axt = at. Let f = b’ + f', bt' = HM(f), then
fxt = (bt'+ f)yxt =0bt'«t+ f «t. Then by A.1.1(2,b) we have ¢’ xt = t't. So
fxt=>0bt't+ f' xt=>0bt'"t + f't = ft by induction assumption on f’ *¢.

(2) follows by Noetherian induction on g: Let ¢ = a € K, then by lemma A.1.3(2)
f*g=f+*a=af under the assumptions of (2). Let g = at + ¢', with at = HM(g), then
fxg=fx(at+g) = f*at+ fxg. By (1), the assumptions of (2) and lemma A.1.3(2),
the first product gives f xat = af *t = aft. f * ¢’ is handled by induction assumption,
so we have fxg=aft+ fq¢ = fg.

We prove (3) by Noetherian induction on g. Let ¢ = b € K, then by lemma A.1.3(2):
fxb=cf+h. Let g=>bt+¢', bt =HM(g), then fxg=fx(bt+g')=(fxb)xt+ fxg.
Again by lemma A.1.3(2): fxb = ¢f + h', where ' € K[X,...,X]], and we obtain
(df+hW)xt+fxg =dfxt+n*xt+ fxg. Nowby (1): fxt= ft, W xt = h't and
fxg = fg'+ h" by induction assumption. So fxg=—cft+ht+c"f¢g +h" =cfg+h.
(4) In the proof of (3) it may happen, that for some f and some b € K, fxb < HT(f) by
A.1.3(3). As a consequence some terms in f*g (probably the head term) may vanish, but

the remaining terms are still less than the head term of ft and are still in K[ X}, ..., X,].
|

The following lemma treats products of polynomials under the condition that the product
of the head terms does not vanish. But this is condition is not used for the proof, that no

product vanishes is only the worst case that can happen. See also the following proposition
A.1.6.
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Proposition A.1.5 Let R = K{X;,..., X} be a solvable polynomial ring, let <p be a
x-compatible admissible term order, and let f, g € R. Furthermore let c,; # 0 when a # 0,
for1<j<nandac K andlet c;; #0, 1 < i< j <n. Then there exists an h € R and
ceK, (c#0iff g#0), such that

fxg=c-f-g+h

and h <p HT(fg). Moreover, ¢ and h are uniquely determined by f and g.

Proof: The proof is adapted from [Kandri-Rody, Weispfenning 1988] lemma 1.4. Unique-
ness: Let fxg=cfg+h=¢fg+h' Since h,h' < HT(fg), HT(fg) cannot be cancelled
by some term in h or h', so ¢ = ¢ and from this follows h = A/'.

Existence: Follows by Noetherian induction on fg with respect to <. Let f = a € K,
then by lemma A.1.3(1): a*xg = ag+ 0. Let ¢ = b € K, then by lemma A.1.3(2):
fxb=cbf + h.

For the general case let f = as+ f', g = bt + ¢’ with as = HM(f), bt = HM(g). Then by
distributivity of % and 3 times induction assumption we get

frxg=asxbt+as*qg + f xbt+ f' '« ¢ =as bt + diasg’ + dof'bt +dsf'¢" + 1,
where dy,dy,d3 € K, i € R, b/ < st = HT(fg). When we have proved that
as* bt = cabst+ h", (A.1)

with ¢ € K and h" < st = HT(fg), we can set d; = d; — ¢, h = h" + d\asg’ + d, f'bt +
dyf'g' + h' and the claim f x g = c¢fg + h follows.

It remains to show, that equation (A.1) holds. Assume, that s € T(X,,...,X;) and
teT(X;,...,Xy) with h,i maximal and 7, k minimal with 1 < h <j<n, 1 <i<k <n.
We distinguish 4 cases:

Case j <i: If j < i we can apply lemma A.1.4(3) to obtain as x bt = cabst + h", with
W' e K[Xy, ..., X]].

Ifi=jlet s=sX¢ t =X withe>0and d> 0. Lemma A.1.3(2) applied to
s x b gives csbs + hy, hy < s. Then as x bt = a(czbs + hy) xt = aczbs xt + hy xt =
acsbs'(X¢ * X4)t' + hy. Where by induction assumption on hy * t = hy < st.

By axiom A.1.1(5) under the assumptions of the lemma we have X x X% = ¢, X¢*¢,
¢y # 0 and by lemma A.1.3(2) we have s’ x ¢4 = c58' + h3, hy < §' so as = bt =
acsb(s' * c)) X{T 5 t' 4+ hy = acsb(css' + ha) XFT s t' 4 hy = acsbess’ * XET« ! +
acsbhs * X s t' + hy = cabs' * X' + h". Where ¢ € K such that cab = acsbes
and by induction assumption " = acsbhs * X7« ' + hy, h" < st.

Now axiom A.1.1(2,b) can be applied to both products in 5" * X¢* %' = st, and so
as x bt = cabst + h".
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Case h <i: Let s = X;Ts" = ¢, X}, % Xfs" = ¢; X},  s' by lemma A.1.2(3) with e > 0
(eventually ¢; =1 and e = 0).

Now s’ < s and by induction assumption let s’ x bt = cobs’t + hy. We get as * bt =
acy Xp (8" xbt) = acy Xp* (c2bs't + he) = acy (X * cob)s't +acy Xp x ho. Since hy < s't,
induction assumption can be applied to the last summand giving ac; Xj * ho = hg
with hs < X}s't = st.

By axiom A.1.1(4) there exist c3,p3 € K with Xpceb = ¢3Xp, + ps3. Let ¢4 € K
such that cyab = acyc3 and let py = acips then as x bt = a(c1c3X), + ¢1ps)s’t + hy =
caab(Xp#s't)+pyxs't+hs = c4ath*(X,f”s”t’)—i—ms’t—i—hg = c4ab(Xh*X,§+d)*s”t’+
W' = cyabes( X % s"t') + B = cabst + h". Using axiom A.1.1(2,a) for products
with coefficients, ¢; Xy, * s’ = s, ¢ € K with ca = acy and h" = pys't + hz < st.

Furthermore using that the (commutative) term st can be written as X st =
Xt 5 5"t by axiom A.1.1(2,b), (d > 0 the degree of X in ¢) and using that by
axiom A.1.1(5) Xp,* X/ = c; X7t and again by axiom A.1.1(2,b) Xf s 5"t =
XHHds" = st. Finally taking ¢ € K such that cab = cyabes.

Case j < k: Let t = /X = ux X} = t/c; Xf * X}, by lemma A.1.2(3) with e > 0
(eventually ¢, =1 and e = 0).

Now t' < ¢ and by induction assumption let s * bt' = cobst’ + hy. We get as * bt =
a(sxbt')er X+ Xy, = a(cabst’ +ho) ey X+ Xy, = a(cobst’ xc1 X§) x Xg + (hox 01 X§) x X

Since ho < st’ we can apply induction assumption on both products in the second
summand yielding hy = (hy * c; X£) % X; < st'X; ! = st. Furthermore we can apply
induction assumption to st’' x ¢; Xj = c3cyst' X§ + hs, since st' X§ < st.

This gives as x bt = acyb(czeyst’ X§ + hg) x Xy + hy = acabeger (st X§) x Xy + acybhs *
X + hy Again the second summand can be handled by induction assumption since
hy < st' X§ < st, let hs = acbhs * Xy + hy < st.

Now use, that the (commutative) term s’ X¢ can be written as s't' X7 = 't/ x X0
by axiom A.1.1(2,b), (d > 0 the degree of X} in s). Furthermore by axiom A.1.1(5)
we have X% X, = ¢, X7 thus asxbt = acybescys't xca X4 hy = csab(s't'
c) X 4 by, using csab = acybese .

With lemma A.1.3(2) s't' * ¢4 = cgcus’t’ + hg, where hg is a polynomial in the
same variables as s't', and hg < s't', we get as * bt = csab(cgeas't’ 4+ he) X +
hs = csabcgeys't x X4 4 hg « X4 4 by, By axiom A.1.1(2,b) s't' x X4 =
s X = st and by lemma A.1.4(3) hg x XFT 4 = he X+ = by < st. With
cab = csabcgey we get as x bt = cabst + hy + hs = cabst + h"”, where h" = h; + hs.

Case i < h & k < j: We use again lemma A.1.2(3) to split s and ¢: s = §"X*' =
uwx X; = s”ch;? * X, t= X{Hlt” = X; * X{t" = ¢ X; xt', with e > 0 and d > 0.
Lemma A.1.3(2) applied to s * bey gives c3bs + hy, hy < s. We obtain as * bt = a(s *
beg) Xixt' = a(csbs+hy) x Xixt' = cqab(sx X;) ' +ahy * Xyxt' = cqab(s"c1 X5) # (X%
X;) xt'+hy. Where we used two times induction assumption on ahyx X;*t' = hy < st
and ¢4 € K with csab = acesb.
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By axiom A.1.1(3) let X; « X; = ¢;;X;X; + p;; so the first summand becomes
as x bt = cqab(s"c1 X5) * (cij X Xj + pij) * t' + hy = cqabs”cy (X5 * ¢i5) Xy X+t +
csab(s"er X5) * pij + ' + ho.

For the first summand A.1.3(2) can be used to obtain X§xeij = 5 X5+ hg, hy < X7,
The second summand can be handled by induction assumption and combined with
hs to form hy = c4ab(s”ch]¢) * pij x t' + hy < st, s0: asx bt = c4ab<5*”cl(c5XJ¢ + h3) *
XXt +hy = c4ab(s”clc5)X; * X; X #t' + cpabs” ¢y x hg * X; X x ' + hy.

Using A.1.3(2) for s"cic5 = ¢gs” + hs, hs < s” and application of 3 times induction
assumption to the second summand and combination with hy giving hg = c4abs”c; *
hy % X;X; *t' + hy < st, we obtain as x bt = csab(ces” + h5)X; * X;Xjxt' + he =
cyabeg (8" X * X;) + (X +t') + caabhs X§ + X; X * ' + hs.

From now on let s”XJ“-3 = s’ by axiom A.1.1(2,b). Since s'X; < §'X;X; < st and
X,;t' < X;X;t' < st induction assumption can be applied to the first and last product
of the first summand: s’ * X; = s X;s" + hg, hs < s'X; and X; * ' = cot’ X, + hy,
hy < Xj;t'. For the second summand we use again induction assumption h; =
cyabhs X5+ X; Xjxt'+-he < st. So we get as*bt = crab(cg Xis'+hg)*(cot' Xj+hg)+hr =
crab(cg(X;s"xco)t' Xj4cs X; s xhg+hgxcot X j+hgxhg)+hr = crabes(X;s' xco)t' X j+hyp.
Using several induction assumptions and simplifications on the second to fourth
summand, such that hig = c;ab(cg X;s' * hg + hg * cot’ Xj + hg * hg) + hr, hig < st.

Using lemma A.1.3(2) we can write X;s'xcg = coX;8'+hi1, hiy < X;s'. With further
simplifications we get: as * bt = crabcs(coX;s' + h11)t' X; + hig = crabegco(X;s') *
(t'X;) + crabeshyy * t' X + hig = c10abX;(s" * ') X; + hio. Using hio = crabeghyy *
t'X; 4+ hip < st, and ¢;p € K such that cjpab = crabescy.

Since s't’ < st we can apply induction assumption to the middle product s’ x ¢’ =
c118't' + hyg, s0 as x bt = c19abX;(c118't" + hi3) Xj = c10ab(Xic11)s't' X + croabX; *
his % X 4+ h1o = c10ab(c12X; + hia) (s't') X + c10abX; % hyz ¥ X + hig = cipabeia X, *
(s't") * X + croab s hyg x (') % X; 4+ his = c13abX; * (s't') * X; + hy5, using induction
assumptions on the second summands, X;c;; = ¢12X; + h14, coefficient products and
collecting the rests in hy5 < st.

Now by the hypothesis of this case, s't' € T'(Xj;,...,X;) and we can write s't' =
X{s"t"X¢ = X s"t" % X{ using axiom A.1.1(2,b). By axiom A.1.1(5) let X;* X/ =
014Xz~d+1 and X]' * X]e = 015X;+1.

So as*bt = cizabe X *s”t”*clg,X;“ +hys = creab( X"t 5 c15) >1<XJ¢Jrl +hys =
cr6ab(ci7 XISt 4 hig) * X;H + his = crgabei X 8"t « X;H + c1gabhyg * X;H +
his = cabX{iHs”t”X;erl + h".

By axiom A.1.1(2,b) we can write X! x s"t" = X s"t". Furthermore we use
lemma A.1.3(2) on (X s"t") % c15 = c17( X s"t") + hig and induction assumption
on the second summand such that A" = cjgabhyg * X;“ + his, B < st. Finally
again by axiom A.1.1(2,b) X{*'s"t" « X+ = X s"t" X = st and with ¢ € K
such that cab = ¢jgabey; we obtain as * bt = cabst + h” as desired.
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So in all cases we have proved (A.1) and so the lemma. O

The next lemma shows that in any case the x-product of two (commutative) polynomials
is again a (commutative) polynomial.

Proposition A.1.6 Let R = K{X;,..., X} be a solvable polynomial ring, let <r be a
x-compatible admissible term order, and let f,g € R. Then there exists an h € R

fxg=nh

and h <HT(fg), precisely HT(f x g) = HT(fg) or HT(f * g) < HT(fg). Moreover, h is
uniquely determined by f and g.

Proof: In the proof of proposition A.1.5 it may happen, that for some 1 < < j < n:
cij = 0 or for some 1 <17 < n, a € K: ¢,; =0 As a consequence some terms in f x g
(probably the head term) may vanish, but the remaining terms are still less than the
head term of fg and are still in K[ X7, ..., X,,]. If the product of the head terms does not
vanish, then obviously HT(f % g) = HT(fg), otherwise HT(f x g) = HT(h) < HT(fg). O

The last lemmas of this section deal with the x-product and the quasi-order <.

Lemma A.1.7 Let R = K{X},..., X,,} be a solvable polynomial ring, let <r be a x-
compatible admissible term order, and let f,g € R. Furthermore let c,; # 0 when a # 0,
forl1<j<nandac K andletc;; #01 <1 <7 <n. Then

1. HT(f = g) = HT(f)HT(g9) = HT(fg) = HT(9)HT(f) = HT(g = f),
2. HM(f * g) = cHM(f)HM(g),
3. Forh € R, HT(f) < HT(g) implies HT(fxh) < HT (gxh) and HT (hxf) < HT(hxg).

Proof: (1) The assumptions of proposition A.1.5 are fulfilled, so f x g = ¢fg + h with
h < fg, and we have HT(f x g) = HT(cfg) = HT(fg) = HT(f)HT(g) and similarly

HT(g + f) = HT(c'gf) = HT(¢f) = HT(fg).

(2) As in (1) HM(f = g) = HM(c/g) = cHM(fg) = cHM()HM(g).

(3) If HT(f) < HT(g), then by (1) and since < is admissible, we have HT(f =
h) = HT(f)HT(h) < HT(9)HT(h) = HT(g * h) and HT(h * f) = HT(WHT(f) <
HT(h)HT(g) = HT(h % g). O

A.2 Associativity and Order

The axioms A.1.1(2,3,4,5) do not guarantee the associativity of the x-product. So axiom
A.1.1(1) imposes some restrictions on the values of the ¢, pai, ¢;j and the coefficients of
the p;;. These restrictions can be stated as a set of equations between these elements.
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Also the admissibility of the order < imposes restrictions on the values of the ¢4, pai, Cij
and the coefficients of the p;;.

Consider R as a K bi-module generated by the elements of 7". Besides the restrictions
mentioned in lemmas 3.3.2 and 3.3.3 we note the following.

Lemma A.2.1 Let R = K{X,...,X,;Q;Q'} be a solvable polynomial ring, satisfying
axioms A.1.1(2,3,4,5). If < is an admissible quasi-order on R, then if for some 1 <i <
Jj<n

cij =0 = cuXiXg + pir <7 Dijs
forall1 <k <j.

Proof: Let X; < X; so we must have X; x X, < X; * X;, 1. e. cuX; Xy + i <r
CiniX]’ —|—pU = Pij- |

Lemma A.2.2 Let R = K{X,...,X,;Q;Q'} be a solvable polynomial ring, satisfying
axioms A.1.1(2,3,4,5). If < is an admissible quasi-order on R, then if for some1 < j <n
and some 0 #a € K

Coj =0 = ¢ =0and py; =0

forall1 <i<jandall0#beK.

Proof: Write a = bc for any b € K, 0 # ¢ € K, then X, xa = p,; and X; xa = X, x bc =
cpiXic + ppic. From X; < X follows ¢, Xc + ppic < pgj. So ¢ = 0 and py; = 0 for all
1<i<jandall0#be K. O

A.3 Examples and Applications

In addition to the algebraic structures which satisfy the axioms A.1.1 the extended set of
axioms A.1.1 is satisfied by Clifford and Grassmann algebras.

A.3.1 Clifford and Grassmann Algebras

Let A(V') be a Grassmann algebra of a vector space V' over a field K, with basis X7, ..., X,.
Define the commutator relations by ¢;; = =1, p;; =0, ¢;; =0, p;; =0, 1 < i < j < mn,
and c; =aand p,; =01 <i<n,a€ K. Then R=K{X;,...,X,;Q,Q'} satisfies the
axioms A.1.1.

More generally let C'(V') be a Clifford algebra of a vector space V' over a field K, with
basis X, ..., X,, determined by the quadratic form

QX1 Xu) = Y aX)+ > XX,
1<i<n 1<i<g<n

i, ¢ij € K Define the commutator relations by ¢;; = —1, pi; = ¢ij, ci = 0, pii = ¢;, 1 <
i<j<mn,and ¢y =aand p;; =01 <i<n,a€ K. Then R =K{Xy,...,X,;;Q,Q'}
satisfies the axioms A.1.1.
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A.4 Reduction Relations and Saturation

We define non-constructive, constructive and saturated reduction relations. Assume in
this section all ¢,; # 0 for a # 0, a € K for ¢,; as in axiom A.1.1(4).

A.4.1 Non-commutative Division

A few remarks on the relation between commutative and non-commutative division are
in order.

Lemma A.4.1 Letp € R and let i € {1,...,n}. If HT(X; *xp) = X;HT(p) then for all
keN
HT(X) « p) = XFHT(p).

Proof: By induction on k: k = 0: HT(X? * p) = HT(p) = XPHT(p). k = 1: by
assumption.

k > 0: We have HT(X} xp) = HT(cX; * (X¥ " xp)) by lemma A.1.4 and associativity of .
And HT(cX; * HT(XF" x p)) = HT(cX; * (XF™'HT(p))) by induction assumption. Now
let HT(p) = w3 Xfuy such that u; € T(Xy,...,X; 1) and uy € T(X;41,...,X,). Then
XF'HT(p) = wy X7 tuy and HT(eX; * (XF'HT(p)) = HT(eX; * (uy X7 uy). By
assumption we have HT (X * (u1 Xfus)) = X;uy Xfuy, which requires HT(X; x u1) = X;uy
to hold. So HT(cX; * (u; X tuy) = HT (cur X; * X 'uy) and by lemma A.4.1 the
head term is equal to HT (cu; X uy). This shows HT(XF * p) = XFHT(p) and proves
the lemma. O

Lemma A.4.2 Letp € Randlet J = {iy,...,i} C{L,...,n}, withi; < ij whenj < j'
IfHT(X;, *p) = X;HT(p) for all 1 <1 < k then for allu € T(X;,,...,X;,)

HT (u * p) = «HT(p).

Proof: By induction on |.J| using the previous lemma A.4.1. O

A.4.2 Non-constructive Reduction Relations

Our first attempt to define suitable reduction relations is as follows:

Definition A.4.3 (Left Reduction) Letp e R, t € T. —;, C R x R denotes a left
reduction relation iff

for f.f' € R, t € T(f) with f —, f', there exists u € T, a, € K such that
t =HT(u * p), coeff(t, f) = ay * coeff(t, u x p) and

fl=Ff—a,*xux*p.
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By construction t & T(f'). If for certain f, t no such u exists, then t in T(f) is called
irreducible.

The definition requires that a suitable u € T' exists for ¢ to be reducible, but in certain
situations there might be no constructive method to determine such an u. A trivial but
important consequence of the definition is:

Lemma A.4.4 Lett,u € T, p € R such that t = HT (ux p). Then
U*p —>pp 0.

In such a case we write w x p —, 0 for short.

Proof: Since t = HT (u * p) there exists u € T as desired. Let a,, = 1 then also a, € K
exists with coeff(t, u x p) = a, * coeff(t,u xp). Sousxp —>, uxp—lsxu*xp=0. O

In other words, expressions which look reducible are in fact reducible (with respect to this
definition).
A.4.3 Constructive Reduction Relations

To find a constructive definition of reduction one might try only head term reductions:

Definition A.4.5 (Left Head Term Reduction) Letpe R, t€T. —;, C RxR
denotes a left head term reduction relation uff

for [.f' € R, t € T(f) with [ —, f', there exists u € T, a, € K such that
t =u-HT(p) = HT (u * p), coefl(t, f) = a, * coeff(t,u * p) and

f'=f—a,*xuxp.

By construction t & T(f'). If for certain f, t no such u exists, then t in T(f) is called
irreducible.

This definition requires that

1. HT(p) divides ¢ in the commutative sense and

2. the head term of u * p is equal to ¢.

Now (1) is constructive by comparing exponents of powers of X; in ¢ and in HT(p)
(which also determines u) and (2) can be tested constructively by proposition A.1.5.
Unfortunately it may happen, that for certain v € T', u * p is irreducible with respect to
p. Precisely this is the case when HT(u x p) < u- HT(p). One way out could be to define
reductions only with respect to a (finite) set of polynomials:
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Definition A.4.6 (Left Head Term Reduction wrt. P) Let P C R, P finite, t €
T,pe P. —p C R xR denotes a left head term reduction relation wrt. P iff

for f,f' € R, t € T(f) with f —>p f', there existsu € T, p' € P, a, € K
such that t = u-HT(p') = HT(u % p'), coefl(t, f) = a, * coeff(t,u x p") and

fl=f—a,*ux*p.

By construction t & T(f"). If for certain t, f no such u and p' exists, then t in T(f) is
called irreducible.

This definition requires that there exists a p’ € P such that

1. HT(p') divides ¢ in the commutative sense and

2. the head term of u * p’ is equal to .

Now (1) is constructive by comparing exponents of powers of X; in ¢ and in HT(p') for
all p’ € P (which also determines u) and (2) can be tested constructively by proposition
A.1.5. But it still may happen, that for certain u € T, p € P, u * p is irreducible with
respect to P. Again this is the case when P = {p} and HT(u * p) < u - HT(p). This
shows, that we need some closure of P, such that such anomalies can not occur.

A.4.4 Saturated Polynomial Sets

The condition on P to improve reducibility is defined as follows:

Definition A.4.7 (Left Head Term Saturation) Let P C R. For k € N define

Py = P7
PO - P,
Poyw = {Xi*xp#0 | pe P, 1 <i<n, fornop € P, there exists u’ €T,

such that HT(X; * p) = «'HT(p') = HT (v’ x p')},
Peyr = PyUP,

P = U P,..
keIN

P is called a left head term saturated closure of P. P is called left head term saturated,
iff P=P.

If no confusion arises we will simply speak of P being saturated, when P is a left head
term saturated set. Unfortunately it may happen, that even for finite P, P is infinite.
But there are several classes of solvable polynomial rings (depending on the type of com-
mutator relations), where P is finite when P is finite. First this is true in the ‘classical’
case, where the head terms behave like in commutative polynomial rings:
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Lemma A.4.8 Let R = K{X;,...,X,;;Q;Q'} be a solvable polynomial ring. If for all
commutator relations in Q and Q', ¢;; # 0, for 1 < i < j <n, (and all ¢,; # 0, for
1<i<nand0# a € K) then any P C R is left head term saturated. In particular for
finite P, P is finite.

Proof: For f € P let t = HT(f). By proposition A.1.5 under the assumptions of the
lemma we have HT(X; x t) = X;t. So t divides HT(X; = t) and consequently P = P, i.e.
P is left head term saturated. O

A second class, in case of the inverse lexicographical term order on T, is characterized by
the following lemma. For 1 < i < n define deg;(P) to be the maximal degree of X; in any
head term of polynomials in P and deg;(p) to be the degree of X; in the head term of p.

Lemma A.4.9 Let R = K{X1,...,X,;Q;Q'} be a solvable polynomial ring and let <r
be the inverse lexicographical term order (admissible for Q). (Furthermore for all com-
mutator relations in Q' let ¢, #0, for 1 <i<mn and0#a€K.)

If for all commutator relations in @, either ¢;; # 0, for 1 < < j < mn, orif¢; =0,
for some 1 < i < j < n then p;; <r Xj, then for any finite P C R the left head term
saturated closure P s finite.

Proof: Let P be a finite subset of R. Let P = UreN Dr a saturation of P. We show that
there exists ky € N such that Py, = 0. For k € N let J, = {i | ¢;; = 0, and deg;(P;) >
0,1<i<j<n} Letl =0,k =0 and let s, = max{|Jg|, k > k;}.

If s, = 0 we have for k > k; that J, = 0 and by lemma A.4.2 P, = P, so P = 0 and
ko =k, + 1.

For s; > 0, k > k; let J, # 0 and let ' € .J,, be maximal among all i € .J,. Let
m = deg; (Py) and k' = k +m. Then deg, (Py) = 0 since the head terms of polynomials
in P are free of X;. Recall that polynomials in P are formed from polynomials of P
by multiplication of variables X; (1 < i < n). So either the head terms are equal to
the commutative head terms and the polynomials do not appear in Py or the head term
vanishes and by assumption on the commutator relation the variable X, disappears in
the head term. So |Ji| < s; and also for all £” > k' we have |Jp#| < s, since no more
head terms involving X; are introduced by the assumption on the commutator relations.
So s = max{|Ji|,k > k'} < s; and so there exists ky > k" such that Py, = 0. O

A third class, in case of a total degree term order on 7', can be characterized as follows.

Lemma A.4.10 Let R = K{X;,..., X,;; Q; Q'} be a solvable polynomial ring and let <t
be the total degree inverse lexicographical term order (admissible for Q). (Furthermore
for all commutator relations in Q' let co; # 0, for 1 <i<n and0#a€K.)

If for all commutator relations in Q, either c;; # 0, for 1 < < j <mn, orifc; =0, for
some 1 <1 < j <n then pj; = >i_; ap Xy then for any finite P C R the left head term
saturated closure P is finite.
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Proof: Let 1 < ¢ < j < n such that ¢;; = 0, then p;; is a linear combination of linear
polynomials. By this deg(X; * X;) = 1 and consequently

deg(HT(X; = p)) = deg(HT (p)).

Now let m be the maximal degree of the polynomials in P. Then also m is the maximal
degree of the polynomials in P. But the set {u € T | deg(u) < m} is finite, and so P
must be finite too. O

In particular P for Grassmann algebras is finite (which is true anyway since the number
of terms is equal to 2" and this is finite). One may ask, if there is a decision procedure
or at least a characterization of P such that P is finite. A necessary condition on P if P
is infinite is as follows. However it is not known if the condition is sufficient to prove P
to be infinite.

Lemma A.4.11 Let R = K{X;,..., X,;; Q; Q'} be a solvable polynomial ring and let <t
be an admissible term order. (Furthermore for all commutator relations in Q' let cy; 0,
for1<i<nand0#a€K.) Let P C R be a finite subset of R, P = UpeN Dk the left

head term saturated closure of P. If P is infinite then the following condition holds:

there exists a ko € N, such that Py, # 0 and for all polynomials p € Py, there
exists p' € P’ such that HT(p) = vHT(p') (u € T), and HT (p) # HT (u x p').

Proof: Let P be infinite. By Dickson’s Lemma there exists a (finite) subset P* of P,
such that for all p € P there exists a p' € P* such that HT(p) = uHT(p') for some u € T
Trivially «uHT(p') # HT(u * p') since otherwise p ¢ P. Since P* is finite, there exists
ko € N with P* C P’ = Uo<k<ko P~ This shows that the condition holds. O

To define a reduction relation a lemma of the following kind is required. However it is
false, and there seems to be no condition on the variables, such that it can be made valid.

Lemma A.4.12 Let R = K{Xj,..., X;;; Q; Q'} be a solvable polynomial ring and let <r
be an admissible term order. (Furthermore for all commutator relations in Q' let ¢, # 0,
for1<i<nand0+# a € K.) Let P C R be a finite left head term saturated subset of
R.

ForueT, pe P, there exist u' € T, p' € P, such that

HT(U * p) = u’HT(pI) = HT(UI * pl).

One condition to make it valid, could be to assume that the v’ € T with HT(u % p) =
w'HT(p') = HT (v * p') have the property:

HT(X; xu') = X/, 1<i<n.

This means nearly, that «' is not only required to commute with the head term of p’, but
also with any variable.
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A.4.5 Saturated Reduction Relations

Given such a lemma we could define a suitable reduction:

Definition A.4.13 (Saturated Reduction) Let P C R, P finite and left head term
saturated, t € T, pe P. —p C R x R denotes a saturated reduction relation uff

for f,f' € R, t € T(f) with f —p [, there existsu € T, p' € P, a, € K
such that t = u-HT(p') = HT (u % p'), for no 1 # w with uw = vw, w*p' € P,
coeff(t, f) = ay x coeff(t,u x p') and

fl=f—a,*xux*p.

By construction t & T(f"). If for certain t, f no such u and p' exists, then t in T(f) is
called irreducible.

In order to make this definition to work for a completion procedure, the following lemma
is required.

Lemma A.4.14 Let P C R, P left head term saturated, uw € T andp € P, t = HT (uxp).
Then wxp —yp f, for f € R, f <HT(u*p).

Proof: By lemma A.4.12. O

Without such a lemma, there is no chance to obtain a meaningful reduction relation.

A.4.6 Saturated Representation

If such lemmas hold then we could also define suitable polynomial representations, so
called saturated representations.

Definition A.4.15 (Saturated representation) Let P C R, f € [;(P). A represen-
tation

k
= ZCiSi * Piy
i=1

with ¢; € K, s; €T, p; € P for all1 <1 <k is called a saturated representation wrt. P
off for all 1 < i <k the following condition is satisfied:

Lemma A.4.16 Let f € R, P C R, P finite left head term saturated and fix an ad-
missible term order on T. If f € I;(P), then there exists a saturated representation for

f.



A.4. REDUCTION RELATIONS AND SATURATION 253

Proof: Recall that f € I;(P) iff f = YF | ¢;s; * p;, where ¢; € K, s, € T and p; € P
for 1 < i < K. Lett € T with t = max?_ {s;HT(p;) | s; * HT(p;) < s;HT(p;)} where
the maximum is taken with respect to the term order on 7. Let J; = {j | 1 < j <
k,s;HT(p;) = t}. To establish the condition HT(s; % p;) = s; * HT(p;) = s,;HT(p;) for
1 <@ <k, we modify the given representation by noetherian induction on ¢ and for fixed
t by induction on |J;|.

Case t = 1 and |.J;| arbitrary. Since t =1 = HT(1 % 1) =1-HT(1), we have |J;| = () and
the condition is satisfied.

Case t > 1 and |J;| = ). then the condition is satisfied. Case ¢ > 1 and |J;| > 1. Assume
the claim is true for all ' < ¢ with arbitrary Jp and for all J] with |J]| < |.J;|. Let j € Jy,
J, = Jy\ {j}. Since P is left head term saturated, by A.4.12 there exists s € T, p € P,
such that HT(s; *p,;) = s+ HT(p) = sHT(p) = v < t. Now let h = ¢;s; % p; — cs*p, where
0 # ¢ € K such that coeff(v, ¢;s; * p;) = ¢ coeff(s * p).

Since h < v < t, by induction assumption h has a representation h = Efil ¢;s) * pj, with
HT (s} p)) = s; * HT(p]) = s;HT(p}), where k' € N and for 1 <" < k' ¢, € K, s; € T,
p; € P. By this ¢;js; x p; = h + ¢s * p has a representation of the required form. And so

k k'
) /
f= Z cz-sz-*pi—i-chsl*plecs*p.
i=1,i#] =1

For this representation .J; < .J; and by induction assumption f has a representation of the
required form. This completes the proof. O

The restrictions imposed on the commutator relations are so strong, that we will not
pursue this way any further.



Appendix B

Algorithmic Notation

We start with some general remarks about computability.

A set is decidable if the elements of the set can be represented in a data structure and
there is an algorithm which can determine if two elements are equal.

An algebraic structure is computable, if the universe of the structure is decidable as set
and for all functions and relations of the structure there is an algorithm which computes
the function value for all elements for which the function is defined, respectively computes
true or false for relations.

Where an algorithm is a finite description of a method with ‘precisely’ defined basic
operations, which can be performed effectively. Here ‘precisely’ depends on the target of
the algorithm: a human being or an electronic computing device.

In the next section we will make a few remarks on algorithm description and correctness
and then we will discuss some algorithm implementation issues.

B.1 Algorithm Description

In this section we summarize the syntax of the pidgin programming language used in the
description of the algorithms.

The syntax in extended BNF is contained in table B.1. ‘name’ denotes syntactic entities,

{}’ denote (possibly empty) sequences, ‘()" denote required entities, ‘[]" denote optional
entities. Key-words are denoted in bold-face and other terminal symbols are enclosed in
quotes. Productions are denoted by ‘=". We do not define a syntax for data structures,

since only sets and elements are used in mathematical notation.

So an algorithm is denoted by a specification of a header, a specification of input and
output parameter sequences, followed by a sequence of statements. Statements can be
mathematical statements, assignments, case selection (if statement) or repetition (while
statement).  In more detail we have

Algorithm: the beginning of the algorithm header,
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algorithm = Algorithm: ident ‘(" parameters ‘)" ‘.’
input output

block ident ‘.’

input = Input: Specification of input parameters.
output = Output: Specification of output parameters.
block = begin statement-seq end
statement-seq = statement { ( ;' | ‘.” ) statement }
statement = ( math-statement

| assignment

| if expression then statement-seq
[ else statement-seq | end
| while expression do statement-seq end
| repeat statement-seq until expression
| return expression )
math-statement = a valid mathematical statement

assignment = ident ‘<’ expression

expression = a valid mathematical expression
parameters = ident { ‘) ident }

ident = variable identifier

Table B.1: Syntax of Algorithms
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Input: the specification of the algorithm inputs,

Output: the specification of the algorithm outputs,

return the terminating statement of an algorithm,

begin the beginning of a statement sequence,

end the end of a statement sequence,

if the begining of the IF-statement,

then the beginning of the truth case statement sequence in the IF-statement,
else the beginning of the false case statement sequence in the IF-statement,
while the beginning of the WHILE-statement,

do the beginning of the body statement sequence of the WHILE-statement,
repeat the beginning of the REPEAT-statement,

until the end of the body statement sequence of the REPEAT-statement and

the beginning of the exit condition,

The semantics is so called axiomatic (or mathematical) semantics, as defined in the Hoare
calculus. A specification can be any mathematically meaningful condition or description
of the input / output parameters (variables).

An algorithm is partially correct, if for all input values, which satisfy the input specifi-
cation, and for which the algorithm stops, it ‘produces’ output values, which satisfy the
output specification, An algorithm terminates, if for all input values, which satisfy the
input specification, the algorithm stops.

An algorithm is correct if it terminates and is partially correct. In other words an algo-
rithm is correct, if for all input values, which satisfy the input specification, the algorithm
terminates and ‘produces’ output values, which satisfy the output specification,

B.2 Algorithm Implementation

The implementation of the algorithms uses the MAS (Modula-2 Algebra System) devel-
oped by myself [Kredel 1990] [Kredel 1991], which incorporates several systems for poly-
nomial arithmetic [Gebauer, Kredel 1983] and coefficient arithmetic [Collins, Loos 1980].
In this section we give a rough overview of the system and the libraries. The presentation
is mainly taken from the manuals. For a detailed description of the programs we must
refer the reader to the MAS manuals and the program source texts.
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B.2.1 MAS Modula-2 Algebra System

The MAS (Modula—2 Algebra System) is an experimental interactive computer algebra
system combining imperative programming facilities with algebraic specification capabil-
ities for design and study of algebraic algorithms.

MAS combines Modula-2 program development, a LISP interpreter with a Modula-2 like
language and an algebraic specification component. MAS can be used interactively, but
includes access to to the comprehensive ALDES/SAC-2 and DIP algebraic algorithm
libraries. MAS can also be used as ordinary Modula-2 program library. Despite of its
design it can directly access numerical Modula-2 libraries.

The current implementations run on an Atari 1040ST / GEM-TOS, IBM-PC / MS-
DOS (or compatible), and Commodore Amiga / Amiga-DOS, further implementations are

planned on Unix workstations. MAS is completely written in the programming language
Modula-2 [Wirth 1985].

B.2.2 Polynomial Systems

Polynomials are always represented in some (internal) canonical form. The most impor-
tant canonical representations are:

e recursive representation,
e distributive (or distributed) representation,

e dense representation.

In the next section we will discuss only the distributive representation. For every repre-
sentation there are algorithms to read and write polynomials, select parts of polynomials,
construct polynomials and to perform basic arithmetic of polynomials (like sum, product,
remainder, evaluation, substitution).

For more advanced methods like polynomial greatest common divisors or multivariate
polynomial factorization there are algorithms for the recursive polynomial representation.
For Grobner bases and polynomial ideal decomposition or solving systems of polynomial
equations there are algorithms for the distributive polynomial representation. The dense
representation is mainly used for algorithms for fast univariate polynomial remainder
computations.

There is a variety of application dependent ‘fine tunings’ of representations to optimize
space, time or programming complexity of the algorithms which are not discussed here
(and which are only partly available in the current system).

Program libraries are composed from the ALDES / SAC-2 computer algebra system by
[Collins, Loos 1980], from the DIP polynomial system, which is based on the former, by
[Gebauer, Kredel 1983], [Gebauer, Kredel 1984] and from further extensions by myself
[Kredel 1988], [Kredel 1988a]. The collection of algorithms and global variables are called
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‘systems’. The systems are broken into modules according to specific characteristics of
subcollections of the algorithms.

The available ALDES / SAC-2 polynomial libraries are the following:

ALDES / SAC-2 Polynomial System,

ALDES / SAC-2 Algebraic Number System,

ALDES / SAC-2 Polynomial GCD and Resultant System,
ALDES / SAC-2 Polynomial Factorization System,
ALDES / SAC-2 Real Root System.

The available DIP polynomial libraries are the following:

DIP Common Distributive Polynomial System,

DIP Distributive Integral Polynomial System,

DIP Distributive Rational Polynomial System,

DIP Distributive Arbitrary Domain Polynomial System,

DIP Buchberger Algorithm System (Grobner bases),

DIP Polynomial Ideal Dimension System,

DIP Zero-dimensional Polynomial Ideal Decomposition System,
DIP Zero-dimensional Polynomial Ideal Real Root System.

As extension to the DIP system there are the libraries for non-commutative polynomial
rings of solvable type:

DIP Non-commutative Rational Distributive Polynomial System,
DIP Non-commutative Grobner Base System,
DIP Non-commutative Polynomial Center System.

B.2.3 Coefficient Rings

Although the representation of polynomials is independent of the representation of the
coefficients the algorithms are implemented for specific coefficient rings.

Programs that work independently of the coefficient ring start with the program prefix ‘P’
in case of the recursive polynomial representation and with ‘DI’ in case of the distributive
polynomial representation.

For the recursive representation there are algorithms for the following coefficient rings:
e integral numbers: Z, program prefix ‘IP’ for ‘integral polynomial’
e rational numbers: Q, program prefix ‘RP’ for ‘rational number polynomial’

e integral numbers modulo m: Z/ ), program prefix ‘MIP’ for ‘modular integral poly-
nomial’
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e algebraic numbers over the rational numbers: Q[X]/ (. (x)), Where m(X) denotes
the minimal polynomial of o over Q, program prefix ‘AFP’ for ‘algebraic number
field polynomial’.

For the distributive representation there are algorithms for the following coefficient rings:

e integral numbers: Z, program prefix ‘DIIP’ for ‘distributive integral polynomial’

e rational numbers: Q, program prefix ‘DIRP’ for ‘distributive rational number poly-
nomial’

In the so called ‘distributive arbitrary domain polynomial system’ there are algorithms
for further coefficient rings.

B.2.4 Distributive Polynomial System
Let R be a commutative ring with 1 and let S = R[X},..., X,] denote a (commutative)
polynomial ring in r > 0 variables (indeterminates) Xi,..., X,. The elements of S are

sums of monomials, where each monomial is a product of a base coefficient and a term
(power product).

Definition B.2.1 Let A(X;,...,X,) €S, A#0 andr > 1, then

k k
AXy, -, X)) = S Xt X =Y g, X
i=1

i=1
with a; # 0 for ¢ = 1,...,k and natural numbers e;; for i =1,...,k and j =1,...,r.
X°¢ is an abbreviation for X" - ... X¢ . k is the number of terms of A. For r > 0 the
representation of an exponent vector e; = (€1, ..., € r_1,€;r) is the list
€ = (€ir, .-, Ciz, €i1).

Forr =0 let e = (), the empty list. The distributive representation of A is the list
@ = (€, A, . .., €2, 00, €1, Q1)

where the «; denote the representations of the a; and the €; are the representation of the
exponent vectors, i = 1,..., k. If A=0 then a« =0 and if r =0 then a = ((), aq).

Note, that the variables Xy, ..., X, are not stored in the representing list. This is different
to other computer algebra systems like REDUCE or muMATH. The representation is
sparse in the sense, that only base coefficients # 0 are stored. The representation of the
exponent vectors is dense in the sense, that also exponents = 0 are stored.

Examples:
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. Let S = Z[X], that is R =7 and r = 1. Let

A=3X"+5,
then k =2 and ey = (4),a1 = 3,e; = (0), a3 = 5. The representation is then

a = ((4),3,(0),5).

. Let S =7Z[X,Y], that is R =Z and r = 2. Let

A=(BX+2)Y?+5X =3XY?+2Y? +5X,

then £ = 3 and e3 = (1,2),a3 = 3,e2 = (0,2),a2 = 2,¢; = (1,0),a; = 5. The
representation is then

a=((2,1),3,(2,0),2,(0,1),5).

Let S = Q[X,Y], that is R = Q and r = 2. Let

1 3
A=-X?Y - >,
4 5

then k =2 and e, = (2,1),a; = 1,€; = (0,0),a; = 2. The representation is then

a=((1,2),(1,4),(0,0),(=3,5)).

. Let S = Z[Xl,XQ,Xg,X4,X5], that is R =7Z and r = 5. Let

A=5XoX3+7X2

then £ =2 and e; = (0,1,1,0,0),as = 5,e; = (2,0,0,0,0),a; = 7. The representa-
tion is then
a=((0,0,1,1,0),5,(0,0,0,0,2),7).

Procedure names for exponent vector algorithms begin with ‘EV’, for base coefficients
arithmetic with ‘RN’ (for rational numbers).
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In addition to TEX’s menagerie of mathematical symbols we use the following notation.
The numbers refer to the page number where the notation is defined or first used.

N natural numbers, including 0 22
Z integral numbers, integers, 22
Q rational numbers, 30

R, P rings, 23

K, L E (skew) fields, 30

M model classes, 216

T theories, 216

V varieties, 233

|A| cardinality of the set A, 22

Ax B cartesian product of the sets A and B, 22

char(R) the characteristic of R,

A/l residue class ring of a ring A modulo an ideal I, 100

Q(R) quotient ring or quotient field of a ring R (if it exists), 210

R{Xy,..., X,;Q,Q'} solvable polynomial ring
over the ring R in the variables Xi,..., X, n > 0 with commutator
relations (Q between the Xi,..., X, and with commutator relations @’

between the Xi,..., X, and the ring R, 33

a the inverse of a, 30

abs(a) the absolute value of a,
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coeff(t, g)
HT(g)
HM(g)
HC(g)
N

.
LSP(f,9)

RSP(f, 9)
LNF(g, F)

RNF(g, F)

ideal(F)
module(N)
subalg(F)
rad(I)
c-rad ()
spec(R)
c-spec(RR)
cen(R)

[a, b]

Tm

Fm

List of Special Notations

the least common multiple of a and b,

the set of terms of the polynomial g, 31

the set of multiples of the terms in V', 32

the coefficient of the term ¢ in the polynomial g, 32
the head term of the polynomial g, 32

the head monomial of the polynomial g, 32

the head coefficient of the polynomial g, 32

a reduction relation, 66

reduce to a common element, 66

the left S-polynomial of the polynomials f and ¢, 77
the right S-polynomial of the polynomials f and g, 90

the left normal form of the polynomial g with respect to the polynomials
F, 74

the right normal form of the polynomial g with respect to the polynomials
F, 89

the ideal generated by F', 24

the submodule generated by N, 114
the subalgebra generated by F', 118
the prime radical of I, 28

the complete prime radical of I, 28

the prime spectrum of R, 189

the complete prime spectrum of R, 189
the center of R, 59

the commutator ab — ba of some ring elements a, b, 59

the set of terms of some language,

the set of first order formulas of some language,
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PFm

placeg

XFQ

ACB
A<B
Ay
Mod(7)
EC(M)

Thy(M)
true
false

Morg(X,Y)

the set of first order prime formulas of some language,

a formula, denoting a place condition with respect to commutator relations
Q, 224

a formula, denoting a consistence condition with respect to a set of poly-
nomials F' and commutator relations @), 228

A is a L-substructure of B, 22

A is an elementary L-substructure of B, 218
the formular ¢ holds in A, 23

the class of models of a theory 7, 216

the class of existentially complete structures of a class of structures M,
219

the theory of a class of models M, 216
the value true, 22
the value false, 22

the set of morphisms from X to Y, where X,Y are objects of some cate-
gory C, 214
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order, 34
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confluent reduction relation, 70
consistent, 216
constructive reduction relation, 248
coproduct, 213 214
correct, partially, 256
correctness, 256
theorem, 216

D
decidable, 254

order, 34
decision procedure, 117
deduction, 216

theorem, 216
definition, 22
degree, 32

compatible, 35
derivation, 40
description, algorithm, 254
determining polynomials, 194
Dickson’s lemma, 31
difference ring, 46 48
differential operator ring, 45 47
diophantine equations, linear, 120
distributive polynomial system, 259
division, non-commutative, 247
divisor of zero, 40
domain, 23 40
d-prime, 223
d-radical, 223

E

elementary, 217

equivalent, 218

equivalent, substructure, 218

substructure, 218
elimination ideal, 99
embedding, 115 219
enveloping algebra, 48
equations, linear diophantine, 120
example, 246

computing, 164

solvable polynomial ring, 44
existence of roots, 209
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existentially complete, 219 235
complete field, 222
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field, 43 211
Ore, 44 45
ring, 43
variable, 43
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F
field, 23
commutative, 23
existentially complete, 222
extension, 43 211
extension, stability of Grobner base,
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Q-algebraically complete, 224
Q-existentially complete, 224
quotient, 209
skew, 23 30
finitely generated ideal, 55 58
first order formula, 22
order logic, 216
formula, 22
atomic, 22
defined over a structure, 221
existential, 218
first order, 22
prime, 22
Q-algebraic, 224
QQ-existential, 224
free associative algebra, 51
product, 213
resolution, 116

G

generalized axioms, 238
graded structure, 109
grading, 130

Grassmann algebra, 54 246
Grobner system, 197
Grobner base, 84
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partial, 111

reduced, 97 159
subalgebra, 132
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head coefficient, 32
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header, 254
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Hilbert basis theorem, 55
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type calculus, 216
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homogeneous, 110
ideal, 109 110
homomorphism, 22
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J
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K

Konig’s lemma, 56

L

language, 22

Lefschetz principle, 220

left autoreduced set, 74
common multiples, 107
Grobner base, 157
ideal, 23
irreducible set, 74 153
module, 114
normal form, 73 153
reduced Grobner base, 159
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lemma, Dickson, 31
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Newman, 67
Zorn, 24

lexicographical type, strictly, 35
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logic, first order, 216
LOGLAN, 140
L-structure, 22

M
MAS, 141 144 256 257
MAX condition, 55
maximal ideal, 25
membership, in radical, 234
subalgebra, 117 135 139
model, 23
complete, 218
theory, 216
Modula-2, 257
module, 23 114
bi-, 23
of syzygies, 102
monic, 97 123
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polynomial, 32
monomial, 32
morphism, 214
m-set, 26
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non-commutative, 32
multiplicatively closed set, 26
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Newman lemma, 67
Noetherian induction, 25
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ring, 55
non-commutative division, 247
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comprehensive, 197
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subalgebra, 122
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algorithm, 254
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Nullstelle, 205 system, 257

Nullstellensatz, 213 221 226 univariate, 169
strong algebraic, 231 power product, 31
strong existential, 232 prime d-, 223
weak, 213 formula, 22

ideal, 25
O radical, 28
object, 214

spectrum, complete, 189
principle of Lefschetz, 220
product, cartesian, 22

initial, 214
terminal, 214

order, 245 co-, 213
admissible, 31 fre(; 213
computable, 34 Lie ,49

decidable, 34

] non-commutative, 144
degree compatible, 35

proper ideal, 24
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linear, 31
partial, 31 Q
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term, 31 Q-algebraically complete field, 224
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output, 164 254 quasi-order, 31
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P ideal, 107
parameter, 254
parametric ideal membership, 203 R
solvable algebra, 183 Rabinowitch trick, 234
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order, 31 ideal, 28 212 234
reduction, 111 membership, 234
partially correct, 256 R-algebra, 23
place, 206 REDUCE, 140
polynomial, 221 reduced Grobner base, 97
colouring, 192 Grobner base, left, 159
determining, 194 reduction, 72 121
monic, 32 v-, 195
representation, 257 left, 68
ring, 23 30 partial, 111
ring, commutative, 30 44 relation, 66 87 247
ring, solvable, 32 relation, confluent, 70
set, saturated, 249 relation, constructive, 248

superposition, 125 126 relation, saturated, 252
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right, 87
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standard, 74 123
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reduction, 87

ring, 23
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of difference operators, 46 48
of differential operators, 45 47
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polynomial, 23

roots, 205
existence, 209

S

saturated polynomial set, 249
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semi-decision procedure, 117

semiprime ideal, 28 212 234

set, multiplicatively closed, 26

skew field, 23 30

solvable algebra, 32
algebra, parametric, 183
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polynomial ring, 32
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structure, 22
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formula defined over, 221
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Grobner base, 116
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complete, 218
elementary, 218
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Grobner, 197
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T

term, 22 31 221
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termination, 256
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union of chain, 219
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universal algebra, 22
Unix, 257

v
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extension, 43

variety, Q-, 234
Q-existential, 233

vector space, 23
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